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| BIOMETRIKA 
TABLES FOR ASCERTAINING THE SIGNIFICANCE OR 
NON-SIGNIFICANCE OF ASSOCIATION MEASURED 
BY THE CORRELATION RATIO. 
(Introduction to Tables for »? computed by Dr T. L. Woo.) 
(1) Introductory. On the Distribution of 7? for the case of Independent Variates. 
In a recent paper* Harold Hotelling has obtained the frequency curve for the 
distribution of »?, the square of the correlation ratio, subject to the conditions : 
(a) Independence of the variates in the sampled population. 


(b) An “indefinitely large” sampled population. 
(c) Normal distribution of the two variates. 


This frequency curve is: 


where NV is the size of the sample, and x the number of -arrays on which 7? 
is based. Conditions (a)—(c) of course very much limit the field of application 
of the abcve formula, the more so as 7 is generally used to investigate dependence, 
when the distribution is not certainly normal. Still there appears to be a number 
of cases, in which the primary variable is given in broad categories, but the 
secondary variable in quantitative measure, where the above result may be of 
considerable service, and we know so little about the distribution of »?, that any 
contribution to our knowledge is of value and likely to be suggestive. We have 
accordingly written down some of the values which flow from the above result 
and are likely to be useful to the practical statistician. 


Modal value of 7, or #, = 
Mean value of », or 7, —, 


* Proceedings of the National Academy of Sciences, Vol. u. pp. 657—662, Washington, 1925. The 
same form was reached by R. A. Fisher three years earlier (Journal of the Royal Statistical Society, 
Vol. txxxv. p. 605, 1922). Fisher’s proof may be more general than Hotelling’s, although we must 


confess to finding it harder to follow. Hotelling assumes his variates have a normal distribution ; 
Fisher that the arrays for which »? is computed are normally distributed. Both deal only with the 
' case in which the variates are in the sampled population uncorrelated. 


+ The value in customary use is = , which is, of course, practically identical with the above 


for reasonably large samples. 
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2 Tables for ascertaining the Significance of the Correlation Ratio 


1 
n—1 n—-1 1 
Again: = 8 (1- vu (1- =) (W+) 3) 
(N+1)(N+3) 
Further: = 12 Wri 
n—l 1 
x +4 (1-2 N-1) (N +1) (NV +3) (V +4) 


Thus all the moment coefficients can be expressed in terms of 7. From these 
results flow : 
4(1 — 29) 
35 +5 (N+ 
3N+ 3 9 
“N+5° 2N+5"" 


The latter equation shows that for V very large 
=6+38,, 


or, the line for 8,, 8, always lies above, but approaches, as V increases, the line for 
curves of Type IIT. Clearly, whatever be the value of x, the #’s lie on a straight 
line nearly passing through the Normal Point and of slope less than 1:5. The 
order of 8; is best seen from the equation : 


N+1 N-1(1-297¥ 1 
B,=8 
N+3° N+3 n-1 

8 

For the usual range of values of n, 8, will be of the order 2°0 to 0°5, ie. fairly 
considerable. Accordingly 8, will differ somewhat widely from 3. Thus, for all 
samples, the curve of distribution will be a leptokurtic curve differing very 
sensibly from symmetry, owing to the (in practice) limited number of arrays. 


or, as V grows large while n remains finite, this approaches the limit, 8, = — 
n 


(2) The above values for 7 must be clearly distinguished from those for ». 
The frequency curve for 7 is: 
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Modal value of %, or 4, 


Mean value of », or 9, 
~  P@N) 


n—1 
= = 1 (7 
N-n (N—n 1 
= Jr 3 | — = 2 
+2((1+ y) — | 


From these equations 8, and 8, can be found and hence the distribution of 9 
appreciated in the usual way. The process, however, appears to have no advpntage 
over the discussion of the distribution of 7% It is of interest, however, to note 
what erroi results from supposing = V7 and # = (9. It is worth noting that 

o, = Vir — (9). 


Table of 4 and 7 as compared with VAP? and (9). 


Number of Arrays 


Size 
of n=5 n=10 n=20 
Population 
=°2699 (n)?="0729 7 =°4190 (n)? =°1756 n =°6177 = °3816 
50 +:0936 £70901 +°-0787 
"2857 ="0816 | | =-1837 | 7? ="3878 
7 =°1894 ="0359 (n)? ="0864 7 =°4335 (7)? ="1879 
100 + °0673 + ‘0668 +°0635 
*2010 a? = "0404 vn? = "3015+ 7? ="0909 = "4881 7? =°1919 


500 #:0304 +0309 + +0308 
=-0895+ | =-0080 | 9? =-0180 | =*0381 


="0595- | | =-0923 | ()*=-0085* | ="1361 
1000 +0216 +0219 +0221 


| 92 =-0040 |Vy2=-0949 | =-0090 | = 


Thus for NV = 50, the difference ranges from ‘005 to 016 for # and V7, and 
from ‘006 to 009 for (#)? and 7. As there is less range in the variation of 
(7 and #, and as it is »? which arises first in our calculations, the tables which 
accompany this introduction are adapted to 7°. 
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(3) The conception in the tables is very simple. Starting from Equation (i) we 
measure the ratio of the area of the curve beyond 7? = 7 + Ao? to the area of the 
whole curve; this is the “ probability integral” of the frequency distribution of 7. 
Actually X is given two values which will give P approximately the values 
‘Ol and 02. To make P exactly ‘01 and ‘02 would have involved five or six 
times the amount of calculation. Actually the values selected for X bring P 
sufficiently near ‘01 and ‘02 to allow us to determine whether 7? may be con- 
sidered to differ significantly from 7. If P lies above ‘02, ic. 1 in 50, then we 
cannot emphasise the difference of »? and 7 as probably having significance ; if P 
is below ‘01, then we usually claim significance for ». Between these values 
differences may be of a doubtful character, and really indicate that our sample 
is hardly large enough to admit of a definite judgment of significance. 

It will be noted that 

_ Observed — Mean 7 
~ Standard Deviation of 7?’ 


a function familiar enough in the case of the probability integral of the normal 
curve. In that case \ = 2°33 for P ='01, and = 2:05 for P=-02. A comparison of 
the values for X in the accompanying tables indicates how far the distribution of 7? 
on the side towards unity differs from a normal distribution; the divergence 
when x and WN are not small is not very great. 

We have no need to consider deviations of 7»? from 7 when X is negative. 
For in such cases 7? is less than the value 7# which is the mean value of * for 
no correlation, and we cannot therefore predict any significance for it on the 
basis of our size of sample. 

The tables give in the first column 7, and in the second g,2, both on the 
assumption of zero association and of sampling from a normal population. The third 
and fourth columns give two values of \ corresponding to two values of P approaching 
respectively ‘01 and ‘02. It was not possible to deduce the whole table from the 
Tables of the Incomplete Beta Function, because the latter are confined to the 
range of B(p, q),in which p and g are both 50 or less. The Incomplete Beta 
Function Tables were accordingly only used for checking some of the lower values. 
Weddle’s quadrature formula was also used for checking. The values of P for 
given values of \ were obtained for odd values of n by means of the formula: 


| yda 
“0 
(s—1)(s —2)(s—3) N-—2s-1 
3! 


1! N—-2s+1 2! N-2s+3 3! N-28+5 
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T. L. Woo 5 
where n= 2s+1. For x odd both series are finite and as n was not taken greater 
than 21, s did not exceed ten, nor the number of terms in numerator and denomi- 
nator exceed ten each. The coefficients depend only on N and s, thus the powers 
(1 - z)' could be relatively easily modified until a suitable value of P was found. 
No attempt was made to reach exact values for P. The values given to N were 
fairly close together until Y= 100, when an argument change of 50 was found 
adequate for graphical interpolation. This interpolation was carried out by 
Miss Ida McLearn. 


An appropriate system of ’s and P’s having thus been determined for al! 
values of NV from 50 to 1000, and for all odd values of n from 3 to 21, it was 
necdful to determine the corresponding values of » for the even values of n, 
This task of rather troublesome graphical interpolation was kindly undertaken by 
Dr E. S. Pearson. The values of P and X are only tabled to three and two 
decimals respectively. This is as much as the processes adopted justify, but such 
approximate values of ? and X are adequate for the end in view, i.e. to deter- 
mine whether 7? differs significantly from 7%, the mean value of 7? when there is 
no association. 

In the following tables 7 denotes the mean value of »? when there is no corre- 
lation, i.e. it is not (%)?, but printed briefly for (m2), and in order to indicate that 
o,2 is not the general standard deviation of »?, whether or no there be correlation, 
but only when there is no association between the variables, we have printed o,2 
for no association in the population sampled as o;2, thus linking it up with 7, 


which is now in pretty wide use—not for the mean of any 7*— but for the mean 
when we suppose no association. : 


(4) Illustrations. Throughout we shall use the observed value of »? uncor- 
rected for number of arrays. 


(‘) Influence of Crowding on General Astigmatism. We require the corre- 
lation ratio 7 of general astigmatism on crowding, i.e. number of persons per 
room, 94.»- Our observations are on 716 schoolboys*, and we have for eight 
aLrays : 

= 022,821, "009,790, = *005,200, 
Aa = (W4.p — Wa.p)/ = 251. 
This value of Ag for the data is a trifle lower than the value of A,= 2°54, and 
accordingly by rough extrapolation it would be about once in 45 or 46 trials that 
such a value of »4,, would occur, if there were no association between general 
astigmatism and crowding. It is possible that there may be some association but 
no great stress could be laid on the result. 


(ii) Influence of Familial Income on Corneal Astigmatism. We wish to con- 
sider the influence of poverty or its reverse on corneal astigmatism. Our data t 


* Annals of Eugenics, Vol. 111. p. 29, et seq. 
+ Ibid. p, 46. 
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consist of 228 boys arranged in nine arrays, if we include the “comfortable group ” 
as one array. We have 
= 189,397, = 035,242, = 017,232, 
da = — Pea, = 6°04. 


This value for the data is much above A, and the odds against being a result of 
random sampling are very much greater than 99 to 1. 


(iii) Hours of Homework and Age. Here we have data for 322 boys*, and 
find for eight arrays: 


4.4 = 027,433, Fy. 4='021,807, o,2=-011,493, ry=0-49. 


Aa is accordingly much below Ag (= 2°54), and it does not appear that older boys 
work longer hours. 


(iv) Distance of Nearpoint and Colour of Iris. The data are for 770 boys in 
seven arrays of eye-colour determined by Martin’s scale+. We have 
= 021,727, iP yp. = 007,802, ="004,481, 
and accordingly 
‘021,727 — 007,802 3-11 
: 004,481 
and therefore by rough extrapolation P=about ‘909, or the odds are about 
111 to 1 against »* for these data having arisen from a population in which 
distance of nearpoint and eye-colour are unassociated. 


(v) Mental Capacity and Place in Class. 249 boys arranged in four classes, 
Excellent, Good, Moderate, Dull. The data gave +: 


= "525,045, = 012,097, = 009,778, 
Aa = (525,045 — -012,097)/-009,778 = 5°25, 


This value of Aq is so far in excess of dy that we have no hesitation in asserting 
significance. The reader will see that while we can on the basis of our tables 
predict significance, it would need a far jarger series of values for P and X for each 
value of » and NV to obtain even a rough measure of the actual degree of signi- 
ficance. The labour of calculating such tables would be excessive, and when 
calculated the cost of printing would render publication impossible. It is for 
these reasons that we have limited our values of P to two in the neighbourhood 
of those where most practical statisticians would consider significance to be 
assured, 

In this particular case, although our data are sparse and the arrays few, we 
may certainly assert that the uncorrected correlation ratio of ‘7246 is very 
definitely significant. 


* Annals of Eugenics, Vol, 1... p. 75. 
+ Biometrika, Vol. vii. p. 544. 
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(vi) Intelligence Test Marks and Teacher's Estimate of Intelligence*. The 
correlation ratio for a table containing 63 girls, divided into four arrays, gave : 


= 335,825, = 048,387, = 037,933. 


Hence Ag = 7°58, which is far above Ay = 3°20. The chance that the association is 
merely due to random sampling from unassociated material is extremely slight. 


Dr Isserlis gives another table (Table I) for the correlation between School 
Examination Marks and Intelligence Test Marks. This is based on only 50 girls, 
and falls outside the present tables, yet the constancy of \ and P for a given 
number of arrays is so great that it is easy to test the significance. We have for 
five arrays: 

= "164,761, 7p, = "081,633, = 054,221. 


Hence This is considerably below 2°68, or the odds against 
such a value of arising from random sampling are very small. In other words, 
the data are too sparse for us to predict whether there is any relation between 
School Marks and Intelligence Test Marks. 


(5) Fisher has given} for the case of no correlation and normal distribution of 
the variates the following frequency curve for the distribution of the square of the 
multiple correlation coefficient (R?). 

Probability that R* lies between R? and R? + dR? 


P(3(N-1)) 


Accordingly, if we write in the Equation (i) to the frequency curve for ? above, 
n+1 for n, we obtain a curve identical with that for R?, or the tables for the 
determination of the significance of 7? can be used for the significance of R? pro- 
vided we enter these tables with » taken equal to the number of the variates 
#1, €g... £, on Which KR is based plus unity, i.e. if a be the variate, which we are 
multiply correlating, we must enter the tables with the total number, n +1, of 
variates concerned, 2%, #1, #2... @,. We thus obtain the mean value of R? by the 
corresponding 7, and the standard deviation, om, of R? by the corresponding 
value of 


Illustration (vu). Rainfall in relation to Longitude, Latitude and Altitude. 
The data referred to 57 recording stations in Hertfordshire, and Fisher found 


R? = 4431. Here N = 57, n=4 (longitude, latitude, altitude, and rainfall) and 
thus our tables give: 


R? =-0536, op = 0418. 
It follows that: Aq= (4431 —°0536)/0418 =9°32. This is nearly three times as 


* «The Relation between Home Conditions and the Intelligence of School Chiidren.” By L. Isserlis, 
D.Se., Medical Research Council, Special Report, Series 74. 

+ Phil. Trans. Vol. 213, B. p. 91, 1924. 

t Statistical methods for Research Workers, pp. 135 and 228. 
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8 Tables for ascertaining the Significance of the Correlation Ratio 


great as d, for which the chance is about 1 in 100. Hence the multiple correlation 
found is certainly significant. 


Readers of this paper and users of the present tables are once again warned of 
their limitations. The theory on which they are based depends upon our sampling 
being made from an indefinitely large normal population; the argument is 
based, in the case of both »? and R?, on the improbability of the observed result, 
supposing the variates are uncorrelated. The tables tell us the probability of 
association, but if we conclude that the variates are correlated, they really throw 
no light on the closeness with which our sample value of the association probably 
approaches the actual association in the sampled population. The distribution of 
n*, even for a normal surface, when correlation does exist would be of undoubted 
service; but we cannot overlook the point that the chief value of the correlation 
ratio arises in cases where we have at least grave doubts as to the nature of the 
regression being linear. 


The illustrations provided should suffice to indicate the method of using the 
tables and their value in saving labour. 


| 
\ 
Fi 
: 
| 
; 


TABLES FOR ASCERTAINING THE SIGNIFICANCE OR 
NON-SIGNIFICANCE OF ASSOCIATION MEASURED BY 
THE CORRELATION RATIO 


Biometrika xx1 2 


+ 
; 
| 


vo 


Rati 


ion 


e of the Correlat 


ficanc 


the Si. 


inin 


for ascerta 


Table 


10 


| | 
1ZO. | II0- tZogto.| £04040. | | 110 | | 
Z fol gOgogo. ozo. | | IIO. | 
1zo. | 110. |—So6€€o. OZO. | gIIIfo. | ozorco. | ozo. | 110. 6/70. 6I0. | g6Z610. zZOzOZO. 
| 4 cO- | =150- cO- | rA 5 
| 110. Z16zZo. | 1zo. | 110. |; Oo¢zgo. | €gozso.| ozo | nai Log¢zo. gz6o£o. 610. g610z0. 6190z0. 
| I10. ggrbZo. | | | EgzSEo.| o€gEgo. | ozo. | | | Ifo. 610. tigozo.| €Sorzo. 
Izo. | Ogzgto. | IZ0. | 110. gbgffo. | gISbgo. | ozo. | gzZzfo. €gZESo. ozo. | I10 | | 
Izo. | bZggto. £g0940. IZO. | | + | ozo. | gg0tto.| gb£tSo. | ozo. | rro. | | | | gosto. 610. gtorzo. |-+ 
Izo. | I10. £Lo6£o. €z6gZo. | 1Z0. | | | ozo. | | ozo. | 10. | oct Sho. 
9449) | £99990: | | ELLEEO. } ozo. | 110. |— | 610. | z10.| Lobgzo.| | 610. | 
~ 
1zo.| 110.| go66€o.| zSggZo zo. | | 
CggZo. | ozo.| 110.| z | 
IZO. | 110. |-+ S¥S6Lo. ozo. | |— bb6bbo. | Gro. | |+¢¢Zg9z0.| | r10. 
Izo. | 110. |+ $ZZoto. | ogbogo. | gg6ggo. | ozo. | 110 | | | 1600. 610. | 110.) gIzzzo.| 
| | OzO.- oO. got ito. ZZ6Cto. | 610. | ZIO- | CE/zo. | ‘ 
1Z0: | Ezerto. | + S6EIgo. 292690.) ozo. | 110.| gZzS£o.| obrgSo. | ozo. | 110. | | Gro. 110. gobzzo.| 6g6zzo. 
1zo. Oggrto.| €S€zgo. vIgs | z1Sgbo. 610. | z10.| 19940. | tegtfo. | 610. |So10.| Izzzo.| 
| ggsoZo. | ozo. | | + $ZgSto. | ozo. | 110. goizfo.| 6CoZto.] 610.| z10.| | eb 
1zo. | O10. gbizto. | ozo. | 110.| zgogFo. Rete: | | 10, | | 610. | OTO. 6zC€zo. 
Izo. | O10. Zzgzto. | 1Z0. | 6gzzZo. | ozo. | | 610. | oro. 6tz€zo. org€zo. 
Iz0.| o10.| Egtobo.| | OzO. | 110.| €z6g€o.| 9£60g0.] ozo.| 110.| | o 610 6 | 
Iz0. | O10.) Z19€¥0. ozbggo. | 1z0.| or0.| €Sgoto.| tZobZo.} ozo. gS€ZEo.| | ozo. | r10. | 610. | o10.| zogtzo.| o6€bzo. 
1zo.|o10.| 6zrb¥o.| o0$Zgo. | 1z0. | oro. |—SE11to.| o00$Zo.] ozo. | o10.| togZEo. | ooSzgo. | ozo. | | g1€6z0.| LEOLEo. | | 6gobzo. | 169bzo. 
Czgo. ozo. | 110.| Lotto. | 610. | z10.| OZg6z0.| 610. | o10.| €gEtzo. 
| ; ZO. 
1zo.| oro. | +Sgtbo.| gogggo.| 1z0.| oro.|  gzgrto.| | | 
Qgo- .| 6F6SZo.} ozo. | o10.| Oogzgfo. 5 | — ¢ 
IZO. | O10. bo. bbZ6go. | Izo. | oro. €€1zto. | | } | | | t£oofo. | 610. | g1€Szo 
1Z0. | O10. IbZCro. 606060. Izo. | OO. |— ofgzto. zz6ZZLo. | O70. 702660 | 
IZO. | O10. So€gto. | + Sorz6o. | | O10. ogitto. | Lb6gZo. ozo. | g696£o. 6eZCo0. | 610. | C/CCo, | 8 10 | Ig6gto. 610. | O10. gotczo. +Z6Czo. 
1zo.| o10.| €gggto.| 1z0.| o1o.| OOOOgO. | OZO: zozot | | O10. ogiifo.| 610. | o10.| 
1zo. | oro. |— SZbZbo. |— | | o10.| Ogzbbo.| Igorgo. | ozo | | | Oo0oto. 610. | oro. |— 
ozo. | oro. zgogto. 06960. | rzo. | oro. ISgtto. | zorzgo. | ozo. | | ItCoto. | 610. | oro. gofgzo.| LzoLzo. 
ozo. | oro. |— SoZgto. | zzzZ60. |fozo. | oro.| ZEPSbo. | EEEEgo. | ozo. z6Z1to. | 610. | o10. Cc vine SECO. £1bz£o.| g6orto.] 610. | oro.) L6EZzo. 
OZO. | O10. oo000$o.| Ooo001. ozo. | o10.| Z4Sggbo.| PIZEgo. | ozo. loro.| €z6zto.| 6zt1Zo. | 610. | | bSzzto. 610. | o10.| gg€Zzo.| OgIgzo. 
| Z ggggto. 1ZGo. | 610. | | 610.) o10.| ggZZzo.| IZSgzo. 
ozo.| oro.| 6bbror.} ozo.| or0.| I6zZto.| 266 
VO» | OZO. | | zxc€to.| 610. | oro =c6Co. | /6/C 
020. | O10. | 4 Sgf1S0.| Ib6zor. | ozo. | oro. | €+6Zto0. |-+ SEzggo. | ozo. | grrtto.| 6zS€Zo. | 610. | oro. | 610.| oro.| LE1gzo.| 9g6gzo. 
ozo.|o10.| 9ZozSo.| gZvbor.}ozo.| oro.| | ozo. obZtto. | | 610. |*r10.| cIZb€o.| 610.) o10.| 
ozo. | oro.| Igogor. 4 ozo. | O10. | | 606060. | ozo. ogtCto. 610. | o1 610.| 110.| Orzs€o.} O10. | 
ozo.| oro.| gSS€so.| z6gZor.] ozo. | oro. | go€zé6o. | ozo. 6£09+o Iz60t0. | gogogo. 610. | 110. | EzZSEo. |— | oro. | g6€6zo. | 
ozo. | O10. CZ€601. ozo. | or0. OSZ£60 o1o. | g€€190.] 610. | 110.| I¢zgto. | 610. | oro. | Z€g6zo. | 
pa | ae . 412 SZIQlO. | OIO. | Lteizto. Cz co. | 
ozo.|or0.| 4z1SSo.| ozo. | oro.| | ozo. |+ So€6Zo. | 610. | oro 610.| 110.| F6Z9£0.| SZggto.] 10. | or0.| ggzofo.| 
£2960. | | |-+ Sbgogo. | 610. | oro. 6zb€bo. | g1Stgo. | 610. | 110: LoCot | 
zo. | O10. gZgSo. ozo. | oro. | I90€S0.| | ozo. | gZggto.| Z96rgo. | 610. | o10 |. | -| Lg€gto. | Oro. | | t€z1f0.! 
ozo.| oro.| ZS92S0.| ozo. | oro. zgg€So.| |*610. | obg6bo.| | Gro. 610.| 110.| Ogr6to.] 610. | O6zZ1£0. Zezz€o. 
| | g6to. €€go.] 610. | o10.| rogtto.| 99990. 610. | 110.| G10. | o10.| Obzz£o.| 
ozo.| o10.| ozo. | O10: gzZtCo. |— 66 | | | | | 
Sgs gzZtCo. |— C6gror. 610. | oro. 6ztoCo. | / | | > | 
ozo.|oro.| ZZ6So.| o6g0zt. | ozo. | oro. | 610. | oro. | o10.| Gro. | 110.| 6426£0.| | or0.| goézfo.| 
ozo. | o10.| O6zbogo.| LogzzI. | ozo. | oro. €gzSor 610 O10. + 4) | OO. Egegro. 99690. 610. | 110. |— S€tobo.| +tzZ1So.] 610.| o10.| +FIEELo.| 
ozo. |*600.| | OzO. | |~cetzco.| €brZor. | 610. | oro. | CZ1oZo.] G10.| 110.| 610.| ggosto 
ozo. | 600.| O6zbzgo.| | ozo. |*6o0. | Z6€gSo.| 160601. Gro. | oro. |— OS gESo. | 606060. | 6ro. | oro. to Igito.| IZS€¢o.] 610. | o10.| 
610. | 600. gZbfgo. o£g6z1. | ozo. | 600. 16£6Co. IIIIII. | 610 OIO. | €6Cz6o. | 61 £6 
610. | 600.| | ozo. | 600.| gozETTI. 610. | O10 | oFZsco.| | ggzEto.| gSSSSo.} 610. | o10.| ObgSEo0.| 
Gro. | 600.| 9ggSgo- | | ozo. | Goo. | + |— | 610. loro.| $€Z9So.| $1960. | 6 gio.| 110.| toggSo. Gro. | oro. | g€ZZEo. 
610. | 600.| Zgggo. |— $SzZEr. | 20Czg0. } 21900. | OFO- | €z6gZo. | gto. | TIO. €Zebbo. |. z69ZSo.] 610.| o10.| zotgt 
ggszgo.| Gro. | cro.| 994ZS0.| 6£0g60.] 610. | gzzzSo.| g | 
10. | 600. |— OSoggo. | | G10. | 600.| O€Z€g0.| | 610. | oro. | gIO- | TIO. tzggSo. | 510.| oro.| ZoZZ£€o.| 
an | 610. | O10. | OOOOO. | QTO- | 000090. | OTO. | OTO. | Iftgto. ooooto. 
= go- 09-2 | go-£ | ¢ | 
| | | d } 
8 
9 
Jo gaquinu= wu 


| 
A 


11 


T. L. Woo 


4 
° | Z10- Lz6Sto. ZIzIz ec 
o0L6Lbo. | | z | z10.|  bezbbo.| 11 Iz | 
| | sstobo.| 6bbzzx. | zzo. | z10 ‘ | 110. |--Cobvzbo.| o1oro01. | | 110. | | 
Izbgto. | zzo. | zro. | H zborbo. |—Szz11. 1z0. | 110. 60gzto. toz | 606060. 1z0. | 110. 
zz rggeto.| | zzo. | | z10.| ggoSbo.| 1z0. | 110 Iz0.| 110.| zbgoto.| Z€g160.] 1z0. | 11 eStgto. gogogo.| 
Ps 4-4 de + | S10. gbzLto. OOOSZI. | ZZ0. | “Occ OLOI. | Oo. zzZgto. 
zzo. | z10. | o$£6to. zhggft. | zzo. | z IST tz ZI10. | xz | 110. Z£z1to. to/z6 | 66 
.|zzo.| zoZZbo.| | 1zo.| 110.| obg€to.| Lorbor z 84c00. | IZ0.| T10.| 6606€ 
zzo. | | ae QIEQTI. | Zz0. | Z10. | + SPOSbO. | 49 r10.| obgrto. | 
zzo.| z1o.| Zorgbo. | oggZzr. | zz 1zo.| 110.| Lgorbo.| OSZ€60.} 1z0.| r10.| 86 
zzo.| z1o.| rbggto 1zO.| 110.| €o¢bbo.| €gEgor. 1z0. 110 | 120. | 110. | 9£g6£0. = 
| zzo. | z10. | — Sz16bo. | — $s 1zo.| 110.| 1z0.| 110.| gZzot P80. 96 
Zzo. | Z10. gitrSo. LSgzb1 seo. | OtI. | | Z10. |-+ SoS6r1 1z0. 4 110.| gorsgo. CG 
| zfgrso.| | zzo QOQIET. | Z10. |+ Sogébo. | OZgozx. | 1z0. | 1 g6ggor. 1z0.| 110.| | | 10 bggoto.| zzoggo. 16 
Zzo. | ZI0. | zzo. | z I10.| €€zbbo.| oo ¢ Z16Zg0. 
»| Z10.| bEgoSo.| OOOI. | 110.| og61t 
t z1o.| z6gr$o.| 120. | 110.| ozg6to. 1Z0. I1tZvo.| 1z0.| 110.| oZ1Sto I10-| f€obzto.| ggg6go.] 
| Z10. | +- 94 I. Izo. | zZOgoSo. | | IIo. Lt & bC6160. g 
$0. 1zo. | | 2Coep a | zo. a QVOI. | IZO. | IIo. 8 
1z0. | |-+ | LEgzb1.] 120. | |+SbbrSo.| 3 | IzO. | 110. €zotbo. 
| 110. |— Sh6ESo Loh | ZSO0EI. | bot | cggsor.} izo.|110.| 48 
1z0.| z10.| SPOeso. gZSbbr. | rz0. | r10. orozco.| ) | 1z0. | 
IZO. | Z10. 62690. +6boc | Izo. | I10. ggszo. TQvoTI. | IZO. | 110. t69Zto gtz6o. re 
gi. 1zo. | r10. |— | Iz0. | tgor. | 1zo. | 110 | : cs 
1ZO. | Z10. | Izo.| o OL1£So. cOgstI. | | 110. |— SgorSo. | I10.| €€zgbo.| 1z0. | |— SeZcr | 
1zo.| 110.| zgZeso.| ooSZer. | 1z0. | 110. osors 4SbETI. | | TIO. | bgdgto. | 320. | 33 19$460.] ¢g 
1zo. |*110.| zgzggo.| : fo. | ooo$zt. } 1z0. | 120. | 110.| z1€gbo. |+ 
1zo.| 110.] gz6gSo.| gSo.| 66g1S1.] 1z0.| 110.| oobtSo.| | | »| z£ggbo.| ooocor. 
1zo.| 110-| bog6So 99 110 ghoZso.| 1z0.| r10.| 10 ghzzSo. zgSgzx-| 1z0.| r10.|—Sz66to.| 
1z0. | 110 /6z LEQROI. | | IIo. 11ZZCo. brgccr. | 1z0. | 110 IZO.| I10.| Oggzfo. Sozgzt. | 1zo. | r10 | | o10. |—obZto.| ggz101 
110. | O6€gCo. |— | 110 4 Izo.| 110.| LgvfSo.| OoLg6z1. | 1z0. |So10 | O10.| OZ6Lto. 
120. | 110. »| Pgo6So.| oo00g1.] r10.| OLSIEI.| 1z0.| o10.| zb O10-| OFSgto.| ! 
1z0. | 110. | — $6266¢ Z999¢1. | 1z0. | 110. | + $gZtSo 4150. | | | oro. 82 
1z0. | |—$6£6S0. | zgrzgi. | 60L260.| £9/Pso. €€1.} 1zo.| oro. zh16bo.| E€gzSor.] 4) 
| 1z0. | €zCooo. | 1z0. gStSCo. |+ | | | IZO. | O10. | — OS Z6to.” LL 
1zo. | rro. ZSOQO. | 1z0. 61+gSo0. |— IStI. | Oro. zzofCo. ponte £Z6vo.| Lgggor. 
120, | | | 1z0. | 110 | gh16So. 1zo.|o10.| ZggfSo.| 1z0. | o10 
1zo.| 110.} €1gbgo.| t1Z$gr. zo. | r10. | | Aon | ozo. | o10.| gZSZCo. | O10. | OLEFSO.| | o10.| gggrS L 
| 8z9 ozo.| 110.| gS$gogo.| | ozo. | oro. gobi.] 1z0.| o10.| oZo6Co r9Zgz1.- | oz | 
ozo.| 110.| o€gSgo.| gotggr- | | 1z0. | o10.| LgZCCo. 1Z¢gz1. | ozo. | oro } ZL 
ozo.| 110.| ggtggo 9£116 ozo. |f010.| ozb6¢S vo, | | ! 
Z1161.] ozo. | r10.| g€btgo.| | Ozb6SI. | ozo. o10.| £€g06Co. | - 
| | ozo. |*or0. 1gz$go. | | O10: ozo. | oro. |— $9g6So0.| | to€1. | ozo. | oro. vezeso.| 
ozggo.| 0£6961.]} ozo. | oro. | 3 | | go. | ozo. | or0 Loc gzZCo. C€z£x. 1 ozo PeZeSO.| gy 
ozo. 601690.| 000 | ozo. | 99090. | ozo. | or0.| othe | o10-| + 
007. | OZO. | O10. | bEOLgO. 499991. OZO. | OIO. 16t190. |+ 430850. QZEFEI. | ozo. | o10. gozSSc 69 
| | Cz1€oz. ozo. | oro. |— Zoo. I€Z6QI- OZO. | LEEzgo. | ri | | ozo. | oro. | 89 
ZO. | OO gg6o0Z0.| 6b£goz. | ozo. | ozo. | + | z | | 
ri | O10. Oggggo- 9Zto61 | OZO. | OFO. goz£go. oCzoc QtI- | OZO. | O10. 19/0So. 
ozo. | oro.|  zg61Z0.' ZZ960z. | ozo. | 88 gf | ozo. 16S990.| ozo. | oro. |+¢1S0g0.! | I9LQSO.| LLoEzI.} 
40. £9602. | ozo. | O10. 1bg6go. CEE QbZI.}] ozo. | O10.| OOIbgo.| S1f0go.| o10.| IZ¢Z¢ 
ozo.| o10.| |—Srr¢1z. | oz | ozo. €€CL90.| 6rbZZ ozo. | o10.| [Cor | £6Z60.| oooSz1.] eg 
40.|—§ z. | ozo. | oro. gzgoZo. 1z/06 a | OIVLLI. OZO. | O10. gIofgo. 6z ozo. | o10.| ae 
Ozo. zZ961. | ozo. | 810590. | OOZIQI. ozo. | 4 | + 
cO.|010.| £€66€40.| LgggIz-} ozo. | o10.| o0000z oro. | or0 gzfogr. | 020. | oro. | £96S90. | pei po 020. | | 
z. | ozo. | oro. |— SggzZo.| | or0.| 99¢ | o10.| ozo. | oro. | 
940.| g€1bzz. ozo. | | IbbOgI. | OZO. | oro. |+ SE6Z z | | | 19 
610. 1o.| L6ggoz. | 610. | | yc | z6b6q1. | ozo. | | ¢ | 
910. | O10. | oZLogez. | | o10.| ogoSZ Oggoz- | 610. | o10.| FZEIZo. |-+ | ozo. | oro. | —g96ggo. £orfgo.| | ozo. | | 
610.| 010.| robgZo.| | | | £40.| 610. | o10.| zg6z6r. | 610. |%6 890 ozo. | o10.| torggo | ozo. | O10.| 166190.) 
610. oIo OFO. | OFO. g619Z0.| Gro. | ¢ VIET 10. |“600. | | ozo. | cLISSI. | OZO. | O10. L66z90. If6ZE Jt 
6r0. + | OTO. 9€ZZo.| 610.| 600.| Zz6bZ | 600.| OzIIZLo. | ozo. | 6 | — | ozo. |*600. | S 
4ogo.| rIbZobz. | 610. | Lz6b40.| o0000z. | 610. | | | 600-| Oozggo.| | ozo. | 
610 600 gtoze |600.| LoSgZo.| zzzzzz-| 610.| 600.| €1109Zo. | 600.| LbezLo.| | 600.| Z6z | og6tgo.| 
610. | 600. cece + | 600. Log6Zo. | + | Gro. | 600 L | pd | 600. | IbtZo. CgrSar. | 610. ZO. | 600. oboggo. | 
| oo00$Sz. 610. | 600.| +g | 600. |+ 6ro. | 600. | 6ogtZ | 610. | 
4 goIgo.| 4. | 600. | ) | 600. | + SE1Zoo. | 
gSorgo. | zo6bSz. Gro. | oobego 610. | 600. g€CrIz. 610. | | 4tgSZo | 600. | 66S140.| 11g69r- | 610. | 6o0. | +4 
0. s€z. LtgClo.| go€zér. ) | LOZggO. | > 
| ° obzIgo. 000022. | 6ro. | 6 } -| 600.|—CCotZo.| 6 | wee €¢ 
| | | | | | OgI- 610. | 600.| Z6ertZo. VAS 
tr | t | z= =o | | 1g.z the 
| | z 1 | | 
d d | ty | apdures 
él Ir jo azis 
or G 


2-2 
a 


Tables for ascertaining the Significance of the Correlation Ratio 


| | | | 
zzo.| z10.| gr69So.} 216261. zzo. |*z10.| | £10. be S¥So. tgoZZ1. Seo. 49999 
| TIO. ZE*ZSo. 000002. | ZZO. | T10. 1Zzgso. bLrOgt. | | £10. ovosso. €zo. $/S6r. | g £100. gt 6gtr. CG 
| ZI0. | | ZIO. bztZCo. QgbSeor. | | € 6£09S0. gOLzgI ee €tofor. | zzo. | z10. 
zzo.| z10.| vog6So.| 16Zg0z.] zzo. | ZI0.| QIbgSo.| | Z¢1ZGo.| = | | 
| Z10. 1Z1090. | z10.| | Oo000z. | z1ZZSo.| Oggger 1Ztgfo.| 
| z69So. | + Zzo. Z6vSSo.| zzo.| z10.| QZ6ECSo.| 
zzo. | of6ozz.] | 6zE1g0. zot6oz. | | z10.| gtoogo.| ZgZ6r. I zzo.| z10.| 90ZLbgI- 98 
| Z10.| QggItgo. 6zzz. | T10. | |— S$gZIIz. | gbgogo. | 000002. pes ato. IZSg/1. Zzo. | TIO. | 
2z0.| Z10.| Oog€go.| O6rgez.] | z10.| } | ZIO.| evo. | $e086o. €zZogt. |*rzo. | zxo.| obbZSo. |—$Zogor-| 
Izo.| z10.| gbbtgo.| gr16gzz. | czo. | Lgggrz.] | |— | OI ghoe. | | ete. 1zo.| z10.| ogogso.| ¢g 
120. | + $42 S90. | | ZI0. |+ go. ps | | Izo. | Z10. ooocZI. 18 
1zo.| 110.} ogbggo.}| 1zo. | z10. |+ ooosez.] Izo.| z10.| Lggtgo.) o£Lbzgo. | Izo.| £9609 | cZ 
1zo.| 110.| o£gZgo.| o6S€bz.] 1z0.| 110.| Z1ggg0.| Og40€z-] Izo.| zI0.| 120. 10. 90. Cogh61.} 110-| gotigo.| SIgIgI-| gL 
1zo.|110.| t600Zo.} 1z0.} r10.| I€gggo.| | | 4. | zoe.| | 110. |+- SESEgo. 6gr6gi.| 
| I10. |-+ SggoZo. | IZo. | I10. 009690. obzggo. ot | 62¥So8. | 16zbg0. 19/161. 
Izo.| 110.} €CgtZo.| Zzogz. 1Z0. | 110. | — SgtoZo. | | Izo. 1zo6go. | CEE gor. | 94996. 
ozo. | IIO. | 1z0. ggbiZo. £g6690. | Iz0. | 110. | Sgtggo. | ggzbiz. 1z0. | £99990. oo0000z. 
+A zo. | ‘Tad [fozo. 66gz07z. 
ozo. | gfZgZo. ozo. foro. | ggbSLo.| L&gggz-] OzO. | TIO. bgobZo. | | OZO. | 89 | orzoZo. | 19 
OZO. | | -+ OSgZZo. 6ZgZQz. | OZO. | | ozo. | 110. 966bZo. S0z0. che 020. | 110. | } As 
0z0.| o10.| gotzbz.| ozo. | oro.| ozo. | rx0.| | | ovo. | £96120. | z.| 
610. | O10. |— SoSogo. | oro. TH R692. | oto. | goZe. + ozo. | O10. £16¢ Lo. 
610. | O10.| g6bIgo. zSbgokt. | 610. | oro. Ibzogo. | OZO. | O10. T9g940. | O70. of oro. + SzZoZ | zoOStz. | ozo. | oro. Cz6bLo. 
610. | z1Szgo. | + } | ZgOS6z. | OIO. | + Sgg6Zo. 6gogée- | O10. | ozo. o1o. |— | 19 
610. | 600. | 610. | oro. | + So€zgo. | 610. | O10. €£60go. ELLE gz. | OZO. | bzt6Zo. £99992. | OzO. | C | | CL 
610. | 600.| Logtgo.| 610.} o10.| E€ZEEgo. |— Sgofo£.] 610. | O10.| goozgo.| 020. | 66bogo. _ 
610. | 600. gggSgo. | 610. | 600. | + Sgobbgo. | — SPEOTE. | O10. | | + SOIEgo. “610. TOQIgO- cogs! | OTO. | | 
zQ6z. | O10. 1€Zzgo. zoLogz. | OO. | | — SZOTQO. gtitgz. O10 10. 
Sgro. | 600.| z6EE. | | 600. zZggo- ztiz€. | 610. | 600. gfSgo. LSgz. .| 2S 
gro. |*g00.| gbzobo.| gro. | 600.| Lgobgo.| | gro. | 600. |— SIghI€. O10. | 9 Loto. 
| QOO. | Z10. | goo. gro. | 600. Z¢160. €. | Z - | gro. Cggo. 
o00000£. ®Q00. z06z60. oooor€. | gro. 00007€. | gTo. 600. zZg6go. | | Goo. 600. | _9Soggo. 1¢ 
€zz | bz.z | | | 09.2 
| aka | ‘a | | 
61 st LI oT ST 


Jo Joquinu= wu 


12 
| 
| 
: 
| 
t | 
| 
4 | 


13 


T. L. Woo 


oro. zcerzo. og6gbo. | ozo. | O10. | — Szgzzo. ggzobo. ozo. | Oro. gzZozo. ZSSELO. | OZO. | 110+ ZOQgIO. gbgozo. | 610. | Z10. | + b€r0zo. | 610. | OST 
oro. 11sbzo.| L6zZto. ozo. | o10. €ZZzzo. | ozo. | O10. zZggozo. | ozo. | | — SzZgro. ZzoLzo. | 610. | Z10. zZzg10.| OLzozo.] 610. | GFT 
o10.| €Zgbzo.| ozo. | O10.| QIgOboO. | OZO. | O10. 10o1zo. | | OZO. | T10. | — Of ggto. O10. | Z10. Igfg10.| govozo.] 610.| 110.| 
oro. Of grzo. | 4- bo. | | O10. ZZotzo. | ozo. | O10. ozo. | I10. | 610. | 1Obgio. gbcozo. 610. | 110. 669£ 10. LET 
oro. zooszo. gZLzgbo. | ozo. | O10. Ifztzo. OLE | OZO. | O10. €gzizo. | ozo. | 110. gg$Zzo. 610. | £oggio. 0690Z0. | 610. | £6ZE10. OFT 
0z0-| rI19gho.] ozo. | o10.| ggt€zo.; zbizo.| ozo.| 110.) €z610.| 610.| z10.| f€€gozo.] 610.| 110.| L6gE10.| 
O10.| ISOgbo. | ozo. | O10. ozo. | O10. €LE1z0. | + | OzO. | I10. ggt 610. | O10. | Z10. Ifggio. 6L60z0. | 610. | zOZEI0. Qg6£ 10. 
ozo. | o10.| g6zbbo.| ozo.| o10.| goZ€zo.| ozo.| o10.| zzizo.| ozo.| I10.| O66b610.| OgIgzo.} 610.| c10.| ghOgio.| 610.| 110.| 
0z0.| o10.| ozo.| o10.| IZgtzo.| €SSzbo.] ozo.| o10.| ZLgrzo.| IgbS€o.] ozo.| I10.| O6g€gzo.} 610.| z10.| ggo04I0.| 610. | 110.|—CgbE10.| ZPT 
OZO. | | + 0000C0. OzO. | gtorzo. | ozo. | O10. bzozzo. | ozo. | 110. zZZ610. 1Z¢gzo. | 610. | Z10. 9gIZio. Ozbizo. | 610. | £gorr10. ggztio. IFT 
020. | O10. |+ Sogzo.| ozo. | o10.| gZizzo.| 110.| 116610.| 444gzo.] 610.| z10.| Lo€Z10.| 610.| r10.| €grbro.| OFT 
OZO. | Lzzgzo,. | — $zZoSo. ozo. | o10. bZErzo. | ozo. | o10. | — $€Ezzo. z£zo£o. ozo. | zSoozo. 9g69z0. | 610. | 6£ZL1z0. | 610. | 110. tezrio. 
| OIO. z1bgzo. | — ozo. | Leorzo. | OzO. | O10. bObzzo. | ozo. | 110. | — S610Z0. L616zo0. | 610. | | — gOgizo. O10. | r10. Zgttro. 6610. SET 
OZO. | OIO. 0099z0. IZv1So. | ozo. | O10. QIIbto. | ozo. | o10. | — $Sgzzo. | — $<gZg£o. | OzO. | TIO. obfozo. Z1b6zo. | 610. | ZggZIo. 6Cozzo. | 610. | 110. LEL 
OzO. | 06£9z0. | ozo. | oo6tzo. trrrbo. | ozo. | SIgzzo. ozo. | 110. LZgtozo. o£96z0. | 610. | ZI0. OIgZIo. | 610. | 110. L6Cr10. | — 
OzO. | OIO. £g6gz0. 6€zzCo. | ozo. | O10. ogoSzo. |} | | bgozzo. | ozo. | TIO. ISg6zo. 610. | Z10. 10. 610. | 110. | + Sz6rro. CEL 
0z0-| o10.| z€gzSo.} ozo. | oro.| zgeSzo.| ozo.| FOSZEo. | gg4ozo. |+ $4o00£0.] 610.| 610.| 110.| E1gbro.| FET 
OZO. | O£o£So. | ozo. | O10. | | ozo. | oro. €zEEzo. 62g/€0. | | TIO. zb6ozo. £o€olo. | 610. | Lozgio. LzZLzzo. | 610. | I10. bz6rio. 
ozo.| 626Zz0. |+S€rESo. ozo. | o10.| g9€gSzo.| zogSto.] ozo.| o10.| 96%€zo.| ozo.| 110.| g6orzo.| 610. | z10.| 106zz0. | 610.| 110.| 
OzO. | QObgESo. | ozo. | | 19bo. ozo. | O10. | OZO. | LSz1zo. 69Z0£0. | 610. | T10. £Lo€zo. | 610. | 110. | — of 10. | — ital 
OZO. | OI0. 166Zzo.| tgzbSo. | ozo. | oro. Izogzo.| z1Sgto.] ozo. | o10. |—OSgEzo.| ozo. | I10-| gIbvIzo.| goorto.] 610.| c10.| zzggio.| 610.| 
ozo. | or0.| zozgzo.| ozo.|oro.| Zizgzo.| SZggbo.]} ozo.| o10.| €gobEo.}ozo.| 110.| Ig¢izo.| Gro. | 610.| 110.| 
0z0-| o10.| gIbgzo.| ozo.| oro.| Zrbgzo.| bbzZbo. ozo. | o10.|—SIzbzo.| ozo.| 610.) 610.| I10.| 
ozo. | oro.| €€ggzo.} g$$SSo. | ozo. | oro. ozggzo.| 619Zbo.] ozo. | or0.| zobbzo.| ozo. | I10.|+$161zo.| 610.| z10.| Orgtzo.} 610.| r10.| €zgS10.| LZ1 
ozo. | o10.| €Sggzo.| ozo. | oro.| gzggzo.| Oo0gto. ozo. | oro. 16Stzo.| OzO.| I10.| Ggozzo.| OOOzEO.] 610.| ZI0.| goz610.| 610.| I10.| gbZ¢10.| 
OZO. | | ozo. | oro. | — | ozo. | O10. bgZbzo. €zLoro. | ozo. | Ogzzzo. gSzzfto. | 610. | gSt6r0. bO1bzo. | 610. | 110. 6z19g10. CZT 
ozo. | o10. bol6zo. 11690. | ozo. | oro. LvzLzo. OgZgto. | ozo. | O10. | + OSgoro. | ozo. | ozfz£o. | 610. | Z10- z1S610. o6€¢zo. | 610. | 110. 96610. ogzgIo. ZL 
| Oro. | + SES6zo. ozo. |*600. €gbZzo. OgI6to. | ozo. | O10. gZ1Szo. bg6oto. | ozo. | ZgZz£o. | 610. | 699610. | 610. | 110. LZIgI0. £€6£g10. 
ozo. | o10.| O£26z0. | ozo. | 600. zggZzo.| oro.| Ogt¢zo. zzf1bo. | ozo.| 110.| g6Zzzo.; gSotto.] 610.| z10.| gzg610.| 610.| 110.| 6zSg10.] 
ozo: |*600.| gooofo.| | ozo. | Goo. |— So06Zzo. | oo000So. | ozo. | oro. |-+ SgSSzo.| Zggrbo.}ozo.| 110.| €g6zzo.| G10.| z10.| O66610.| GIO. | 110. 16€g10.| Zg99910-] [ZT 
0z0.| 600.| tzggSo.] ozo. | 600.| I€1gzo.| ozboSo.]} ozo.| oro.| 610.| c10.| 610.| 110.| ZzSgto.| Loggio.] OZT 
| 600.| L6bofo. zzt6Co. | ozo. | 600. 19£gzo.'| ozo.| oro.| googzo.| €ZEzbo.] ozo.| 110.| 610. | 610.| r10.| 6b6g10.] 6IT 
ozo. | 600.| LbLofo.| 6zg6So. | ozo. | 600. | + S6¢gzo. zgc1So.] ozo. | o10.| Izzgzo. ozo. | 110.| ZES€zo.| 610.| z10.| 16bozo.| 610.| r10.| boggro.| +6o0Z10.] 
| 600. 1oor£o. | — ozo. | Goo.| E€ggzo.| ozo.| o10.| oObbgzo.| 110.| $¢ZEzo.| O10.| zI0.| bggozo.| 610.| 110.| JIT 
ozo. | 600.| Ogz1fo.| OZgogo. | ozo. | 600. CLo6zo. ozo.| oro.| 110.| 9S6€zo.| 610.| z1o.| obgozo.| Lgogzo.] 610.| 110.| 160Z10.| 16€Z10.] 9TT 
ozo. | 600. tobrgo. ozo. | 600. oz£6zo. z£gzSo. | ozo. | oro. 6gggzo. Oggtto. | | Igibzo. ggocfo. | 610. | 6101Z0. 610. | 110. 6€zZLI0. CTT 
0z0. | 600. o6L1£0. Z¥6190. |*610. | 600. | o£66zo. Z60£€Co. | ozo. | oro. oz1Zzo. gbztto. | ozo. | 69£ bzo. | 610. | TIO. oozIzo. Obfgzo. | 610. | 110. 6g£Z10. 669210. FIT 
ozo. | 600. zgoz£o.| oofzgo. | 6ro. | | bzg6zo. 1ZC€Co. | ozo. | oro. boELzo.| 110.| Ogsbzo.| | 610. | 110. ETT 
| 600. gtezto. €go£go. 610. | £go00£o. | ozo. | oro. z6CLzo. | + | ozo. | 96L¢z0. 9£00£0. Gro. tZC1zo. LzoLzo. | 610. | 110. 969210. giogio.| ZIT 
ozo. | 600. ozgzto. | 610. | Goo. |-+ | ozo. | oro. | + SEgZzo. | — bo. | ozo. | 110. | — $10¢zo. | 610. CoL1z0. €ZzZzo. | 610. | 110. ZQIQIO. TIT 
0ZO. | 600. g06z£o. ozztgo. | 610. | 600. so. | ozo. | oro. ZQOQZO. zZQSto. | ozo. | 110. gfzSzo. Z699£0. 610. | ZI0. 0961z0. | 610. | 110. | — OIT 
"610. | 600.| x C1gbgo. | Gro. | Goo. | Zggofo.| ozo. | £€Egzo.| gb6zgbo. | ozo. | r10.|—SorSzo.| 610.| z10.| 610.| 110.| 61SgI0.] GOT 
610. | 600. | 1zbCgo. | 610. | 600.| tgr1€0. |—¢ZogSo. ozo. | o10.| OgSgzo.| 6zZgbo.] ozo. | 110.| 969Szo. | 610. | ZI0. 1gfzzo.| Lfogzo. 610. | r10.|+Sb€gro.| z6gg1o.] got 
610. | 600.| g£oggo. | 610. | 600.| oggSo.] ozo. | |—OSggzo.| ozo. | r10.| I£6$zo.| | 610. Z9$zzo.| zo€gzo.} 610. | 110. |+¢1¢gro.| goggto.] JOT 
610. | 600. £orbLo. | 610. | 600. €t1ZCo. oro. | | + S116z0. | | | 1Z1g9zo. | 610. | £LLzz0. 1ZCgzo. | 610. | 90T 
610. | 600. gotZgo. | 6ro. 600. Lzozfo. z69ZCo. | ozo. | | + Sgf6zo. ZLogto. 110. | + | 610. | 166zz0. 9bggzo. | 610. | 110. 1£z610. 
610. | 600. | + SEZFLo. 196290. | 610. | 600. | + ¢z€z£o. | ozo. oro. 1996z0. beSgto. | ozo. | bgggzo. | — SEggto. | | | goztzo. | 610. | 110. Z1t610. FOL 
610. | 600.| ogoS€o.| Zzgggo.] | 600.| 6zgz£o.| tzggso. | ozo. | O10. 1b66z0. | Ozobbo.} ozo.| 110.| g1z6£o.} 610.| z10.| o€btzo.| 610.| 110.| Lzz610.| got 
610. | 600. I6ECEo. | Lo€6go.] Gro. | 600.| 6£6z£o. | got6So. | ozo. | o10.| Lzzofo. |— 110.| bog6£o.} 610. | z10.| gfgfzo.| £046z0.] 610.| 110.| trb6r0.| zog610.] ZOT 
610. | 600. 000020. | 610. | 600. |— | 900090. | ozo. Oro. 000060. ottZzo. | ooo0oto. 610. | ooo0o£o. | 610. | 110. bog610. 0000Z0. 101 
| zo.€ gS-z | go.€ | | £g.z | 11-€ | oz.€ o¢.€ 
| =" 
8 L 9 ¢ F € 
| | | 
Z1Z 662160. | €zo. | £10. |+ $Sboso. + SIC ICI. | Z1O. | ££o6to. 
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ozo. | gbzZgo. | ozo. | oro. | ZE€Sogo. | ozo. | oro. gzgtZo.} ozo. | o10.| | br1Zgo. Z1bZzo. | OZO. | O10. | 
ozo. | oro. | — Sggz£o. gQZgo. ozo. oro. | IQOTgo. | | OTO. ggzoto. | ozo. | o10.|  €g6gzo. g9SZ90. ozo. | I1gogo.] Ozo.| O10.| I119z0.| 
ozo. | oro. | — COgzto. | |- CEFQRO. | OZO. | | OzO. | OTO. otgbZo. | ozo. | o10.| zZ16z0. | LZ0gg0. | OZO. | O10. | bzz1g0. | CzO. | zgzgzo. | zzbbrco. 
ozo. o10.| IFobgo. | OzO. | O10. gz61£0. z61zgo. | ozo. | or0.| ozo. | oro. | €6bggo.] ozo.| v10.| brgIQo. OZO. | | + ¢Cbgzo. = 
ozo. | O10.| | SSg6go. ozo. | o10.| ozo. | oro. | | ozo. | o10.| ZLES6z0.| ggQ6ggo. | ozo. | oro. brigzo.| G6go0zgo.] ozo. | O10. | 1£ggzo. zZ1Co. 
ozo. oro. | gZzobo. | ozo. | o10.| gb€zto.| ozo. | ggorfo.| 6g£gZo. ozo. | o10. | €€Z6zo. | ozo. | oro. I€Egzo. | Ooo$zgo. | ozo. | O10.| OIggzo. | 
ozo. 606060. OZO. | O10. go. | ozo. | Coz1£o. | €z69Zo. ozo. | Oro. O£66g0. | ozo. gzo. Z£6zg0. | OZO. | O10. 0669z0.| 
ozo. | oro. ZQ6€£o. OFC 160. | OZO. | ogZz£o. OZO. | | — CgbZZo. | ozo. | o10. | €10£0. EzboLo. | ozo. | or0.| +1Zgzo. OgEEgO. | OZO. | | €Z1Zzo. | 
ozo. | O10. bizbto. 661260. ozo. | ooo££o. QOTSgO. | ozo. oro. | b10gZo. | ozo. | O10. | | 606gzo. ofgtgo. | ozo. | o10.| 
ozo. | oro. trrrco. | ozo. | brZCgo. ozo. oro. | ozo. | o10.| 6zb1Zo. | ozo. | oro. | Zo16zo. ggztgo. | ozo. | o10. LYSLz0. 

| | | 
ozo. | o10.| LZot€o. $zS€6o. ozo. | oro. | | I£Eggo. ozo. O10. | 1f1zfo.| £1620. | ozo. | oro. | b£Zo£o. zt61Zo. | ozo. o10.| gof6zo.| gtZtgo. | ozo. | oro. gtZlzo.| 
| O10. | ozo. | o10. | | L869g0. | | | zZEzLo. | ozo. | o10.| Lg6ofo. bobzZo. | ozo. | oro. I1g6zo.| ozo. | o10.| I£€6Zzo0. 
ozo. | oro. 16gh60. | ozo. o16£o. 16¢Zg0. | ozo. | oro. 96Sz£o. ZOzZ0g0. | OZO.- | O10. | zoz1fo. £66zZo. | ozo. | oro. g1Z6zo. | £6gCgo. | OzO. | O10. | ZzI1gzo. 
oz0.| o10.| Z6€S€o.| ggss6o.} ozo. | o10.| | + | O10.| zggogo.} ozo. | or0.| Izbr£o.| 6z$€Zo.] ozo.| or0.| £z66zo. | 9£1990. O10.| gzEgzo.| tzggSo. 
ozo. | O10.| ozo. O10. |— | OHggggo. ozo. | oro.| rgtrgo. | ozo. o1o.| +ZLobZo. | ozo. oro. 6£10£0.| | ozo. | oro. | gzSgzo.| 6£z6Go. 
ozo. oro. | — | ozo. oro. ZSCOgo. | ozo. | oro. | o60zgo0. | ozo. | o10.| gggrfo. ozo. o1o. | tgr1Zgo. | ozo. | oro. | c&Lgzo. 10Z660. 
ozo. | O10.| gbIgto. tbZZ60. | ozo. Oro. | gzzo6bo. | ozo. | oro. | cee ZoZzgo. | ozo. | o10. | | OZO. | O10. | 699290. | O10.| ObF6gzo. |-+ OS 
020: | OTO. Eobgto. | ozo. | oro. | 606060. | ozo. | oro. | LEE | ozo. | o10.| ozo. | o10.| +6Zo£o. | TRIQQO. | OZO. O10. |—O£16z0.| gogoao. 
| O10.| €gggto.| LEz660. | ozo. oro.| €og160. | ozo. | | 6g6£go. | ozo. | oro. | ozo. | O10. gror£o. | ozo. | o10.| 6gorgo. 
ozo. o10.| Zz69£€0.| OO000I.] OzO.| o10.| gotzbo. | ozo. | L£Szbto. + | ozo. | oro. £26940. | ozo. | o10.| 1£€z6g0.] ozo. | oro. | Igf6zo.| gfC19g0. 
ozo. | | + $61Z£0. $ZZoor. ozo. | o10.| O6gSEo. | €zoL6o. | ozo. | | 1Zz¢go. ozo. | oro. | 61¢ZZo. ozo. | o10.| gZbrfo. 494690. ozo. | or0.| ro0g6z0.| grozgo. 
0g0-| o10.| LobZ€o.| ozo. | o10.| | ozo. | gt6Sgo. | ozo. | oro. ozo. | o10.| | ozo. oro. Fz00£0. | oofzgo. 
ozo.| o10.| €bZZ£o. ZTQEZOI. | OZO. | O10. Izbgfo. | | ozo. | tr99g0.} ozo. | or0.| 9€SEEo.| ObZeZo. ozo. | oro. IS61£0.| gggoZo. ozo. | oro. | 1fzofo. z66z9g0. 
ozo. €zogto. |—¢Zr€or. ozo. | oro. | €6gg£o. gtzC6o. | ozo. zo€Zgo.} ozo.|or10.| | + Sg€6Zo. | ozo. | O10. z61zfo.| OzbrZo. ozo. | oro. Igbofo. Z6bEQgo. 
ozo. | O10. | | 6969£0. | 000960. | ozo. | | 000ggo. ozo. | oro. |— O000go. | ozo. | 000zZo. | | oro. trZofo. oootgo. 
| o10.| g6Sgto. | 6£€gbor. | ozo. | oro. gbzZ£o. ozo. O1Zggo. | OzO. | SOE | + Stgogo. | ozo. | oro. | 4ggzfo.| Ig¢zZo. ozo. | oro. gICtgo. 
ozo. | 16901. | OzO. | O10. zECZLEo. 196260. | ozo. 9609£0. | Ifb6go. ozo. | oro. | | ozo. | o10.| oF6z£o. 1Z1£Zo. | OZO. | oro. IboCgo. 
| O10. | ozo. | oro. IzgZfo.| Igfg6o. | ozo. tg1060.] ozo. | o10.| g€gt£o.| ozo.| o10.| OZZEZo. | ozo. | O10. 
OzO.| O10.| ggrOfo.| g€bZor. ozo. | oro. | 21660. | ozo. | 606060. | ozo. | or0.| |— Stgzgo. | ozo. | o10.| OgtbZo. | ozo. | oro. | 9ggIfto. | gIIQg0. 
ozo. | oro. | b6L6£0. | ozo.| or0.| Oooooor. | ozo. gb6o£o. 499160. | ozo. | o10.| E€EEEgo. ozo. | or0.| +#zZEEo.}| oooSZo. | ozo. | O10.| 
ozo. | |+ tbz6or.] ozo. | oro.| €1Zgfo. otgoot. | ozo. gtzZfo.| L€tz6o. ozo. o10.| ozo. | o10.| €66€£o. | | ozo. | oro. S61zfo.| LzzZgo. 
oro. Izboto. 691011. ozo. | Oro. ozo6£o. | | ozo. bECL£o. Ozz£60. | ozo. | o10. |— | gtZtgo. | ozo. | Lozt£o. 1ZzgZo. | OZO. | 
610. | O10. | zbLoto. IITIII- | OZO. | oro. ZELOLO. boSzor. | ozo. Lrob6o. | ozo. |*600. | | ozo. | O10. | + €z6gZo. | OzO. | O10. ozZz£o. 9Z£ggo. 
610. | oro. ggorto. | ozo. | o10.| ghb£or. | ozo. chigto.| gzgt6o.} ozo. | 600.| OFSgfo.| Lozggo. ozo. | oro. | 9gSZZo. | ozo. | O10. | 6g6z£0.| gg6ggo. 
610. | ootrto. | ozo. | oro. 0Z66£0. | ozo. | ozo. | 600. Obgofo. | OzO. | Oro. |+ IgzgZo.} ozo. | or0.| €gzEEo. | + Sgl6go. 
610. |*600.| 9€Zrbo. |+ ozo. | oro. | Z6zobo.| €gzSor. | ozo. oZZgfo. 16+g60. | ozo. | 600. | 612Zg0. ozo. |*600.| | Lt6gZo. | ozo. | oro. | + CL10Zo. 
610. | 600.| gZozto. ozo. | o10.| 6zgoto. |— 61901. ozo. z606€0. |+ S¢€Z60. | ozo. | 600. | — | g6bggo. | | 600. |— SoZSEo. _gtg6Zo. | ozo. |*600. | tzgtto. | g6ZLoZo. 
610. | 600.| gzbzbo. IZ0gII-] ozo. | o10.| Lg6obo.| €rZor. | ozo. 61F6£0.| tIzg60.] ozo. | 600.| ggzb6go. | ozo. | 600. Loo9£o. | ZS€ogo. | ozo. | 600.| | O6zbrZo. 
610. | 600.| ogZzbo.| Zr1Z11.] ozo. | oro. gorgor. ozo. | 660660. | ozo. 600.| O60gf0. | 060060. ozo. | 600. Igorgo. ozo. | 600. |—Sott€o.| zZozZo. 
610. | 600.| O6€1£bo.| oro.| Oggrto.| r16060r. | ozo. 6gooto. | ozo. | 600.| gIbgfo.| 606060. | ozo. | 600. 9zg9£0.| gIgtgo.} ozo. | 600.| LzZzZo. 
| | | 
610. | 600. |— SoSEbo. | ggz611. }%610. | oro. c6oortr. | ozo. €€toto.| L16001. | ozo. 600.| gbZgfo.| €Z160. ozo. | 600. | 69Szgo. | ozo. | Goo. | + SooS€o. t6EELo. 
610. | 600.| g9Zgfbo.| 6ro.| oro.| 9Z€zbo.| r11111.] ozo. €gZobo.| zgror. ozo. | 600. |— | £6¢z6o. | ozo. | 600. | ggzZfo.| €EEEgo.] ozo. | 600.) +tZoZo. 
610. | 600.| |+ 610.| o10.| tbZzbo. | ozo. 6€11bo.| togzor.] ozo. | 600.| gzt6€o.| | ozo. | | ozo. | 600.| ZzgS€o.| 
610. | 600.| 6£€gbbo.| zbhgzz1.] 610.| oro.| ZI1€to.| goz€rr. | ozo. 1ofito.| ozo. | 600.| ob€t6o. [%610. | 600.| z£6ZE£o. | 906¢go. [°610. | 600.| gt6SEo.| 
610. | 600.| OfoSto.| 610.| o10.| g6b€to.| ggztrr. | ozo. 69gtto.| zgZtox. | ozo. | 600. z£10bo. €zC6o. | 610. 600. €Lzgfo.| +t1ZSgo.] 610. | 600. 1Zzgfo.| o619Z0. 
610. | 600.| gztSto. | 610. | oro. | — | — | Goo. thzzto. 692Cor. | ozo. | 600. t6toto. | +#£1Q60. Gro. | 600. | Ozggto. gfSggo. | Gro. | 600. | zoggFo. | €z69Zo. 
610. | 600.| 610.| o10.| 6Zzbbo. |— SoSgrt. | 610. | Goo. gzgzto.| 962901. [%610. | 600.| zggoto.| 90260. | 610. | 600. | €26g£0.| 600.| 6€69£0.| 
610. | 600. | + Stzgbo. | 610. | oro. ogotto. Legit. | 610. Fo. | | 610. | 600. Z€z1to. 6£0g60. | 610. | 600.| | + CEzggo. 610. | 600. €gzZlo. Iftglo. 
610. | 600. | — Sgggto. | 610. |*600. ggocto. TIQQII. | O10. | Goo. OItfto. | r16gor. | 610. | 600. 61gIto. 010660. | 610. | 600. | 0046£0.| 6or6go. | 610. | 600. goz6Zo. 
610. | 600. OOO00£ I. | 610. | 600. | oooozt. | 6ro. 600. | oooorr. | | 600. | goozto.| ooooor. | 610. 600. £Zooto. | 900060. 610. | 600. 6g6Z¢0. | 
6€.z | 62.2 | | og.z L¥.z | | | | 
| | ‘ad | ‘d | Tiwi van a 
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| 600. | Goo. Zo$Z£o. Sogozt. | ozo. 600. OgSgfo. b6or11. | ozo. | 600. €g€Zor. | ozo. | oro. Ozgbto. 1Zg001. ozo. | O10. | og6£60.] 
610. | 600. | 610. | 600. ozo. | 600.| 61gg£o. |— Sggbrt. | ozo. | Goo. | + SSgSEo.| gorgor. | ozo. | oro. | gbgrto. ISEIOI. OzO. | o10.| £€6ZEEO. | C6CbGo. GFT 
610. | 600. | 610. | 600. 9Z62£0. 600. 1s0Zto. gboS II. | ozo. | 600. £gogto. brggor. | ozo. | o10.| oZoS€o. Ivozotr. ozo. O10. gtzs6o.] 
610. | 600. ZE10£1. | 610. | 600. gIzgto. ggztzi. | 610. | 600. ggzZto. gthor OZO. | 600. Ogsoor. 0zO. | O10. |— | obZzor.] ozo. | oro. gzzbto.| LPL 
610. | 600.| ogt6£o. | 610.| 600.| zgbgto.| gtrbzx.] 610. | rbzZ11. | 610. | 600. gbSgto. | ozo. | O10.| gbb£or. | ozo. | o10. | OPT 
O10. 600. o1g6to. | 610. | 6oo. goZgto. | O10. | 600. pa 610. | 600. IIIIII. [*%610. | | ESLSEO. 0ZO. | O10. |— zzzZ6o. CPL 
610. | 600. Logzt1.] 610. | 600.| ZS6g€o. | 610. | 600. TIogto. | Igggrt. O10. 600. SQRIII. | 610. O10. | + OZO. | O10. PPT 
610. | 600. Iz1obo.| 610. | 600.| 19Z9z1. | 610. | 600. | gSzgto.| grZ6r1. | 610. | Goo. 949711. | 610. | O10. | | O10. ZOSg60.] 
610. | 600.| zgtobo.| z$Zb€x. 610. | 600. + | O10. | 600. Lgfoz1.] G10. | 600.| o1$Z£o. | | Gro. | oro. | tovgto.| €gtgor.] ozo.| o10.| Zo€SEo. ZpT 
610. | 600. |+ | 610. 600. 610. | 600. | Egégto. | Ozbrz1.] 610. | 600.| gSZZ£o.| ggzbrr. | Gro. o10.| ofofo.| ozo. | oro. [FT 

| | | 
610. | 600.| €160bo. 1699£1. | 610. 600.| Zg66£o.| 610. | 600. | Iz06£o. zotzz1. | 610. 600. | | 610. | oro. ozo. | o10.| 61Zoor. OFT 
610. | 600. €grrbo. IgQZ€I. | 610. | 600. £¢zobo. 610. | 600.| zez6Eo. | Gro. 600. | ggzgto. 610.| o10.| zozZ£o. 969go1-] ozo. | o10.| Lgogfto.| 6&T 
610. 600.| gtbrbo.| ggggtt- 6ro. | 600. €zCoro. | 610. | 600. | ggobzt. | 610. | 600. |—SzSgto.| ge/gr1.| Gro. | Goo. |+S$SbZ€o.| Ogb6or-] ozo. | or0.| obrzor. 
610. | 600.| goZ6€1.]| 610. | 600.| 96Zoto. | | Gro. | 600. | 610. | 600. Zgégto.| LboZ11.] 610. | 600.| z1ZZ€o.| ozo. | oro. Egsofo.| 
610. | 600.| Zrozbo. 610. | 600.| zZorbo.| €€EEEr.] 610. | 600. | + Sgooto. | gz6Sz1.] 610. | 600. | 610. | 600.| 126Z£0. ITIIII.} | o10.| gtggto.| get 
610. | 600.| €o€zto. | 610. | Goo.| €SErbo.| | 610. | Goo. | Igtobo. | ggggzt. 610. | 600. Gro. | 600.|—SEzgto.| ob6rr11. | ozo. | oro. £60Z£0. 
610. | 600. zOSzbo. 610. | | | O10. 600. | oFgoto. ozgZz 610. | 600. gOs6to. | 610. 600. ZoSg£o. zgZz11. | ozo. | oro. Egz¢or. FEL 
O10. | 600. |—fggzto.| | Gro. | Goo. |-+- Sz6rto. I. | 610. 600. zz6obo. 610. | 600. £Zg6£o. TIZIZI- | O10. | 600. QEQEII. | OZO. | oro. gIgZto. Igogol-]| 
610. | 600.| gtoStr. 610. | Goo. gizzto. |_ Sobl€r.] 610. | 600.| G6ozrbo. | 144671. 610. | 600. 610. | 600.| ozo. | o10.| 
610. | 600.| | 610. | 600. | zobgtr. | 610. | Goo. OOStbo. | 6940€1.] 610. | 600.| 6£€Fobo.| 610. | 600.) |— | ozo. o1o.| LSigto.| 
| | | 
610. | 600.| | 600. | brgzbo. |— SEC6Er. G10. | 600. 610.| 600.| gzZovo.| | 610. | 600-| gog6€o.| ozo. | oro. £€bgto.| Lzfgor.] 
610. | 600. goorto. 610. | 600.| ¢zgorr. | 610. | 6oo. b6ozto. | 610. | Goo. Izorbo. | 610. 600. £6g6£0. |*600. zIZgtu. 
610. | 600.| | g096hI.] 610. | 600.| gzb€vo.| Gro. | | L0€zbo.| | G10. | Goo. bg6Sz1.] 610. | 600.| ggroto.| o1 IgII-] 610.| 600.| g66g£0.| g€zorr. 8ZT 
610. | 600. 610. | 600.| 610. | Goo. 1. | G10. 600. bg6gzt. | 610. | 600. Igbobo.| Gro. | bgz6£o. 
610. | 600.| | 610. 600. 6Sorbo. | | 610. | 600.| | Gro. | 600. |+ €z61bvo. | | 610. | 600. | ogéobo.| 610. | 600.| ooozrt. 921 
610. | 600. | | 610. | 600.| Igttbo.| 610. | Goo. PEEEbo.| 4602£1.] 610. | 600. gfzcto. 610. | 600. | £gorto. 996021. | 610. | 600. 
610. | 600.| | 610. | 600.| goZrto. | | 610. | G00. | 610. | Goo. 1S¢zbo. IgootI.] 610.| 600.| z6€1bo.| 1661z1.] 610.| 600.| €Z10Fo. 
610. | 600. | Isogto. 610. | 600.| oboSto. 610. 600.| | bro. 600.| OLgzbo.| 610. toLtto. | Gro. | Goo. Zvovo.| 
610. | 600. £6Egbo. |—SzoZ¢r. 610. | 600. LZECbo. | ogZgtr. 610. | Goo. | 610. | 600. | — bo. | G10. | ctzozto. Z96€z1. 610. | 600. ggZoto. 
610. | 600.| otZgto. | | Gro. | 600.| gIZSbo.| 00061. 610. | Goo. | bobo. | 610. | 600. | bzSEbo.| | 610. | | 610. | 600.| £orrto. 499911-| [ZT 
| | | | | 
610-| 600.| €60Zbo.| Gro. | Goo. -Sgogto.| ] 610. | Goo. | ggorbo. | | 610. | tbo. | Gro. 600. | 1Zgzto. | + ofogz1. 610. | 600.| 
610. |*goo. | Lrorgr. | 610. 600. Z1bgto.| | 600. bEESbo.| gootb1.] 610.| g6rbbo.| | 600.| tootbo.| 611Zz1.] 610. | 600.| GIT 
610.| goo.| €1gZbo.| €6Ezgr. | 610. | 600. |— SZZoto. | 610. | 600.| gggSto. | Gro. | Go0.| 610. | 6o0.| | + $ozgzI-] 610. | 600.| gLozbo.| gSgb6r1. SIT 
610. | goo. Igigho.| | 610. | | Gro. | 600.| zkogbo.| 610. | Goo. | 610.| 600.| or€6z1. | 610. | 600. I1bzbo.| JTT 
610. | goo. gto. | Gro. | 600. | goSbo.| | 600. | — Sorgto. | G10. | 600. O£16€1. Gro. | 600.| |—S€to€r. | 610. 600. 1¢Lzto. 6€Z1z1-] OTT 
610. | goo. + S€6gto.| LggggI- | 610. | Goo. | OggZbho. 610. | Goo. | €ZZgto. €z16tr. | Gro. | 6oo. to. 610. | 600. 9gttro. OZLS1€1. 610. | 600. L60£ Fo. Logzz1. CIL 
610. | goo.| Iz€6bo.| zhrggr. | Gro. ogzgto. | z6z6$1.] G10. | 600.| 610.| 600.| 9Z6Sto.| 610. | 600. |+ 610. | 600.| FIT 
610. | goo. z1Z6to. | Gro. | gbggto. | 610. | 600.| | | 610. | 600.| O6bfgbo.| 610. | 600. | OI1Sbo.| | Gro. | 600. |— Sogtbo.| ooofz1.] 
O10. | goo.| 610. gtobbo. | zgrzgt. | 610. | 600. Gro. | 600. gzZobo.| 610. | Goo. | |-+ 610. | Goo. ZIT 
| goo.| | 610. | Gro. | 600.) | + | 610. 600. | €11Zbo. |— | Gro. | | 610.| Goo.| €ZzZz1. 
| | 
gro. | goo.| rIbg6bo.| 610. | 600.; zoZgbo.| | | Goo. toglbo.| | 610. | 600.| czbzobo. 610. | Goo. | 
gio. gz6SZ1.] gro. | goo.| z$zoSo. | £99991-} 610. | 600.| Lorobo.| | 610. 600-| ghigtt. | | 600. Ogggtr1.] 610. | 600.| z6zSto. ofg6z1-] 60T 
gio. —SgZ1So.| gro. | goo. | bzzggrt. | gisoto.| 610. | gotgro. | G10. | 600.| gzoZto.| | | OggSto.| gor 
gro. QOIZSO. | + | gro. | goo. |—60r1S0. | r11g6gr. | gro. *g00.| g€66bo. | £/€091.] 610.| 6o0.| Z1Zgbo 610. | 600.| I€bZbo.| 6orbx. | 610. | 600. bLogbo. JOT 
gio. | | gro. goo. gro. | goo. | zgtoo. |—Co6r191. | 610. | Goo. | — Ig€zCr. | 610. | 600. | 610. | 600. | — $Ztgto. VOT 
| gro. | goo. |+-S961S0. | ZZo€Zr. gto. | goo.| | 600. | ogS6Fo. | | Gro. | 600. gSzgbo.| Gro. | 600. Eggoro. | + COT 
gro. | gro. | gc LSZVLI.} gro. | goo.| gro. | 600.| 7z666bo.| oF€S¢r. 610. | 600. | | 6ro.| 600.| g6zZto. FOL 
066£S0. — gro. | goo. | gggzSo. | IZbgZ1.] gro. | goo. | gro. | 600. | 610. | 600.| 610. | 600.| ozZZto. 
OIIQgI. | gro. | goo. | QIzgzi.] gro. | goo. | | ZIf€gor. goo. | Oggoto. | 610. 600. ECCObo. | — ght. | Gro. | 600. + of 1gto. trogfr. ZOL 
000061. gro. | goo. | ooo0gt.| gro. | goo. | 66$zS0.| o000/1. goo. |-+ o0009gT. | 600. 000060. 000061. 610. | 600.| ggfgto.| ooootr. 
| 9£.2 | 94.2 gf-z 
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ozo. | O10. LLEgIo. | O70. | | | TIO. ZIQCIO. Qz1Szo. | OZO- | | 666€ Ic. 101020. | 610. | z10. | — SS IZIO. | + 10. 610. | 110. oS6600. | + Oofoor0. 00% 
ozo.|o10.| | OZO. | zrrZ10.| 110.| OggS10.| | | ITO. Io. zozozo. | 610.| z1o.| gizzro.| 610. | 110.| 666600. 66 
ozo.| ut0.| 66Sgro.| ozo. | O10. | LzzZ10. }ozo.| 110.| ZgZS1o.| ozo. | 110.| | — Cofozo. | Gro. | z1o.| ZZzz1o.| gzzS10.] 610. | 110. |—ofooro.| 86T 
ozo. | OIO. Ifggio. | ozo. | OO. €1€Z10. OZO. | ITO. obgSto. OICSzo. | OZO. | OIztio. gobozo. | 610. | Z10. 6£EZ10. got S10. | 610. | OOIOIO. tozo1o. 16 
OZO. | O10. | ShZgIO. | OZO. | OTO- to. 69Z0£0. OZO- | TIO. 10. IbgSzo. OZO. | I10. zgzbio.| 610. | ZIO. 1obz10. | — | 610. | 110. zC1o10. g$zoro. 961 
| O10 ZQOQEO. | OZO. | OTO. ggtZ1o.| gz6ofo. ozo. | Zoogro. €ZZSzo. | ozo. | | | TIO. bobzio. totS10.] 610.| 110.| tozoro.| 60€o10.] 
ozo. | O10. 69z9£0. | OZO. | OTO- LLEL10. | OZO. | TIO. QgOgIO. Zo6Szo. | OZO. | gzbrio. | + $zZozo. | O10. | Z10. | O10. | I10. gS$zoro. €g£or0. 
ozo. | oro.| o€o610.| gStgfo. O10. | | | TIO. oLIgio. zbogzo. ozo. | 110.| zoStro.| £€gozo. | | zOSzI0. 610.| r10.| O6o€oro.| €6T 
8 ozo. | o10.| gz16r0.| 6bggfo. ozo. | oro. | tibifo. ozo. | 110. Z1gzo.} ozo.| 110.| | | L£Sgz1o.| oZS10.] 610.| 110.| zgforo.| B6T 
Re ozo. | o10.| gzzGr0. zhggfo. | ozo. | O10.| 6Z61£0. ozo. | 110.| ZEEgro.| | OTO. | TIO. €Sorzo.] 610.| z10.| €zZz10.| 610.| 110.| 91toro.| 9zforo.| I6T 
ozo. | oro. |+ Sz€610.| | OZO. | OTO. 1t6Z10.|  9gbZ1€0.] ozo. | 110.| zzbgro. | + | | TIO. gzZt1o.| tgrizo.| 610.| z10.| | | tZto1o.| O6T 
ozo. | oro. | + | OZO. | | — | OZO. | TIO. gosgio. g6Sgzo. | OZO. | TIO. | + Soghio. Lz1zo. | 610. | Z10. LSgzro.| L¢6¢r10. | 610. | 110. gfgoro. 68T 
ozo.|oro.| ZzS6r1o.| ozo.| gzIgro.| ggoz£o. | | ITO. #6Sgt0.| g€Zgzo.] ozo. | r10.| Eggh1o.| OFO. | bz6z10.| €bogro. | O10. | 110. 1gCoro. | + $6gor10.} 
ozo. | O10. 6z9610. | OzO. | OTO. bzzgio. gSzzo. | 110. ZQQQIO. ZQQQTO. | OZO. | TIO. zgObro. | + SoS1zo. | 610. | | 6z1gr0. | 610. | IIo. gfgoro. €CZoro. 
ozo.|oro.| z€Z6r10.| g€gZo.}ozo.| oro.| oztgro.| | | ITO. ofZg10.| Lzolzo.] | I10.| 610. | | 9Izgro. 610. | 110. |-- S6go10.| 
ozo.|o10.| Z€g6ro.|. ozo. | o1o.| Gogzto. | OZO. | TIO. ogggt0.| bZ1Zzo.] ozo. | 110.|  zz1S10.| O€Z1zo. | O10. | 610.| 110.| OZgoro.]| 
110. | + zce¢Zzo. ozo. | r10.| gSgizo. 610.| z10.| €6€g10.| 610.| r10.| Orgoro.| O6z6or0.] FST 
69gor10.| €8T 


ozo. | o10.| 1Szgfo. ozo. | O10. | | 

ozo. | oro.| 6boozo.| Ozo. | |+ | | 1toZ10.| €ZtZzo.| ozo. | 110. |+SgzS1o0.| gZ61zo. | | z10. |— 10. tgtoro. | | 110. 

ozo.|or10.} ZS1ozo.| g1Zgro.| | | TIO. tzgZzo.]ozo.| r10.| O60zz0. 619. | z10.| Z¥EErO. |— 610.| 110.| &8T 
110.| ZzzZ10.| gZZZzo. | | ITO. czzzzo.| 610.| z10.| ozb€10.| 610. 110.| gg6oro. 


ozo.|or10.| Zgzozo.| O6gggfo. | O10. | ZI ggto. ELELECO. | 


gb€zzo. | 610.| z10.| OgZg10.] 610.| 110.| 6bor1o.| O8T 


ozo.|oro.| ZZ€ozo.| go16€o.} | O10.| Oz6gro.| | | TIO. 1zfZ10o.| €£6Zz0.] ozo. | 110. | 
or0.| ggbozo.| gz€6Eo.} ozo. | O10.| goZefo. ozo. | 110.| OG0gzoO. | OCO. | TIO. | zZbzzo.| 610.| z10.| 698E€10.| 610.| 110.| 6LT 
6z1610.| g6gEo.] ozo. | r10.| O6bzgzo. | TIO. | 66Szzo.| 610. | z1o.|  ttofr10.| 6b6gr0.] 610.| 110.| SLT 
1zZ£10. | + SboZ1o. | 610. | 110. |+$€zr10.| LLT 


| OTO. rogozo. | | | 

ozo. | oro. |—S1Zozo.| £2Z6€o.] 0zo. | O10. |+ SEz610.| | OzO. | TIO. 119Z10.| 6obgzo. | OZO. | TIO. LzLzzo. 610. | Z10. 

ozo. | OIO. o£ gozo. oooobo. | OZO. | OTO. ggzbfo. | Ozo. | 1Z3gz0. | OZO. | ITO. LSgzzo. | 610. | ZI10. g6Z£10. €¢rZ10. | G10. | 110. 66z110. 6zbr10.] OLT 
ozo. | Oro. o£zoro. OZO. | OTO- | Ozo. | ITO. 60gZ 10. 9£Zgzo. | OZO. | | 926610. 6g6zzo. | 610. | Z10. 9Zgf 10. IbzZro. 610. | €9£110. t6ri110.] 
ozo. | or0.|—$go1zo.| IgS610.| | OZO. | TIO. o16Z10.| zo6gzo.}ozo.| 110.| Zgogro.| Iz1€zo. | OTO. | | + SC6€10.| Ib€Z10.] 610.| 110.| gzbrro.| FLT 
OzO. | OIO. bgrizo. g6goro. | OZO. | OO. zZg610. | Ozo. | ZIOgIO. 0£06z0. | OZO. | TIO. | gSIgIo. g$zzo. | 610. | z10. | + zttZi1o. | 610. | 110. QZQIIO. 


ozo.| oro.| +to€rzo.| 0zo. | OT0.| gZ6r0.| ggoS€o. | OcO. | ITO. —CIIgto.| Obz6zo. | OZO. | TIO. 1Szgio.| z6€€zo.] 610. | Z10.| 9IIFIO. |" teCZ10.| 610. | Ogf110.; 96g9110.] ZLT 
o1o.| gzbrzo.| 9Z11bo. ozo.| g6g6ro.| | ITO. 61zg10.| z1b6zo. | OzO. | I10. | + 6zS€zo. | 610.| z1o.| ZtgZ10.] 610.| 110.| TILT 


ificance of the Correlat 


gn 
° 


obtgto.| 6g9€zo.] 610.| Igzbro.| 610. | Tro. +69110.| OLT 


oro.| 0z0.| 6zr10zo.| | OZO. | ITO. zgZ6zo.] ozo. | I10.| g€Sgro.| Or0. | toftio.| 610.| r10.| 69T 
ozo. | o10.| OOogrtzo.| | OZO. | OTO. gbzozo.| gz6S€o.] ozo. | I10.] ob66zo0. | 110.| €£€ggrIO. | 610. | z10.| Obbbro. t96Z10. | 610. | 110.| €€grro.| 9Z6110.] S9T 
ozo. | gz61zo. 6g1zbo. | | | + Sg£ozo. |— OZO. | TIO. 6bggto.; | OZO. | TIO. ztZgro. g6otzo. | 610. | | — zLogto. O10. | gtozro. LOT 


ggtozo.| 0zo.| I10.| O6SZgro. | Ozo. | 110. Ifggro.| zbzbzo. | ZI0. Izgtio.| ZgIgro. 610. | + ¢Z6110. Iziz1o.| 99T 
6oZt10.| €6zgro.| 610.| r10.| 


ozo.|oro.| 6¢Srzo.| ozbrto.] 0zo.| O10.| zroozo.| | | ggS6zo. | OZO. | IIo. 


the Si 


ozo. | o10.| ZSozzo. tzbzto. | | 

> ozo.|oro.| yotzzo.| €ggzbo.] ozo. | or0.| Zogozo. |+ SgSg€o. | ITO. IZggio.! ggrofo.}ozo.| 110.| O6€bzo. | | | 
ozo. | o1o.| oztzzo. | — Sv6zbo. | OZO. | OTO- 1f€Zozo.| Orggto. | OZO. | IIo. tg6gro. | — $Zgo£o. | | obCbzo. | 610. | ZI0. g6Zt10. |— Sotgro. 610. | r10.| OzIzro.| FOL 
= ozo. | orz€to. ozo. | oro. | SSgozo. | OZO. | gggrro. 6rCgrto. | | t61zr0.| 
ozo. | 110. |+S1z610.| | OZO. | IIo. zbzZ10. |—Stgtzo. | 610.| zro.; 6Z6b10.| €ggro. | 610. | 110. 69zz10.| ZOT 

| O€Zgro. 610. | 110. |— $b€zr0. oosz10.f I9T 


ozo.| or0.| 6gSzzo.| ozo.| oro.| zg6ozo.| 
ZeEZ10.| ooo0Szo. 610. 


ozo. | ITO. oSzr1f£o. | Ozo. | r10. 


660610.| ozo.| t10.| ZE1Z10.| 169bzo. 610. | eto 
gzZzzo.| ozo. | G6orrzo.| Oo$Z£o. 
| 
| 


OZO. | O10. 
ozo. | oro. |+ Sggzzo. | + Szobto. | ozo. | o10.| 6€z1zo.| | OZO. | TIO. 1f€610.| | OZO. | TIO. | #ObZ10.| 610.| z1o.|  torS10.| goggro.] 610. | r10.| Izbzro.| O9T 
ozo. | OTO. goof zo. | ozo. | OTO. oZ€1z0. | — $Z6Z£o. | OZO. | zZS610. | OZO. | TIO. | g1€Czo. | 610. | | 66zC10. Zg6gt0. | 610. | IIo. 66bz10. gfgzro. 6ST 
ozo.| oro.| ozo. | oro.| zoSrzo.| LrIzgto. | O70. | TIO. b69610.| ozo. | I10.| | QZbCzo. | 610. | z1o. |—SSES10.| gor6r0.] 610.| 110.| géZSzro.| 8ST 
ozo. | o10.| z6z€zo.| zZgbbo.| ozo. | or10.| zgbgto. | | TIO. Z1g610.| ozo. | r10.| | 610. z1o.| I£€z6r0. | 610. r10.| €gzro. LCT 
ozo. | o10.| gtb€zo. IgISbo. ozo. | o10.| | So10.| zb6610.| gSzzfo.] ozo. | 110.| g6gZ10.| gogSzo. 610. | ZrO. |— 610. | r10.| €o6zI0. 
ozo. | oro. | + §gS€zo. | — ozo. | O10. O16IZO. 196gfo. | ozo. | ggoozo.| ggbzfo.] OzO.| OTOgTO. +Z6Szo. 610. | z10o.| Igt610.] 610.| 110.| O61gzro.| 
ozo. | oro. | — $€ZEzo. zOZCbo. }ozo. | o10.| Gbozzo.} gIz6£o.} ozo. | g610z0.| Oggz£o. | OZO. | TIO. | + Cz1gio.| 610. | z10.| gog6r0. 610. | zo6z10.| 
ozo. | oro.| 9ggfzo.| €Sogbo.] ozo. | o10.| O6r1zzo.| | | CTO. gzfozo. |— S6gzfo. | ozo. | 110.| zhzgro.| | 1SgS10.| Z€Z610.] 610.| r10.| 9g6z10.| 
ozo. | o10.| 6£o0tzo.| gS€gro.]| ozo. | o10.| €€Ezzo. |+ OZO. | O10. gStozo.| €11€€0.] ozo. | r10.| Oggro.| O6bgzo. 610. | |— €C6C10.| ggg6ro0. | | 1Zof 10. | + 
> “CCC | ~ l ¢ 
& ozo. | oro. | — S61bzo. Z999%0. | OZO. | OTO. gZbzzo. | oo000to. | 16Cozo. J ozo. | | | 299970. | 610. | z16.| 6Sogr0. 000020. | 610. | TIO. | 
| zo.€ gS-z | go-€ | 11-€ | 0g.z | Oz-€ $6.2 oS.€ ‘ 
as on =, on = = 5 on =, on an 9 on = on 
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T. L. Woo 


"66 ozoto. 
/OZO. gzzSvo. | ozo. | O10. P6S610 4 
o10 1$zoSo. | | O10. ScrSto. | ozo. | 069610. 
627720. ZO. | O10. | — 7 6o0g0to. 
| | TOEOQO. | | | + sososo. €£60z0. | + SggSbo. | ozo. | O10. 884610 
| /z€Sgo. | | 110. | + ShLEZO. zo.| o10.| go6zzo. pa 19Z0S0. | | O10. zo.|or0.| ggg610.| g1gobo. 
“0z0. | GIO. OFgrzo. | QOQOQO. | o1o. goozzo. gfo1zo. Q16Sbo. | ozo. +- $g6610 gzorto. 
“80890. | 180. b1609n. | O10. O. | — OTOTSO. | TT? PS | OZO. | | + 4 
| O10. | z L20€zo. 1009 Zz1QSO. | O10. zo.| o10.| $19 zo. £z1bo. 

| 020s | pis z bizbzo. O£QS0. | | O10+ ZO. | O10+ PSEIZO. zt ggbo. bo. 

zszo. OITOLQO. | Te tha | 1Z0. | O10. 4 og$zzo. | ; 
OZO. | O10. | CCrrzo. z6zZSo. | 1z0. | O10. 0. | O10. oZS1zo. 304 
| O10. Egeszo. 955-690 | | 20 | | O10. 266260 zo. | O10. | — $49zz0. O10. Iggizo. | OZO. | O10. 

ozo, fooggo.| rz0.| »| o€gtzo. |—$6gZSo. | 1zo. | oro 0. | ozo. | o10.| €ogozo.| gz€zto. 
| O10. | gtgSzo.| 1zo0. | 110 gzgrzo QEIEQO. TCO. | 6zSo. | ozo. | o10. zOZ1z0. | 6oLozo.| 

ozo. | O10. z6tEo0. | 1z0.| or0.| 1Z0- 161£S0. | ozo. | O10. bob1zo ee to.| ozo. | o10.| Z1gozo. IgZzbo. 

£QZQgo. | 170. | TIO. Oro. ogorzo. IISQSO. | | O | OZO. | O10. g10zzo: zo. | O10. 9z60z0. to. 
ozo. 1zo. | ogoszo. Of gtgo. toztzo bzagso. | 1z0. | O10. | Zgtgvo. | ozo. = 

z S20» 1Z1tgo. | 1z0. | O10. 44-44 zo. | O10. rPgztzo.| tgZtso. | bezzo.| Obggbo. | OZO. | O10. 
ore zo. | 110. 4 tzo. ov16So. | 1z0. ozo. | o10. gbzzzo. 

pa 1Z0. | O10. ott bzo. 4 beorso. oz ‘sen. | | 1IZO. Lye 
ozo. | O10. gIshgo. OSP6So. | rzo. | O10. gee 20. | O10. gotzzo. 16gbo. 
ozo. | O10 gOzgz0. ZOgOQo. Sogho | O10+ Co 1z0 o10.| gostzo.| betzzo. OgIObo. | OZO. | O10. 

olzoZo. | 1Z0- | O10. ). ztgtzo. ) | 1S¢6to. | ozo. | oro. Vd 
ozo. | O10. bE bos zo. | 110. £ogSzo. 601090. | | O10. Ot bogzzo. 66r¥+0. 
| 180+ | 1Z0. | 1Z¢zo. ZEZ¢zo. SvOPSO. | OZO. | bzZ6vo. | OZO. | O10. 4gvizo. 
ozo. | O10.| . ZLSzO. | wis obbogo. 1z0. | O10. zo. | oro. | — $zZzzo. 
loro.| orZgzo. gtorzo. = | $€6Sgo. | 1zo. | oro. fozo. | oro. | tegtzo. pea | | a00So. | ozo. | oro. £0g1zo. 

toSggzo.| Ozb1Zo. 1z0. | IZO- | OIO. z1otzo. QSSCCo. | ozo. 
Oz0. O10. | + | €zerZo. | 110. o1ogzo. gbzgg¢ OIrSzo. OZO. | O10. 

| Chee ozo. | o10. ozo. | o10. |+ $60€zo.| | OF 6¢61z0 
6£0Zg0. | | ese | Zt¥goSo. | ozo. BOTs 
gzgzZo.] Oz0.| 110.) Ogzgzo.| Loz TO. IgtSzo. | gOZ1g0. | | O10: | ozo. | O10. zo.| o10.| Ogozzo. |— $SbSto. 
QEO+ | OO. | 0z0.| 110} Oftgzo.| | Lb1zgo. | OzO. | Oro. | — $O 9960. | or0.| | g£11S0. | ozo. 
ozo. | o1o.| 110.| 00$zg0. | ozo. | O10. zo. o10.| gZb€zo.| 
— C/C/z0, Zo. | OZO. TRIQGO. | | OIO- QSQSzo. | tZorzo. €v1ZCo. | ozo. 4a | gztzzo. 
| O10. zo. | giZgzo. 66Z6zo. | LSgzgo. ozo. | O10. ozo. | O10. 1Sbzzo Ebzgto. 
velizo.| | 020. | rd £390. | O10. z OIghzo.| ozo. | Z€zo.| €zozSo. | ozo. | o10. Chzzo. 
OZO. | O10. IIo. bgggzo. QIZEgO. | OZO. | OO. 1bZ€zo. zozs 2xSobo. 
+ $£gézo OFO. | | give bObzo. | £ogZSo. | ozo. gzfzSo. | ozo. | o10.| gZSzzo. 
DED | : z ZIOLZO. 9QOOO. | Oz zo.| tgS€go.} ozo. | ore.| g 4 zo.|o10.| bZgtzo.| gztzSo. bg/Zoto. 
| O70. | TIO. 7 “oF 0Z0. | O10. | | ObFIgSo. | | or0.| goZzzo. QZ 
ozo | o1o.| €grgzo. | — ozo. 10 | | OZO. | O10. | ozo. | O10. | | ozo. 166260. | ozo. | oro. | + SEgzzo. SoZ 

€zogZo. pot ozo. | OIO. gzSgzo. | | ozo. boct | OZO. | OO. 996zz0. 
| 7 OZQLTO. | BRSOLO. | OZO. 22166 zo. | OIO. gcbzo. z£Co. 619Lb0. 

LrgZo. | ozo. | O10. zZ16So0. | ozo. 

re q ILbol | Z1¢Czo. £205) IZ6€Co. | ox. 

| | goorZo. ozo. | O10. | | OzO. €g9Szo.| | ozo. | oro. be | ozo. | o10.} €€zEzo.| tobZto. 

£z6gZo. ozo. g£LLz0. ) zo.|or0.| O€ggzo. gZbSgo. | 099660. | ozo. | oro. QS | €6rgbo. 

| O10. ST ggzo- | ozo. | bg6gzo.| ozo. | O10. | ITgszo. Ibzogo. | ozo. loro.| ZoZtzo. | 41zbSo. ozo. | 

OQzo. TgtZZo. zo.| ozo. | Oro. ZO. » | Igb¢zo. ZO. | ozo. | oro. SOStzo. SQrs 
Oz0. | | TQ 70 b6ogzo. | brZz0. | + | OzO. | OTO. | zfgbzo. | + | 

ozo. | oro. | zo. | o10. QSzgzo. 20 £99990: | 0zo. | | ozo. | o10.| g66bzo. ogo6to. 
| €1£gZo. | ozo. | LzLzLo.| ozo. | o10.| g6zzo.} Cgzgzo. | 946090. | ozo. zo. |— $120. | ozo. | oro. |— $gZ€zo. 
ozo. | O10. | zo. | O10. Ozo. | O10. = ozo. | OIO. £QE6to. 
| gh6zo.| ggZgZo. | ozo. | ozo. | o10.| oztgzo. |— 190. ozo. 9SSSCo. |ozo. | or0.| Zz6Ezo. 
ozo. | o10.| | zo. | 619Zzo. | — SgbZgo. | ozo. | oro. 96zSzo. 

$Q6z0. gQzOLO. OZO. | zS/ozo.| ozo¢Zo. ozo. | o10 gzZ 1066Co. } ozo. | oro. 

| — } 020. | ‘ gz bLobZo. | ozo. | oro. + C€Zgz0. | OZO. szo.| | ozo. | oro. gizbzo. 
| zo. | O10 1z6gzo. | | oz Lb6Lz EzEggo. | ozo. | oro. | + zo. | o10.| Oog$zo.| 
6L10£0. | Shogo. } ozo. z6zo. | o00$Zo. } ozo. | oro. | ozo. | oro. 
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ozo. | ozo. | oro. gtggio.| ozo. | r10.| | o1fbzo.}ozo.| 110.| gog6ro. | ozo. | zro. | goZtro. | 610. | 902600. +og600. 
ozo. | 010. | €zZOgTO. EgttLo. | ozo. | oro. gzZgio.; L¢¢6z0.] ozo. | 110. 60€C10. 1£gtzo. | ozo. | | gzZf10.| +0610. ] ozo. | QIOIIO. | 610. | rr0. 962600. | z€g600. 
0z0. | O10. | OTIgIO.| ozo. | oro.| Goggro.| ozo. | 110.| z¢Zbzo. | ozo. | rr0.|—$6ZE10.| zog610.] ozo. | ZZ6r10. | 610. | r10.| €0g600.| 106600. 
0z0. | Oro. gOIgTo. | gzgrto. OZO. | O10. TOggTO. | ozo. | OzO. | TIO. | 006610. z1o.| g€oz10. |+ | 610. | r10. | | +066600. 

ZO. | O10. | | ozo. | oro. bZ6910. 0000£0. ozo. | | + ooo€zo. ozo. | Tro. I€6E10. | o000Z0. | Gro. | zro. | — S60z10. | ooofro. 6ro. | rro. 006600. 

—| ——-—_|—— -| — | ———. — | | —— —-| — | —_- - | - J 
| zo.€ | | go.€ | | ‘ 89-2 | | oz-€ $6.2 | 
ir | | | | | | | | | | jo 
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| 
| ad — 1Z0- | OTO- 6z1zfo. 
| | =C/10. g10to. | 1Z0- | 199910. 
| ¢6rgbo.] | 110.| EPERTO. 120. | /z/g10. | O6zg€0. | 1z0- |oro.| 
1zo.| 110.| ZSg610.| GozzSo.] 1z0-| 110.) gITOIO.| "| rz0. | |— S1tgto. |— | 1z0. | | — C6SZ10. | €z€ovo. | | | oro. | gggSto.| Ogtzto. 
‘ } z £61610. Lgtgho. . | | O10. L910. Ze 4 2 
1zo.| 110.| £6610. | 6rbzSo. | 1Z0. | | 110.| Zetgro.| | oro. | | 120. | oro.| 6z6S10. 
1zo.| 110.| zxoozo.| | TIO | ogéeto. | 1zo.| 110.| |+ } 1z0- O80 1zo. | or0.| |— 1zo.| o10.| €66$10.| ESgzto. 
1z0.| 110.| 1600z0.| | zt610.| ogégto. | zo. | 110. | | | OTO- zo. | o10. |— C66g10. | + Sgggto. | 1ZO- | OTO- 
1zo.| 110.| oZ1ozo.| Ig0€$o.]} 110.) | 110.| goZgro.| 1zo.| €90Z10.| ZeoZ€o.] 1zo.| or0.| Izx1gI0.| 
1zo. | 110.|+o$zozo.| 6Zz€$o.] 1z0.| 110. | | | ZgzSto. | 1Z0. | O10. | Z¥6L10.| | 1ZO. | O10. goLt | 
1zo.| 110.| 1€€0zo.| zo. | T10.| “6h zo. | 110 |_ ccpcto. | 1z0. | O10. | zz€rto. | 1zo. | | 1zo. | oro. | zSzgro. | + 
1zo.| 110.| zrbozo.| “6Z6¢0. | 1Z0. | 110. |— | | OIC 8 1z0-| 
| 1z0. | 110. €€L610. | | Lggtto. | | O10. 
1zo.| 110.| ZZSozo.| } 120. | Ig610. | zt€Z10. LSgL£o. | | + SgtgTO. OFS 
aC . | + Szogro. | | obzgio. 8 zo. | €19€£o. 682 
_¢/6610.| oztoso.| 1zo.| 110.] 991G10.| | | 1zo. | or0. |— SgbZr0. |— $ZOLEo. | | OL. 1ZSQTO. 
1zo.| 110.| ¢bZozo.| zzgPSo. | ggoozo. | ££goSo. 1zo. | 110. | + $¥z6r0. | trbgbo.| 1zo.| oro. | ¢ 1z0. oro.| ZSSZr0.| 9€1gfo.] 1z0- | O10. | OgSgro. gogtto.} 
1zo.| 110.| Gzgozo.| | | 1zo.| 110.| +tz€6r10.| Oggbo. | | OTO- €¢ tzo.|oro.| o€gZ10.| Jfozo. | oro. | Evorfo.} 
1zo.| 110. 160z0. |— SgOSSo. } | | | | 110.| 6oggto. | 1zo. | O10. o1o.| €oZZ10.| zgbg£o. 0z0- | OTO. gzZgio.| ggrrto.} SEs 
Izo. | 110. | | 1zo 110. | — 600ZLFo0. | O10- 61ggt0. | + Zzggfo. 0zo. | O10. 962910. — 
1ZO-| I10.} | zocrco.| 1zo-| r10.| 99$610.| | 8 €6Zg£0. | ozo. | O10. | 
z $6ZCCo. | zo. | r10.| O6€ozo.| | / z gZZg1o.| O10. | ZSgZTO. 
~Szvozo.| 1z0.| 110.|  grg6ro.| | | 6zEto.| 1zo.| o10.| gz6Z10.| 1g6gEo. | | OTO- oF6gio.| 
| ZQTIZO. | | TIO. Lvoz0. pe 1z0. | 110 o£ 610. 619Zbo. | — o6zE to. 1z0- o£ 16£0. ozo. | O10. ZIOLI0. 
Izo. | IS€1z0. $Z1zo. | 1zo. | 110. gzgZbo. | 1z0. | O10. ct6g 
1zo.|110.| rbbrzo.| ITO.) | cto. | 1zo.| oro. | Ogogro.| | | —SgoLr1o.| 
zotz6o. | | r10.| Z6g6r0. | — SEogvo. | OTO- oro. Creto.| ggosto. 626 
€C1z0. | 69Z9$0. | 1z0. | 110. |—$EZoz0. | zo.|o10.| 960610.| Oggtto. | z €z, 
1z0. | II0. €zgiz0. €c | 1z0- | 110. ggoozo. gStgro. | z €zg6Lo. | | OO. 10. gOESEo. LEZ 
1zo. | 110. |—$1Z1zo. | OgzZSo. | 120. | TIO. / | 110 VSiuz0. | EZyybo. | | OTO- ogz610.| | | ooooto. ozo. | or0.| zgtZ10.| gSSSto.f 
z Jogizo.| zzSZSo.] 1zo.| 110-| Lhat So. | zo.|o10.| | | OTO. gro. Cr. 
1zo.| 110.] } "| correo, | 1Z6€S0.| rzo.| r10.| gzfozo.| } | OTO. 
SOO. | 220. |-+ zo. | blLz1zo. ZIQESO. | IZO- | Z1bozo. | 1Z0. + Crotch IzZO. | O10. gfggto. IbCobo. OZO.- | TIQLI0- 
1zo.| 110.| o60zzo.| 96zgSo. | | ITO. #CobSo. | rzo. | 110. | goSozo. |_ occ6bo. | rzo. | oro. | gOS6r10. | + } Te G6ggZ10.| O6r19f0.] 
» tzgQCo. | | oghizo. OTVSO. | 4 | A 1ZZ610. | — | | OTO- Ioggto. 
Izo. | I10. |-+ SPSSo. | 1zo. | gggozo.} O000$0. Izo. | OI0- LL 
Tz0..| Ig€zzo. 160660. | ITO. | | 6¢ ch 1zo. | O10. Cgggto. g6orto. | | O10. O€fgfo. 
zo. | —ofg1zo. — | | gZLozo. QzzoSo. | oro. 696gT0. | | O10. Lz6L10. L6g99£0.- 
1zo.|11r0.| 6Zbzzo. IQE6SO. | | z0.| gboSso. | 1zo | oZgozo.| | OTO- | } | | ozo. | oro. Zoogro.| 99g9£0- 
z 6ZSzzo.| 1z0.| zo. | o10.| g£oozo.| | 1ZO. | OTO- Co610. =4 6 7£0/£0. 
Izo. | ITO. zroiz CCo. | €g60z0. 1690C0. oro oFr610 Zggtto. | | O10- IQORTO- LZtoZl 
1zo. | TIO. go66Co. | | | 9z60S0. | 1zo. | O10. Qgz10Z0. g6zgbo. | oggrto. | ozo. | oro. IZIgI0. 
1zo. |S010. |-+ Sgbogo. | | 110. gbzrzo.| zobrSo. | o1o.| 60€ozo.| 6zZgro. | 1Z0. | OTO- 6SSZEo. 
1z0. | O10. | Ogo€zo. 1zo. | ztbizo.| ZggrSo. | 1z0. | oro. | + oro.| 19S610.| ozo. | oro. | 4oSgro. |— $16Z£0.} GIG 
zbbzzo. | 2d 3960 10. | orSizo. | | OFO- | | O10. 229610 LSgzbo. | ozo. | O10. €6Sgro. |+ S6ogEo.} 
1zo.|oro.| oo€€zo. IIQIgo. | | | | otgtzo.| | 1zo. | OTO. | bggozo. 619Zto. | 
| | | rzo.| r10.| obZ1zo. z£QzSo. | 1Z0- oro. | 0g40z0 | 69z¢to. | ozo. | oro. Z9ZgI0. zgtgto. 
I oggzzo 1/6/60.| 1zo. | 110.| OFIESO. | | 1zo.| 010.| €Foozo.| OHggEto. | OZO. | OTO. |— Stggto.} L0G 
| | | zSzgso | 110 | gtozzo. gO€ESo. } | oro gf 10zo. | ozo. | oro. |+ $€o61o. | 
Izo.| oro.| | j | | 1z0. | 110. |—OStzzo. | OSgEGo. } | O10. }ozo.|oro.| 9z16T0. giz6fo.} COG 
| | rzo. |%or0. |— $Szzzo. | zz6ESo. | | | |— | OzO. | 6or6to.| 
| ¢ ) | | 19fzzo. | | | — SoS6r 1zo.| 010.| 6zbozo. | OZO. | OTO. 
120. | OTO. “ZO. | got6So. 1ZO. | t | rzo. | oro. | |— o10.| gzcozo 9ZLrto. | | tot6ro. Tog6to. ZOE 
TZO. | O10. 04660. | 1z0 gzZtSo. | zo. | oro. Szq0z0.| 000S¢o. | ozo. | | 
IzZ0. | gIseco. TOLO30+ | | O10. | | 000060. OZO. | OTO- | % 
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ozo. | o1o.| g6g€zo. |+ ozo. | oro. | OgzzZo. | ozo. | brSzzo.| €Lzggo. | ozo. | Oggizo. | 1z0-| o10.| 6€z1z0. Ibzogo. | 1z0.- | o10.| €gSozo. |— SzzgSo. 
ozo.|o10.| o6Z€zo.| €199Z0.] ozo. | O10. | goztzo.| IgtzZo. | OZO. | 1ogzzo. | gbSggo.f oz0.| o10.| QISbgoO. | IZO- | OIO. Izfizo.| tgbogo.]| 1z0.| o10.| €bgozo.| 
| €z6gZo. | OZO. | O10. bZezZLo. | OZO. | O10. 6ggzz0. | OZO. | O10. 6Sozzo. | | O10. | — 6zZogo. | 1z0. | oro. €zLozo. | ogggso. 
OZO. | OLO. | OZO. | O10. 1Z1£Zo. | ozo. | or10.| go16go. | OZO. | O10. |-+ SFIZZO. | IZO. | O10. ggrizo. 926090. | IZO. | O10. | — Sogozo. 11690. 
ozo. | O10. ggorzo. 1$¢ZZo. | OZO. | O10. LLYEzo. OgbEZo. | | OO. QQgzzo. ggf6go. | OzO. | OIO. ztzzzo. go£Sgo. | | €Z1zo. bzz190. | o1o. Zggozo. 
OzO. | O10. zgibzo. 699440. | OZO. | O10. oZ£Z¢Zo. | OZO. | O10. gs0zzo. zZg6go. | OZO. | OIO. bZLECgo. IZO. | O10. gcgizo. |+ | 120. | 6900z0. 
| O10. gszbzo. 6g1gZo. | OZO. | OO. | ozo. | oro. gbotzo. 6$66g0. | OZO. | O10. gobzzo. | | O10. gzZigo. | 1z0. €Co1zo. £19260. 
OzO. | O10. ZI¢gZo. | OZO. | OIO. ogt bZo. | | O10. gtIezo. gbzoZo. | OZO. | O10. L6bzzo. QIIQQO. IzO. o1o. OfgIzo. £g61go. | ZE1IZO. 
OZO. | O10. g£ggZo. | Ozo. | | — OS gtzo. OggbZo. | OZO. | O10. otztzo. | OZO. | ggSzzo.| O6€ggo. | OIO. Ibzzgo. 1z0. | O10. IZZ1zo. 160g¢0. 
ozo. | oro. |+S¢Stzo.| Zgr16Zo. | ozo. | o10.|—$6Ezo. | ozo. | O10. zzEEzo.| LEgOLO. | OZO. | OIO. ZZgzzo.| 1z0. | O10.| goozzo.| 1z0.| 
OZO. | OIO. Ebgbzo. | OZO. | OTO. obotzo. | ozo. gibtzo. o€11Zo. | | OO. ggZzzo. gb6ggo. | O10. b60zz0. 1ZO. | OIO. €£6€1z0. 
ozo. | O10. zbLbzo. z£g6Zo. ozo. | o10.| L€rbzo.| 070. | o10.| 6zt1Zo. | ozo. | o10.| oggzzo.| ZzzZgo.] ozo. | o10.| |4+¢zofgo.] 1z0.| o10.| bzggso. 
ozo. | o10.| rIbgbzo.| 6g10go.} ozo. | o10.| | Ob6SLo. OzO. | | — SOgEzO. o€Z1Zo. ozo. | o10.| | loro.| +Zzzzo. 16z£go.] O10.| 
| O10. 1t6tzo.| goSogo. ozo. | O10.| 1£zgZo. | OZO. | oro. 10oZ€zo.| +£€ozZo. ozo. | oro. |+ £6£Z90.] ozo. | o10.| tofzzo.| Izo. | O10. 
ozo. | zboszo. ISgogo. | OZO. | OIO. Itbbzo. 96SQ9Zo. OZO. | O10. obv€zZo. | OZO. | O10. ovitzo. Cgoggo. OzO. | g$bzzo. O£g£go. | | O10. tbeZizo. 
ozo. | O10. brifzo.| Z611go.] 0zo. | O10.| O€¢bzo. £z6gZo. | oro. bOgtzo. | — O$gzZo. | OZO. | b€zEzo.| ozo. | O10.| gr$zzo. €or1tgo.] 1z0.| O10.| Ozg6Lo. 
OZO. | OIO. LyzSzo. | + OZO. | 1fgtzo. €¢zLLo. | ozo. | O10. £60£zo. 196zZo. Ozo. | O10.| 0990. | OZO. | O10. Itgzzo. gZEtgo. | IZ0. | O10. tz61z0. | Qgoogo. 
ozo. | o10. | L6grgo. OZO. | OIO. 9gSZZo. | Ozo. | 160bzo.| ozo. | o10.| ggOggo. OzO. | |— SEZLzzo. SCgbgo. | 1z0. | O10. |— S10zzo. |— 
ozo. | O10. | — Ifzzgo. | OZO. | bEgbzo. zz6ZZo. | ozo. | oro. 161bzo. £6CEZo. | OZO. | bzoezo. bgz6go. | OZO. | O10. o£ gzzo. | + S€6bgo. | 170. | O10. | gogogo. 
ozo. | or10.| og$$zo.| 6ogzgo.} ozo. | o10.| L€6bzo. 19zgZo.| ozo. | or0.| z6zbzo.| €16£Lo.] | ZzgEZO. | SQSOgo. OZO. | OIO. |— 1z0. | O10.| 661zz0.| OZgogo. 
ozo. | 010.| ggg¥zo.| 696zgo. OZO. | tboSzo.| €oggZo.} ozo. | oro.| €6€bzo.| | O10. | OzZEzo. 69g690. | OZO. | OO. Zo¢Cgo. | | z6zzzo. | + SE1190-] OFZ 
ozo.}|oro.| €ZZSzo.}| ozo. | o10.| gb1Szo.| Lb6gZo. ozo. | O10. |+ OZO. | OIO. ozg£zo. |+ $Z10Zo.] ozo. | o10.|  giI€zo.| 6gZSgo.] 1z0.| or0.| Lgtzzo.| 
ozo. | O10. IggSzo.| OOZ£go. | OZO. | 1Szfzo. |+ $6z6Zo. ozo. | o10.| g6Srzo.| ObgbZo. | OZO. | 1z6£€zo. |— SgtoZo. ozo. | o10.| gIzfzo.| 64Loggo.] 1z0-| O10.| Igbzzo.| 8ZZ 
ozo. | or0.| 066$zo.| o10.| go€Szo.| gbg6Lo.] ozo. | o10.| zoZbzo.| OZO. | zzobzo.| ozo. | 910.| 1z0.| o10.| 
ozo. | | 6609z0. bbbbgo. | ozo. | o10. |— | O000go. | Loghzo. | | OcO. | bzibzo. I111Zo. OZO. | O10. 299990. |°0z0. | O10. blgzzo. | 9ZZ 
ozo.|o10.| orzgzo.| €2¢¢zo.} LS€ogo.] ozo. | oro.| | OZO. | OTO. Lzztzo.| O6zb1Zo.} ozo.| oro.| OzO.| ILLzz0. | 
OZO. | OIO. zzfgzo. | OZO. | OIO. zggSzo.| L1Zogo.] ozo. | o10.| 610$zo. | OZO. | OIG. 1€€bzo. | 6bZ1Zo. ozo. | O10. | + | $gzZgo. 0ZO. | O10. | Hggzzo. oglzgo.| 
ozo. | oro.| z6Z¢zo.| ozo. | 4z1$zo.} | O10. gtbbzo.| zZLozZo.}ozo.| o10.| ggSZgo.] ozo. | o10.| 6g96zz0.| 
ozo.|oro.| €Z6Sgo.] ozo. | oro.| €06Szo.| gtbrgo. ozo. | oro. |+ $EzSzo. | | ZO. | OTO. zbSbzo.| g6€zZo.] ozo. | o10.| ozgtzo.| 0z0.| O10.| Ogofzo.| 
ozo. | o10.| zgggzo.}| ozo. | oro. |+$10gz0.| grgrgo.] ozo. | oro. | €4zLLo. | ZO. | OTO. 6bgbzo.| ozo. | o10.| OI0.| QEQEQO-] ZZ 
| O10. gSZggo. | OZO. | QZIQZO. z61zgo. | ozo. | oro. | + $$FSzo. 9zg9ZZLo. | OZO. | O10. 9SLtzo. 6So£Zo. | OZO. | 6zobzo. £6bggo. | OZO. | OI. 1Zzfzo.| OZZ 
ozo.|or10.| t6ggzo.} g$1Zgo.] ozo. | o10.| zbrzgzo.| O9Szgo.] ozo. | o10.| zgOLZo. OZO. | —Sggtzo.| ozo. | oro. |— SErbzo.| Logggo. oz0.| O10.| ZEEzo.| Ozzbgo.] 
OZO. | OLO. 110zo. gSSZgo.] ozo. | o10.| Ob6zgo.] ozo. | O10. | Ib€gZo. OZO. | tZ6bzo.| €ELELo. | OZO. | Ibzbzo. bz16g0.| ozo. | o10.| ZZbEzo.| 8IZ 
ozo.|oro.| o€1Zzo.} £€96Zgo.]ozo.| o10.| ozo. | o10.| voLgZo. OZO. | OTO. |— SgoSzo.| o10.| O6b€bzo.| ozo. | O10.| LIZ 
ozo. | o10.| 6bzZzo. zZEggo. | ozo. | O10. O6Fgzo. 1zZ£go. | ozo. | o10.| go6Szo.}| 0£06£0.] ozo. | oro. | g61$zo.| | OzO. | LSbbzo.| ozo. | o10.| Lggtzo.| QIISgO.] 91Z 
ozo. | o1o.| |+ $gZggo. | ozo. | o10. goZgzo. ZIIbQO. | OZO. | 1zogzo.| ozo. | o10.| 6o€¢zo.} gg9ZbZLo.] ozo. | o10.| £600Zo0. | OZO. | O10. IzbSgo.} 
| 16bZzo.| zoz6go.} ozo. | o10.| 4zggzo.| LoSbgo. ozo. | | g€1gzo. ZIg6ZLo. | OZO. | OI. zzbSzo.| Z11¢Zo.] ozo. | o10.| ZZgbzo.| €zboLo.] | O10.| OO06EzO.| gzZSgo.] FIZ 
ozo.|o10.| t19Zzo.| €zg6go.]ozo.| o10.| Lt6gzo.| gobbgo. | ozo. | O10. | + $$zgz0. | Ogrogo. OZO. | OTO. ozo. | o10.| 6gZbzo. |—SSLoZo. ] ozo. | O10. 6oobzo.| gtoggo.] 
ozo.|or10.| g€ZZzo.| Lboobo. | ozo. | o10.| ggo4zo.| gofSgo.} ozo. | oro. |} G6gSogo. OZO. | OTO. zSofzo.| ozo. | o10.| 106bzo.| O10.| grIbzo.| ZIZ 
ozo.|o10.| £€9gZzo.| gZbo60.] ozo. | or0.| o61Zzo.| ozo. | oro. | } OZO. | OTO. ggZSzo.| o619Z0.] ozo. | o10.| t10$zo.| 6zb1Zo.] O10.| gzzbzo.| 499990-] TIZ 
OzO. | OIO. 6g6Zz0. 606060. | Ozo. | OTO. | OZO. | O10. t1ggzo.| obf€1go.] ozo. | o10.| gggSzo. ozo. | o10.| 6z1Szo.| 020. | OIO. 6€£bzo.| O1Z 
ozo.| oro.| gt1gzo.| gb€160.] ozo. | O10.| gtbZzo. gfSggo. | ozo. | oro. | + 1€Z1go. | ozo. | |— Soogzo. | €z6gZo. ozo. | O10. | + | OZO. | OTO. zCrbzo.| gotlgo-.] 60Z 
OZO. | O10. bhzgzo. Ozo. | tofZzo. | OZO. | OTO. gSggzo. QZIzZgO. | OZO. | O10. | — $Z1gzO. | — OZO. | Igf¢zo. botzZo. | ozo. | oro. |— Sgfbzo. ££gZg0- 802% 
ozo. | o10.| $ZEgzo.| €€zz60. | OZO. | OIO. 169Zzo.| 6Z€Zgo.] ozo. | or0.| zgogra.| tzSzgo. | | O10. |+ $bzgzo.| | OzO. | 6Z¢Szo.| gIgzZlo.} ozo. | o10.| O6ZLobzo.| 196490-] LOZ 
ozo. | O10. bofgzo. €ggz6o. | OZO. | QIgZzo. | — CogZgo. ozo. | OIO. Zo1Zzo. Z£z6zgo. | OZO. | Z9£gzo. 6bogZo. | OZO. | OTO. g6CCzo. 1Z1€Zo. | OzO. | O10. | — zo. £6zggo. 90% 
ozo. | OFO. gf ggzo. Z£E1£60. OzO. | gb6Zzo. | OZO. | OTO. €€zLzo. ELEEgo. | OZO. | o6bgzo. I€bgZo. | OZO. | 6zSE€Lo. | OZO. | O10. 116¢zo. COZ 
| 692 gz0. 96°€60. | OZO. | 9Zogzo. | OZO. | OTO. og£Zz0. bbZ€go. OzO. | O10. | — | OZO. | OTO. gtgczo. ZOgEZLo. | OZO. | 6zoSzo. 99690. 
ozo. | OIO. bobgzo. 6SobG6o. | OZO. | OIO. 60z7gz0. 6016go. | ozo. | OgtZzo. | | OO. obZgzo. goz6Zo. | ozo. | O10. 1g6¢Zzo. LSzbZLo. | OZO.- | O10. Zv1Czo. Zof6go. 
OZO. | 6£06z0. LzCv6o. | OZO. | O10. gzo. | ozo. | Oro. 619270. | OZO. | OO. £99970. zo0g6Zo. | OZO. | O10. $gogzo. LzgbZo. | OZO. | O10. Z0Z 
OZO. | 9£16z0. 000660. | OZO. | O10. 000060. | OZO. | O10. |— o$ZZzo. 000Sgo. | | — $66gz0. 0000g0. OZO. | gozgzo. 000¢ Zo. | OZO- | O10. 000040. 10Z 
€€.c | b€.z | bZ.z Cf£.z | | | 
‘a | ‘a | ‘a | ‘a | ‘d ‘d ‘a | ‘ad yo 
0% 61 LT 91 

| | | | | | | j 
1zo. | 110. Z6g610.| 1Z0. | TIO. gI1610. | | 1zo.| o10.| gz¢Z10.| Ig10bo. | 199910. | — | IbZ¢ro. 6z1zfo. 

CHTOTO. folotro. rzo. | | — | — 1zo. | o10. | — | €z€oto. | 1zo.| oro.| ZzZgr10. 06z9£0. | | O10. | 
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| | | j j | 
ozo. ozo. | O10. Ifbrio. £90070. | ozo. zSboro. zzgio. | ozo. | |— Sgf600.| ozo. | z10. | €£ooro. | 610. | rro. | ttggoo. | 69900. 00g 
ozo. OOPEZO. ozo. | oro. | OzO. Zgboio.| 644910. ozo. | z10.| g6€6oo. ozo. | Zgo0o10. 610. | T10. £99900. 11Zg00. 66Z 
ozo. Zobzi1o. 69SEzo. ozo. | O10. LOSTIO. ZOTZOTO. | OZO. zzCo1o. ozo. | ZIO. Lzt6o00.| ozo. | zro. gZIgoo. 1ororo. | O10. | 6gggo00. 962 
ozo. gbbzro. ObgEzo. ozo. | o10. |—$tS110.| oZzozo. | ozo. Z¢Co10. ZOQQIO. | | ZI0. | ozo. | | 610. | 112900. | Z€Zg00. 
ozo. oobzI0. | | 6££ozo. | ozo. £€6Cor10. | | Z10. 16b600. OSCE IO. ozo. | £€zZQoo. 691010. 610. I10.| $%£€Lgoo. | OgZgoo. 062 
ozo. cESTIO. OIgtzo. ozo. | O10. ZZQIIO. gobozo. ozo. gzgo1o.| oo0Z10.} ozo. | zro. + 10. | ozo Igzgoo.| bozoro. | 610. | I10. ZSZgoo. | £0gg00. 
ozo. 1OgEzO. | OzO. | | 19giI0. gZbozo. bggoro. | SgoZ10. | ozo. | z10. |— 10. | ozo. | Ogzgoo.| 6€zor0.] 610.| T10.| OgZg00.} gzggoo. 
ozo. 9IYTIO. £208 zo. | OZO. | O10. 1OZ1I0.| gbSozo. 00Zo10. €Z1Z10. | OZO. | | | 669€10.] ozo. | z1o.| Z1£€goo. bZzo10. | 610. | £oggoo. 65hggoo. 
ozo. |— £Sobzo, ozo. orto. 6190z0. gfZo1o.| ozo. | z1o. 079600. | ozo. | ZrO. Cre goo. 60£o010. | 6ro. | 110. | 9zgg00. €Zgg00. 
| gtibzo.} ozo.| o10.| OgZ110.| o6gozo. ££Zo10. | ozo. | £6210. | ozo. | Z10. bZ£goo. | 610. | r10.| 6Fggoo.| Z6ggoo. 
| | | 
| | 
ozo. + ozo. | IZQIIO. 19Z0Z0. OIQOIO. 10fZ10. | ozo. | zro. 939600. | ozo. | Igforo. | 610. | 110. | €Zggoc. 06Z 
ozo. | OzO. | IQgIIo. £€gozo. | ozo 19€410.] ozo. | z1o. | 614600. Oggt ro. | ozo. zEtgoo. | Zoro. | 610. | r10. | 96gg900. 682 
ozo. | | Oro. g060z0. | ozo. PRgoro. zzbZio. | ozo. | zro. z£Z600. ZE6£10. ozo. | Igbgoo. €Ctoro. | 6ro. | | 0z6900. 696900. ger 
ozo. ozo. | O10. | 6£60Z0. | ozo. zzoo10.| €gbZL10.] ozo. | zro.| 992600.| 9gg6£r10. } ozo. o6Fgoo. o6Foro. | 610. | ro. bb6goo. £66900. 192 
ozo. 1z6z10. | OZO. | O10. €Corzo. ozo. og6or10.| ozo. | zro. 0zg600. CLori0. | ozo. ZIO. ozfgoo. gzCoro. | 610. | g10Z00. 987 
ozo. 996z 10. grorzo. 0z0. | O10. | LZ11Z0O. | ozo. | 966010. | 9g09Z10.] ozo. | zro. | | — Sgotro. ozo. OFC goo. €9Coro. | 6ro. | r10. £66900. zboZoo. 
ozo. IIOf To. — $€Lbzo. | | | ozo. | gtorro. 899210. | ozo. | zI0. | 699600. | €1b10. ozo. 6ZCg00. | 610. | rro. | £10400. Z90Loo. 
ozo. Io. €zgbzo. | ozo. | oro. olizio.| L4z1z0.} ozo. ofZZ10. | ozo. | z10. €z6600. btertro. | ozo. 609g00. gtgoro. 610. 110.| ztoZoo. Z60Z00. 2 
ozo. cOIETO. ozo. | | cSIZIo. | ozo. FIIIIO. b6ZZ10. | ozo. | cro. gS6600. |— | ozo. | obggoo. 929010. 610. | 110. | 9000. 11200. 
ozo. | o00€zo. ozo. o10. | + $61z10.| | ozo. | | ozo. | zro.| £€66600.} ggztro. ozo. | cro. 610. | t10.| €F1Zoo. 
| | | | 
| + | Io. | 126210. ozo. | 6zoo10. ¥10. ozo. 10Lgoo. €CLoro. | 110. £11400. | ggrtZoo. 
ites. t ozo. | ozo. OzoO. | ZIO. of goro. | 610. | 110. ozzZoo. 
ozo. | I10. | Z10. |— £62 g00. oZgoro. | 610. | TIO. | bv61Z00. gbzLoo. 
Z Z10. | ozo. OQSIIO. | ozo. | Otoro. | ozo. | | 610. | €CEZoo. LobZoo. 
fase | pr | ozo. — ozo. | z 610. | 110. | — SE bZoo. 16bL00. 
ozo. 10. | + | ozo. | oro. zhgzzo. 0z0. | | | ozo. zz 1600. 610. IIo. zobZloo. 61SZo0. 
ozo. £Q6Er0. 919920. | ozo. | oro. | = | 0z0- | ozo. | 110. | 610. IIo. | 
| | £10. | 4£0870. | ozo. | IO. I€z610. | ozo. | zro. | €€Zoro. |— ozo. | | 610. | rro. | 76900. 
ozo. 6SEb10.| +FEZz0.| ozo. | or0.| | 110. | pore o. |+ ozo. | z10.| Zégoro. tossro. ozo. | | 6£ +600. €Z9r10. | 610. | Tro. zgZLoo. 
| IIo. ozo. — 9g9STO. ozo. | 2 1£600. — CoZr10. 610. | TIO. | zgZZoo.| €tgZoo. 
ozo gzSrio. 899270. | OZO. | OTO. | ro. | | | | | OIQITO. | | IIo. z1gZo0. 
5 | | | TIO. 0. | 0z0. OZO. | TIO. | 985600. gfgrro. 610. | €¢gZoo. |+ S06Loo. 
6£ot | | ozo. SGOT OZO. | ZIO. | vzg600. £06110. 610. | bZgZoo. | L£€6Zoo. 
| oz ozo. | ZI0. gf | ozo. | zIo. | z99600. zCOr10. | 610. | r10. £0600. 9g6Zo00. 
| 4 IIo. | Io. 000070. | O70. | ZITO. QZIII0. OOOOQTO. | OZO. | ZIO. 002600. OOOTIO. | OTO. | TLIO. 9£6Z00. | O00g00. 
d | | T T | jo 


Jo Jaquinu =u 


= 
i 
7 
+ 
{ 
pik 
ay 
i 
I. 


23 


T. L. Woo 


7 
1zo. | | | IIo. 660810. b€robo. | rzo. | 110. | — SPES IO. 6gZ9£0. | | gfgrio. ShPeto. | | Io. | 1z0. | O10. 9$Zgz0. 008 
1zo. | | | IIo. 1fogto. ggzoro. | Iz0. | 110. | — S6ES 10. £169£0. | Tro. | 10. IZO. | O10. Z61£10. gbggzo. 662 
Izo. | IZZtbo. | bobotbo. | 1z0. | £oZ£o. | | 110. 1zo.| 110.| oOzobio. £0£oto. 1zo. O10. Ibz£10. g£6gz0. R62 
1zo.| 110.| 616€bo.] 1zo.| 110.| Z¢1g10. 1bSobo. | 1zo. | 110.| Izo.| 110.| | | | -+ Sovo£o. | | |—SgzE10.| 16 
IZO. | Erggro. ggorbo. | 1z0. | IIZgIo. gZgobo. | 1z0. | 110. grccio. ggzZfo. | IIo. ofgtio. gOget £0. Izo. | £1110. gosoto. | | Oro. £10. 611Zz0. 962 
| gOggIo. gizbro. | | IIo. bozgio. QIgobo. | | 110. 10. | — | | TIO. 1zo. | Izo. | C6Z 
Izo. | | — | | IIo. gItgio. | | 110. Io. | |— | of1b€o. | | 110. Z1Zofo. | 1z0. | oro. to€Zzo. 
Izo. | I10Z10. 1zo.| 110.| Q6or1bo. | | TIO. 1Z9Z£o. | 1zo. | if0.| | T10. zzgoto. | | o10.| tobt10.| 
Izo. | 110. bZotto. | 1zo. | gzbrgio. Z€z1bo. 1Z0. | 110. | | TIO. | Izo. | gzboto. | O10. 60SE Io. 16¢Zzo. 262 
1zo. | 110.4 + $ZIZI0. | Iz0. | TIO. Egbhgio. | | TIO. OIgS 10. I£6Z£o. | 110. IOISI0. Egrr£o. | | 110. | | | O10. |—- SSCL 10. 9g¢Zzo. 16 
1zo.|110.| €grZ10.| 1zo.| I10.| O€$g10.| 110.| €9ggS10.| zgogfo.] 1zo.| 110.| |*o10.| OobbIO.| ZHII£O.] O10.| TogEIO.| ~ZggZzo.] (6Z 
Izo. | ibzZ10.| 6€rSbo. rzo. | 110.|—$6Sg10.| Zogrbvo.] 1z0.| 110.| Z16$10.| 110.| | O10. | 1zo.|o10.| Lbof10.| gZZZzo.] 
Izo. | II0. 66zZ10. | | Tro. ISggio. ZIQIbo. | | TIO. 1Z6C10. | gztgto. IIo. | | 10. OSEI£o. Izo. | O10. Io. — 88z 
zo. | TIO. | — | Izo. | goZgio.| gSorbo.}] zobgto. I10.| go€¢r1o. 1z0. | o10.| IZO. | O10. 1bZ€10. 19Z 
1zo.|110.| ZrbZi1o.| 1zo. | r10. |—$9Zgr0. | + Sorzbo. | 110. | Igogro.| g6¢gto. I10.| ggosto.} Izo.| o10.| 1z0. | O10.| OLogzo.] 
Izo. | |—$ZZCro. 1z0. | IIo. ZZQOIO. | 1z0. | 110. IQIO. 110. | 1ZO. | O10. | | O10. 691gz0. C8Z 
Izo.|110.| Izo. | T10.| OgggTo. | €obzbo. | 1zo.| 110.| Ggggto.] 1zo.| 110.| QEESEO. IzoO. | O10. 1zo0.| o10.| O6gzgzo.] FRZ 
Izo. | 110. g6SZ10. 6609¢o0. | IZO. | TIO. 6£6g10.| ESzbo. | | gbzgio. Loo6¢o. | 1zo. | 110. | | 1z0. | Oro. | + OSLFIO. | — | | O10. 69£ gzo. €82 
1zo.| 110.| O6€g4Z10.| €gzgbo.] Izo.| I10.| 466910. |— CoLzbo. | | gbr6€o.] 1zo.| 110.| | | zogbio.| gzozto. |] Iz0. | O10. Ig6f10.| 
1zo.| 110.| ozZZ10.| Ozbgbo.} 1zo.| 110.| 40410. | | 1z0.| 110.| ggz6Eo.] 1z0.| 110.| gzgs1o.| vIZSEo.] 1zo.| o10.| Izo.| IZSgzo.} 
| 
1z0. | zgZZio. |— 1z0. | | | T10. | 1z0. | 110. | 1z0. o1o. 10. 1Z0. | oro. ogotio. O8z 
1zo.| 110.| 1zo.| I10.; 9ZIZ10.|+ 1z0.| I10.| ggs6£o. 1zo.| 110.| 1Z6S€0. 1zo. | o10.| 1z0.| o10.| O6zrb10.| 61Z 
1zo.| 110.| go6Z10.| rzo.| 110.| 9€zZ10.| 1zo.| rr0.| 11Z6€0.] 1zo.| 110.| Izo. | o10.| I10$10.| 1zo.| OLIbIO.| Igggzo.] 
| I10. 696210. 1orZto. | rzo.| 110.| Z6zZ10.; | 1z0. | r10. zOCgI0O. | + $Sg6Eo. Izo. | Tro. |— | 1zo. | o10.|—$go10.| Gogzfo.]} 1zo.| o10.| O€zbIO.| gg6gzo.} LIZ 
Izo. | ITO. €LzZLvo. | 1z0. | 110. gStZLio. Fo. | | TIO. Ifggio. ooooto. | 1Z0. | 110. 90610. | 1z0. | O10. QIICIO. LzLz£o. | 1Z0. | O10. ogztio. 1606z0.] 91Z 
1zo.| r10.| 1zo.| 110.} ozbZ10.| 96Z€bo.] 1z0.| 110.| O1Zg10.| gtroto.} 1zo.| 110-| €96S10.| Izo.| Lbgzto.} | o10.| zEEPIO. £616z0. 
IZO. | Igigio.| 1zo.| 110.| zgbZio.| 110.| £6zoto. Ozogio.| LzzS10.| 1z0.| o10.| 
1zo.| 110.| gzzgto.| 1zo. | 1zo.| 110.| Ibboto. | 1zo. | 110. | géogro. |— | Izo. | ggotto. | | + z1t6zo. 
Izo. | 16zZgI0. | 1z0. | T10. gogZto. Ogzbbo. | | o6Soto. | | IIo. 0069£0. | Iz0. | O10. 4EESIO. IZO. | O10. ozS6z0. ZLZ 
Izo. | IIo. gbigto. | rzo. | 110. 1Z9Z10. | 1zo. | 110. zCOgI0. 1tZoto. | 1z0. 110. | LEoL£o. | 1z0. | O10. ZOESIO. | | oro. Of€g6zo. 
| 
Izo.| 110.| €zbgro.| 1z0. | + | 1z0.| 110.| €10Z10.| z6goto. | 110. €€zgro. |— | | Oro. gtrSro.| 1zo.| oro. | €6¢br0.| oFZ6z0.] OLZ 
1zo.| 110.| O6bgro.| ZoSgto.] 1zo.| r10.| OogZ10.| 92Zbbo. | | 110. | + |— Storbo.] 1zo. | 110.| EIEZLEO. | | | — | 1zo.| o10.| gtobro.| ISg6zo.] 69Z 
Izo. | II0. ZECgto. 6gggto. | | br6rto. | | 110. ZE1L10. 6611to. | 1zo.| 110.| 1zo. | oro. goZ€€o. 1z0o. | oro. | £€966z0. 89% 
1zo. | 110.|+ $zggro.| 1z0. | To. €11Cbo. | | 110. | | €CErto. | r10.| | | CEQELO. | IZO. | |+ 
1zo.| r10.| €69g10.| ZSo6bo.} 1zo.| r10.| 966410.| €geSbo. 1zo.| r10.| €gzZ10.| | I10.| ZObgI0.| | | ZZ9S1o.| 1z0.| o10.| 6ogtro.| 99% 
1zo.| 110.| zgZgro.| chz6bo.| rzo.| 110.| 1zo.| r10.| | Zgg1to. | 1z0. | 110. O6LgZEo. | 1z0. | O10. S€ZC10.| o10.| 
IZO. | I€ggro.| O€b6bo.} 1zo.| 110.| OzIgro.| | 110. 16¢Z10. + zgrbo. | rzo. | r10.|—$1gg10.| 1zo.| 1zo. | o10.| O616b10.| f9Z 
Izo. | I10. SIQ6bo. | | TIO. gOIgio. | 1z0. | gSbZLro. |— Sg6rbo. | 1z0. |foro. 449910. | IZO. | | ICEbLo. | 1z0. | oro. | + 
1zo. | I10. 1Z6gI0. gog6to. | | 110. bozgio. | 1z0. | 110. gbizto. | 1zo.| oro. | 6€Zgr10. | 1zo. | o10.| | | oro. 10. Ifgoto.} 
Izo. | I10. | | | TIO. cEEQIO. | | 1z0. | 110. | gofzto. 1zo.| o10.| coggto.| | Izo. oro. | |+ tzo.| o10.| ggotio.| 19% 
| | 
1zo. | €11610. £61060. | 1zo. | 110. 1otgio.; 1z0. | rr0. 1Z¢zto. | zo. | oro. |+ | | | OTO. z£ogIo. | 1z0. | oro. | + Rggoto. 09% 
1zo.| 110. ggfoso.| 1zo.| 110.| OZbgro. | z1fgbo. | 1zo. | 110.| OzZZ10.| 9g£€gzbo.] 1Z0. | OTO. 6c6910.| ogZgfo.] 1z0.| €60g10.| 1z0.| o10.| goorto.] 
1zo.|110.| Zz610.| rzo.| r10.| ObSgro.| €699bo.] rzo.| 110.| ZgZZ10.| zogzbo.] 1zo. | o10.| €66gr0. | 1zo. | oro. | 1z0. | oro. 
Izo. | T10. of€610. | 1z0. | OTQgIO. 1zo.| r10.| 696zto. | | OTO. gfoZ1o.| €go6Lo. | 1z0. | oro. QgIzgIo. QS1CLo. | | 61€C10. ofzr1fo. 
Izo. | TIO. tob610. | og6o0fo. 1zo. | 110. TgggIo. | | | TIO. €z6L10. ZE1¢ bo. | 1ZO. | tz1Z10. g1z6£o. | 1z0. | O10. gZzgIo. | 1z0. | oro. 
1zo. | gZb6ro. IQIICo. | 1z0. | TIO. €CZgI0. | | 1z0. | 110. 166210. | 1Z0. | O10. oZ£6£o. | 1z0. | O10. | | ZEPCIO. 
| I10. | rzo. | | — SZggTo. I€<bZbo. 1z0.| 110.| Ogogro.| gZb€bo. | | oro. ¢ | | O10. totgto. €ZCCLo. | | 1zgrfo. SZ 
Izo. | gzg610.| 1z0. | 110. LOggI0. 619Z¢0. | 1z0. | 110. o£ IgIo. ISg€to. | OFO. | | 1z0. | o1o.| v1IZC£o. | 1Z0. | oro. 
Izo. | 110. £0Z610.| €6Z1S0.] 1zo.| 110.| OZ6g10.| 6o0gZbo. 1zo.| r10.| oozgro. |— Szgfto. | 1z0. | O10. Ib | O10. | | o10.| grofio.| EZgrfo.] 
1zo.| £10.| Og4610.| 1zo.| 110.| | | IZzgIo. | ooobto. | OO. | ZStZ10.| ooooto.| 1zo.| o10.| 96Sg910.| 1z0.| o10.| 6Z9610.| 
6£.z | ob.z | 0g.z | che | | | | 26.2 96.2) 
‘d | _| | | | | ‘a | | 
II or 6 
| O10. I1b€zo. ozo. | oro. Lgoozo.} ozo. | 110.| zSboro. | OZO. | | — Sg£600. ozo. | z10.|  tzrgoo.| €£oor0. | 610. | rro. | tggoo. | 6ggg00 
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| | | | 
TZO. | O10. | — Cgg6r0. | -+ SbSEgo. | | O10 
IZO. | O10. | 1zo. | oro. IZO. | O10. | — ChE IStSo. 1zo.| 110.| Lg10So. | 1zo. | r10. | 1zzZ10.| €zggto one 
120. | o10. £26690. | 120. | oro. | — | | 110.| 1zo. | og6gto. 
1zo.|o10.| 6Zoozo.| 6grbgo. | | oro. rob 310. | 1ZO. | I10. | OI6L10. | | 110. €€EZ10. to 
1zo.| 010.| Lobbgo.] 1z0- | | oro. | €z1610 vee Ico. | 110.) 696210.| 110.| o6€Z10.| L6zZbo 
IzO. | O10.| O1zozo.| gzgbgo.} 1z0.| O10.| 404610.} o10.| 110.) gzogro.| Izo.| 110.| gStZto. 
Izo.| 010.| gézozo.| gtgtgo.] 1z0. | O10. | 122610. hase. | | | 1z0. o10.| ozorco.] 1z0. | 110. | + SoSZro. 619Zbo 
~ 1zo.| o10.| €b€ozo.} ggosgo. 1z0.| O10. | LEg610.| | loro. | €x£6r0 gogt Co. | 1zo. | oro. | Lbrgro. |— 61160. | 1zo. | 110.| zgZZbo. 
1zo.| o1r0.| ortozo.| z6zSgo.| 1zo.| oro. | zo6610.} g$grgo. | | oro. bSo. | oro. | 1z0.| 110.|  zzgZ10. |+ 
1zo.| o10.| gZtozo. Z1$Cgo. 1zo. | O10. | 696610. Ogozgo. | o10.| zbb610.| rzggSo. | | « IZO. | O10.| ggzgio.| Iz0.| 110.| oggZ10.| orrgto. 
1z0. gbSozo. | 1zo. | oro. |-+ bgzzgo. | Iz0. | Oro. ZoS610. bzgQCo. | Izo. | oro. | z | 
1Z0. | O10. | -- SIgOzZO. | | oro. ZO1ozo. 00Sz90. | 1z0. | oro. gz06So tQgtSco. | Izo. | O10. | | 1z0. | 110. 66ZZr10. 
> Izo. | O10. bggozo. ZOzZQQO. IZO. o10o.| oZ10zo. gIZzgo. | 1z0. | Olu. 10. IZO. | O10. Egoz¢o. | | 669/10. I19gto. 
iss} Izo. | O10. €$Zozo. zo. | ttzoco. zo. | O10. £0610. 6¢ZSCo. | 1zo. | O10. | — S1Ser0. | — SozzS ISG 
990- ZO. | OO. Z¢zozo. Z¢Ozgo. | | O10. FoZ610. Itt6So. | 1zo. | o10. IC1610 | SgzzSo. | | 110. ogZ gto. 
S 1Z0. oro. €zgozo. 299990. | oro. gofozo. Izo. | ore 12610. Grosso. 1190 | SLO. | | OLO. | | 1z0. Og6ZI0. IS6gto. 19Z 
= IZ0.| O10.| 6gozo.| 106ggo. | | O10. |—¢ZEozo. OgEEgo. | | Oro. | 660660. | Izo. | O10.| Obggio.| | €z16to. 987 
IZO. | O10. |-- Sg60z0. g£1Zgo. | | O10. | +¥b0z0. | | o10. | gttos | O10. toZgro.| L1gzSo. | 1z0. | g6z6to. 
S 1Z0. | O10. gforzo. QZEZoo. | 1z0. | 010. | $xSoz0. | | | oro. TO. | | O10. ggZgro. boot So. | | 110. |+ oLb6to. 
IZO. | O10. QOIIzZo. 919290. | IZO. | OIO. bgSozo. | ZSobgo. | 1zo. | oro. )O- ZO. | | Iz0. | o10.| €Eggro. 161£Co. | 1zo. | 110. gzzgro. Sto6to 
1zo. | oro. ogr1zo. | | oro. |— zboozo. gObogo. | 1zo. | Oro. OgrOro. ob6go. | | O10. | Z6ggro. | 1z0 
~ Iz £S0. | IZSSo. | Ico. oo00So. 
zo. | O10. cIzo. OOIggoO. | | O10 | gzLoz | | i 
L070. QICtgo. | | O10. Ig1o0zo. z£6o0c 
+ SPEggo. Izo.| O10.| g6Zozo. gbZtgo. | 1zo. | oro. 1Szozo. IS11g0. | Cannes EgZECo. 110.| grtgro.| 
co. | O10. ootizo. ZOLggo. | IZO. | OIO. | 0£g0Z0. zg6tgo. 1zo. | O10. | 89) SO. | O10. |— 60610. ZS6€Co. | 1zo. | 110. zghgto. 
1zo. | o10. |— Ibgggo. | Izo. | Z1z¢go. | IZ0. | O10. | 1ZO. | | TLIPLO. | IZ0. | 110. giz 
Iz0. | oro. |—oSStzo.| 160690. 1zo. | O10.} grorzo. |— } Io. | OTO. | Egtozo | 120. | | | I26260.] O10.| Ozz6r0.| Izo.| 110.) z1ggro. |— SzZoSo. hic 
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110. | z61¢10.| Igtgzo.| 1zo.|oro.| gSbzro-| LIE 

| 


the Significance of the Correlation Rati 


| rzo.| rr0.| gS1S10. |— $46ZEo. | 1zo. | ZESb10.| orgb£o.} 1z0o.| r10.| €ggero. 


Izo. | I10. 
> 1zo.| 110.| OogS10.| OZzrbo. | 1zo. | 10. |-+ 1z0.| r10.| | yz6b€o.| 1z0.| r10.| 9z6€10.| 1z0.| r10.| 1ZSgzo. 1zo.| oro.| 46bz10.| OTE 
1zo.|110.| 6bgSro.| robrbo.] | r10.| Lizgfo.} 1zo.| 110.| 4z9b10.| | | Tro. 696£ Io. Zygifo. | 1zo.| 110.| | zgggzo. | 1zo. | oro. | Leczo.] ere 
= 1zo.|110.| g6gS10.| 1zo.| 110. | rzo.| r10.| | rz0. €robro.| 6b61£0.] rz0.| 110.| #$Zgzo. | Izo. | |+¢ZCz1o.| FI¢ 
1zo.|110.| gb6S1o.| 1zo.| 110.| 1zo. | Tro. 10. 1z0.| r10.| Zobro.| rSo0z€o.} | 110. | gtggzo. | | o10. |— $1gzIO. 1bgSzo.} 
1zo.| 110.| g66Sr10.| Logrbo. | | TIO. Q6ECr10. | + SgSgEo. | rzo. | rro. | + | 1zo. | 110. | zortro. | | 1z0. | TIO. | oot€ 10. | 6€6gzo. | | oro. |— ZIE 
1zo.| 110.| gbogro. |+ $€6rbo. | 1zo. | |— 10. o1Zgfo. 1zo.| r10.| zIgbro.| 1z0. | gtitio.| rzo. | 110. €rb€10.| z€obzo.| | oro. |— $6gz10.| gogszo.} TIE 
| | | 
1zo.|110.| 660910.| IZozbo.] 1zo.| 110.| |— CEggto. rzo.| r10.| OSgbro.| | 161t10.| zg€zlo. | Sgro. | 9z16zo. | 1zo. | oro. |+ $EZz10.! o6gSzo.] OTE 
8 1zo.| 110.|— Of1g10.| gozzbo. 1z0. | zbccro. rzo. | rr0o.| | TIO. | gfztio. | ggbzto. | 1zz6zo. | 1zo. | or0.| 942710. tZ6Czo.] 
1zo. | rozgi0. | + | 110. z6CCro.| ggo6o. | | €C6rro. IfgSo. rzo. | 110. | €ZCz£o. | rzo. 1Z¢€10. | g1£6zo. rzo. | oro. | ZIgz10 6So9z0-] 
1zo.|110.| €€zgr0. bgtzro. 1zo. | | | IIo. gr6SEo.} rzo.| r10.| Oggz£o. | C1of10.| zrb6zo. 1z0. | O70. | gSgzio.| 
1zo. | 110.|—So€g10.| €zgzbo.] 1zo.| 110.| rzo. | r10.| rzo. | Io. | goS6zo. rzo. | or0.| O6gz10.| of€zgz0-] 908 
zo.|110.| ZS€gro.| €gLzbo. | | 110. zbZC1o.| rzo.| r10.| g60S10.| 1zo.| r10.| |- | 1z0. €oZ£10. | + Sog6zo. | 1zo. | o10. cog 
1zo.| 110.| 60bg10.| +o6zbo.| 1zo.| r10.| og6Eo. Izo. | ITO. gbrS10.| 1zo.| 110.| | Izo. | €0£6z0. 1z0. | | €g6z10.| €obgzo.] FOE 
1zo.|110.| zgbgto.| gbo€to.} 1zo.| r10.| |+ | Tro. +6r1S10.| tzbgfo.] rzo.| 110.| 1z0. z6Z£10.| rog6zo. 1zo. | oro. | + o6tgzo.} 
1zo.|110.| 91Sgro.| rzo. | r10. | ++ To. | rzo. | rro. | | — SPS | | | ogStio.| | rzo. ZEg10.| 0066z0.] 1zo.| oro. | ggotro.| géfgzo.] ZOE 
N 1zo. | II0. 69910. | rzo. | 110. | ooooto. | 1z0. | rro. |— To. 2999£0. | 1z0.- | rro.| gogtro. rzo. Oo00£0. | 1z0. | 10g 

6£.z | 62.2 ob.z | zb.z | bg.z | | | z| | 96.2 | 
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1zo.|o10.| Zz1Z10.| xbbbSo.] | o10.|—S6gg10.| | o10.| 1zo.| o10.| 1zo.| 110.| G6o€$10.| og6zbo. 110.| (gg 
1zo.|o10.| $Z1Z10.| g6StSo.}1zo.| o10.| zbZo1o.| 1zo.| o10.| ztgS1o.| 1zo.| 110.| 1zo.| 110.| ofzobo.| GPE a 
IzO.| O10. | 1z0-| ggégio.| 1z0.| o10.| ObEgIO.| QégSIO.| OIIQbO. | | 110. |-+ SOESTO. gzztbo. 1z0.| 110.| gpg 
| O10. | O£2£10. €zozSo.} 1z0.| o10.| ggegio.| €£16bo. 1zo.|o10.| IzO$10.| Ebzgbo.| 1zo.| 110.| ESEEhO.} 1z0.| 110.| geob1o.| zgvobo.] JHE 
1zo.| o10.| 61£Z10. o1o.| £gggro.|} 1z0.| o10.| | o10.| ggOS10.| Iz0. 110.| | 1z0.| 110.| og6bro.| ogsobo.]| ope 
1zo.|o10.| o10.| ot6gro.| gztzSo.} 1zo.| o10.| gébvgio.| O10.| —Sogtbvo.] 1zo.| I10.| 
1zo.| o10.| 946910. gZbzSo. | 1z0. | o10. | + $zSgro. | 1zo. | O10. gSogio. Leggo. | 1z0. | 110. | 1z0. | 110. | + gIgoto. 
1zo.| o10.| ggbZ10.| 1z0.| o10.| gzoZ10.| ztgzSo.} 1z0.| o10.| goZ6vo.} 1zo.| o10.| zorgro.| 1z0.! 110.|—S1g$10.| I10.| gors1o.| gpg 
Izo. | O10. |+$1¢Z10.| } 1zo. | o10.|—$ZoZ10.| 9gZzSo.] 1zo.| o10.| 1zo.|o10.| Iz6gbo.]| 1zo.| 110.| O$gS10.| Izo.| 110.| 
Izo. | O10. |+ zggeso.} 1zo.|o10.| €z1Z10.| 1zo.| o10.| LgggI0.| 1z0.| O10.| 110.| Izo.| 110.|—S61S10.| 
1zo. | o10.|+$19410.| LbogSo.] 1z0-| o10.| 1z0.| o10.| 1z0.| O10.| ObzgIO.| gO6IZvo.] Izo.| 110.| O6bZS10.| gbzbbo.] Izo.| I10.| O€zS10.| OPE 
Izo.|o10.| gggZ10.| €1zgSo.]} 1z0.| o10.| IzzZ10.| b$zESo.} 1z0.|o10.| zgZg10.| g6zoSo.} 1z0.| o10.| Zgzgio.| 1z0. | 110.|—$6LS10.| 1zo.| 110.| GEE 
1zo.|o10.| g1ZZ10.| ogfgSo.} 1zo.| o10.| IZzZ10.| 1zo.| o10.| 1z0.| o10.| 1zo.| 110.| OrSbbo.| Izo.| I10.| EvSibo.] gee 
| O10. gbfgSo. | 1z0. | IZS¢Co. | 1z0. | O10. OSggro. | + $6SoSo. | 1zo. | O10. Igtgio. | IZ0. | | 1z0. | 1Z€C10. LEE 
1zo.|010.| O61gZI0.| Iz0.| o10.; 1z0.| | gobgio.| gbZoSo.] 1zo.| o10.| Ozbgro. 1z0.| 110.| Iz0.| I10.| YEE 
O10.| OZgZI0.| IZO. | OIO. IzbZ1o.| 1zo.|o10.| gogoSo.]| 1z0o.| o10.| 4Zbg10.| 110.| IzO. | TIO. 
IZO. | O10. zzOL10.| | oro. bSorso. | oro. LooZ10. 1So1So. | | o10. |— $zSg10.| grogbo. 1z0. | 110. | + $zogro. |+ SvoSvo. Izo.| 110.| zhozbo.| HEE 
1zo.|o10.| £6Z10.| O6zzZSo.} 1z0.| oro.! €zoZ10.| 1z0.| o10.| gSoZ10. |—Soz1So.] 1zo. | o10.| LO61gbo. | 1z0. | 110. IgiSvo. | 1zo.| 110.| Ogizbo.| ggg 
Izo.|o1o.| zogro.| 1z0.| o10.| ZoZ10.| IgtvSo.] 1z0.| o10.| gorZ10.| og€1So.} 1z0.| o10.| zzggio.| 1zo.| 110.| Izo.| I10.| 
Izo.| O10.| ogogto.| 1z0.| o10.| | 1z0. | o10.| 9$1Z10. |+ | o10.| 29910. |—Sgbgbo. | 1z0.| 110.| Zg1g10. 1zo.| 110.| 
Izo.|o010.| | 1z0. | O10. Z9Z10.| 1zo.| o10.| ozZ10.| zZg1So.] 1z0. | o10.| OozZg10.| z€ggbo.| 1z0.| 1zo.| 110.| 
Izo. | O10.| 9QgIgIO. 1z0.| o10.| o€ZZ10.| gégbhSo.} 1zo.| o10.| g$zZ10.| OzgrSo.] 1zo.| o10.| OZ£Z910.| OgZgbo.]} 1zo.| 110.| zEZSbo. 1zo.| 110.| Eggzto.] 
1zo.| O10.| Obzgro.| o10.| zgZZ10.| O6ofZ10.| 1zo.| o10.| OrggIo.| Of6gho. | 1z0. | 110. 11f€g10.| 1zo.| 110.| 
| O10.| vOzgro. ZTQzQSo. | IZO. | OLO. | — SEQZIO. | — $IZECo. | | IgfZ10.| LbizSo.] 1zo.| o10.| O6ggg10.| Ogobbo. | 1z0.| I10.| IZO. | ITO. Itgf1o. |—Sbozbo.] 
Izo.| O10.| 1z0.| o10.| 1zo.|o10.| 1zo.| o10.| Oz6g10.| Ifz6vo.}1z0.| 110.| Oobvgio.| Izo.| I10.| gégSio.| 
1zo.|010.| fobgro. | IZO. | Ib6Z10.| | oro. torZ10.| OgbzSo.] 1z0. | O10. 126910. | 1zo. | 110.| gSbgio.| gO6zgbo.]| I10.| QzOS10.| 
Izo. | O10.| gSbgio.| 1z0. | oro. |+ $66Z10.| 1zo.| o10.| Z1$Z10.| 1zo.| o10.| zzo10.| 1z0.| 110.| goSgio.| Obbgbo. | | IIo. 
| O10.| goobSo.}1zo.| o10.| O6bogio.| 1zo.| oro. OLS410. |+ Izo. | o10.| €4oL10.| Ogg6bo.] Izo.| 110.| Tz0.| 110 | 
O10.| Og$gro.|} 061660. | Iz0. | oro. borgio. |— $ZogSo. 1z0. | o10.| €zgZ10.| Og6zSo. | O10. |— $zIZ10. brg6to.] 1zo.| 110.| goggio.| 6zLgbo. | | | 1ZogI0. vigtbo.| 
1zo. | O10. |+ Szggio.| $Z€6So.]} 1zo.| o10.| gSigio.| O$zgSo.} 1zo.|o10.| 94Z9410.| Sz1€So.]} 1zo.| o10.| 941Z10.| 110.| gSggto.| SLggbho.] Izo.| I10.| OzIgio.| 
1zo.|o010.| Igggto.} 1966$0.] 1z0.| or0.| €xzgro.| gzbgSo.] 1z0.| oro.| o€ZZ10.| z6z¢So.] 1z0.| or0.| 6zzZ10.| 1z0.| 110.| GoZg1o.| zzoLto.] 1z0.| 110.| 6g1g910.| Lggtto.] 
1zo.|or0.; gtZg1o.| gbZ6So.| 1z0.| o10.| 6gzg10.| boggSo.} 1z0.| o10.| tgZZ10.| 6$b£So.] 1z0.| or0.| IgzZ10.| 1z0.| 110.| OogZ910.| 1z0.| 110.| 61g 
1zo. | O10. |-+ $6Zgr10.| LE66So. | | |— SzEgro.| 1zo.| o10.| gzgfSo.} 1zo.| o10.| Izo.| 110.| | 110.| ggzgio.| 
Izo. | O10. L£z1090. | O10. Igtgio. z969S0. | Iz0. | O10. £6gZ10. Z6ZECo. | 1z0. | O10. €£€goCo. Izo. | 110. €gggr0. | | IIo. 61£g10. bot hbo. Lig 
Izo.| O10.| ZIfogo.] 1zZ0.| o10.| LEbgro. | 1z0. | O10. Co. | Izo. | O10. 1z0. | 110. C16910.| Izo.| I10.| 69€g10.| bbbbbo.| OTE 
1zo.| O10.| gg6gro.| Orfogo.]| 1z0.| o10.| 1zo. | o10.| ObIbSo. Iz0. | O10. S6bZ10. | + $6060. | 1z0. | 110. 1z0.| I10.| Ozbgio.| 
1zo.|O10.| 4z0610.| £€0L0g0. 1ZO. | | o10.| OSogro.| 1zo.| O10. | QIIICO. | Izo. | | OZOLIO. | €z6L¥o. 1zo.| 110.| IZbg10.| PIE 
1zO.| O10.| 9g0610.| L6gogo. | | goggio.| 1zo. | 1zo.| o10.! bogZro. 1zo.| 110.| LLogbo. | Izo. IIo. zlgrbto.| 
1zo. | O10. | — $1610. £60190. | O10. gZgZSo. | IZIg10. Iz0. | gSgZIo. | | | £z1L10. zEzgvo. | 1z0. | IIo. | grosto.| 
1zo.| O10.| boz610.| O6z1g0. | IZ0. | bzZgro. | — SgogSo. | Izo. | OIC tiZZ10.| €1g1So.} 1zo.| 110.| | I10.| 9zggIo. 1g1Sto.} I1¢ 
Izo. | O10. boz610. Ogbh1go. | IZ0. | O10. zSzgQCo. | | | — Sgzgro. 910SSo. | 1zo. | O10. ogZ1So. | Izo. | | b€zZL10. bbCgto. | Iz0. | r10. Lo€Cto. org 
1zo. | O10. |— $z£610.| gggrgo. | chggio.| Izo.| o10.| zhEgro. |— $6160. 1zo. | O10. | + SzgZ10.| Izo.| 110.| OgzZ10.| | Izo. | 110.| GOE 
| O10. | + Oggrgo. | | oro. 106g10. z£ggSo. | 1zo. | oro. | oobgro. |—SZESCo. | 1z0. | O10. | IggZ10.| | 110. Izo.| 110.| tgZgro.| 
Izo.| O10.| 9Qbb6r0.| Zbozgo.| 1z0.| 1z0.| o10.| gShgro.| 1zo.| o10.| gt6Z10.| ggzzso.} 1zo.| 110.| g6£Z10.| Ozobbo.}] 1zo.| I10.| LOE 
Izo.| O10.| gocéro. | + S6zzgo. | 1Z0. | O10. Izob10. | | oro. | ZI¢gro. gtZoCo. rzo. | o10. | + $66Z10.| | Iz0. 110-| Izo.| I10.| TOgg10.| zobSto.} 90E 
Izo.| o10.| OZ€610. | O10. 1go610. 11z6So. | 1zo. | oro. | | O10. zfogio. z£gzCo. | 1zo. | I10. zb€6bo. 1zo. | IIo. CtOg10.| €Sogbo.] Gog 
Izo.| O10.| goLzgo.] | o10.| gQob6So. | oro. |+$€ggr10.| gorgSo.| 1z0.| o10.| CogzSo. 1z0. | | ggSZIo. Col6bo. | 1zo. | 110.| 666910. |—Sozgto.]| FOE 
1zo.|o10.| b%69610.| t16zg0.] 1z0.| o10.| €oz6r10.| £096So. | 1z0. | O10. |— S6ggto.| 16z9$0.] 1z0.! or0.| ggrgro.| og6zSo.| 1z0. | 110. | zzgZro. | 6996bo. | I1zo.| 110.| 
Izo.| 010.| £2610. | €z1£go. 1Z0. | oro. | bgz6r10. 10g6Co. 1z0. | oro. | — gZbgSo. | 1z0. | o10.| Lzzgro. | | | 110. 6L9L10. bE | | 601210. ZOE 
| O10. £EEEgo. | | | | OOO0QO. 1Z0. | $1ggro.| Izo. | | ggzgro. | €€€ELo. | Izo. | T10. | 000060. } | TIO. |— Cg1Z10.| Lgggto. 
6I LI 91 
1zo. | 110.|—C6zb10.| 6bzZto. 1z0. | i10. | | | 1z0. | 110. 1zo.| 110.| 1zo. | ggZSzo.]} Izo. ZO6zII0.| €zbzzo.] 
10. OOQIEO. | 1ZO. | 6zgZ10. | ofZgzo. 1ZO. | 110. gO66rto. ZQOQSTZO. | IZO. | O10. 6zE1I0. 6rE 


110. | — SEEPIO. 


IIo. 


| 


Izo- 


— 
| 
Nie 
| 
cA 
an 
2 
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Tables for ascertaining the Significance of the Correlation Ratio 


1zo. | o10. |— $6z600. | | + | ozo. | 110 gZgZoo.| | Z10- €CoZoo. |4+- | OzO. | ZI0. QIIQOO. g£SZoo. 610. | 110. |— 00000. |+ $zoSoo.] 
1zo. | o10.| g1£600. ozo. | | g&ggoo. €11S10. | OZO. | | + $6gZ00. | IZO. | 1ZoZo0. | 9QZOOI0. OZO. | 610. | z1oSoo.| gtofoo.] 
| O10. ZL9L10. | OZO. | 6¢ggoo. zC1S10. ozo. | 110. | $1000. Q7ZQZIO. IZO. | ZIO- ggoZoo. IOIOIO. OZO. | Z¥1g00- g£SLoo. 610. | |-+ ¢zofoo. 168 
1zo. | o10. | — $g£600. zzZZLio. | OZO. | O10. Igggoo. | | OzO. | IIo. |— | | ZIO. gorZoo.| Lz1010.} OzO. | Z10. | |— C$6SZo0. 610. | 110.| g€ofoo.| 9G 

ozo. | 110. |—$S6Zo0.| 1zo. | z10.| } | ZIO. Z1900.| +19Z00. | 610. | 110. |+ OSoSo0. | 


1zo.| o10.| ggt6o0o.} 994210. OZO. | O10. €oZgoo. 
1zo.|o1o.| z1v600.| ZIgZ1O. | OZO. | |— SzZgoo. | Zgz$10. ozo. | 110. |— $46400. €zZz10.| 1zo.| z1o.| zbrZoo.| gZ1010.] ozo. | z1o.| £61900. b£€gZoo. | 610.| 110.| €goSoo.| Fé6E 
1zo. | o10. |+ | | OZO. | O10. L¥égoo.| | OZO. | TIO. |-+ C66Zoo0. |+ $SZz10. | 1zo. | z10.| Og1Zo0.| } OZO. | ZIO. 6ozgoo.| 610.| 110.| gZofoo.; cor Coo-]| 
1zo.|o10.| €06ZL10. | OZO. | O10. 692 200. | SPESIO. | OZO. | ITO. | + C1ogoo.| | | gZ1Zoo. | o€zoro. | ozo. | z10. |— $zzgoo. | 610. | 110.| O6goSoo. |+S11S00-] Z6Eg 
| O10. €ghGoo. | OZO. | O10. 162.00. | = OZO. | TIO. gfogoo. IZQTIO. | IZO. | TIO. Z61L00. | OZO. | ZIO. Ibzgoo. 610. | 110. zorsoo. 16g 


| 
| O10- zZz600. | ro. | ozo. 110. | g$gZoo. 1€Cz10. | Z10- g£o0Zoo. | + OZO. | ZI0. IOIgOO.- 61¢Zoo. | 610. | Zg6too. €10C00. OOF 


1zo.|o10.| ZoS6o0. |— $6610. | OTO. | | | gSogoo.| €Sgzro. } 1zo. | cro. | + €gzoro. ozo. | g$zgoo.| 714400. 610. | 110. |+ $11S00.| O6E 
z£C600. OZO. | O10. 9£ggoo.| ozo.| I10-| 44£0g00. Lggzio. | 1zo. | z10.| | ozo. | zro.|  €Zzgoo.| 610.| I10.} |— 
1zo.| o10.| | OZO. | OSggoo. | ozo. | 110.| oz6z10.| 1zo.| z1o.| z$zZoo.| 9€€or0.] ozo. | z10.| 6gzgoo.| 610.| 110.| IbrS00.| 
1zo.|o10.| OgS600. |— SEIgIO. OZO. | OIO. | ozo. | 110.| gt1goo.| €$6z10.] 1z0.| z10.| 14zL00. £gEor0. OzO. | ZIO. | — Sofgoo.| zZZZoo. 610. | 110. |—$S1S00.| 
—S0g600.| ZgIgrO. | OZO. | OIO. tobgoo.| ozo. | 110.| O€1goo. Zg6z10.| 1z0.| z1o.| 6gzZoo.| OzO. | ZIO. 1z£goo.| 264400.} 610. | I10-} Coo. |— S61f00.] 9g¢ 
1zo.| o10.| Ofg600.| 6zzgro. OZO. | Lz6goo.| $zg$10.] | I10.| OgTgoo. 1zof10.| 1zo. | z1o. | go€Zoo.| ozo. | z1o.| LEEgoo.| £1g400. 610.| 110.| Igrgoo.| gozfoo.}] 
1zo.|o10.| | OO. | OTO. | + oS6goo. | | | IgIgoo. |— CSof10. | 1zo. | zro.| Zz€Zoo.| ozo.| ££g4o0. 610. | 110. |—$61S00.| zzzfoo.] FRE 
1ZO. | O10. 6£9600. | — SZEgIO. OZO. | O10. €Z6go0. ZoZS10. | OZO. | I10. ZOZQOO. 10. | IZO. | Z10. Loo. | OZO. | ZI0. oL€goo. €CgZoo. | 610. | TIO. gozSoo. 
1zo. | o10. |— $0Z600. | €ZEg_rO. | OZO. | 266g00.| gbZS10.} ozo. | 110.| #zzgoo. €z1¢10. | rzo. | zro. | + Sg€Zoo0.| ozo. | zro.| Zg€goo. bZgZoo. | 610.| 110.| zzzSoo.| ObzSoo.} 
1zo.|o10.| | OZO. | OIO. 0z0600. | 6gZ$10. | ozo. | 110. | + $Fzgoo gS1€10. | 1zo. | z10. |— | OZO. | ZI0. botgoo. |— $6g400. 610. | 9£zSoo. €gzfoo.| TSE 


1zo. | oro. |+ $$Z600. | | tbo6oo. OZO. | TIO. Z9zg00. £61€10. | | TIO. torZoo. +SSor0. | ozo. | z1o.| Oztgoo.| 916Z00. 610. | 6bzSoo.| 
1gZ600.| | OZO. | Zg0600.| | 8gzgoo. gzzt10. | 1zo. | z10.| €ztLoo. zgSo10. | ozo. | z10o.| ZEvgoo. Z£6Loo.| 610.| 110.| 16zf00-} 6LE 
1zo.|o1o.| gog6oo.| ggSgro. OzO. | OTO. 160600. |-+ $16$10. } ozo. | r10.| OI€goo.| | | ZIO. €bbZoo.| orgoro.| ozo. | z1o.| 610.| 110.| gle 
1zo.|oro.| | OZO. | OTO. C11600.| ZS6Sr10.} ozo. | r10.| ZEEgoo.| | IZo. | ZI0. zgobZoo.| gfgor10.} ozo.| z10.| 626200. | 610. | 110.| 16zS00.| 61€S00.] 
1zo.|o10.| g$g6o0o0.| 499gTO. OZO. | 6€1600.| 110.| LEEETO. | | ZIO. zgbZoo.| ozo. | z10.| O6grgoo.| O00go0. 610. | 110. |—So€Soo.| €f€Soo.} 
1zo.|o10.| +tgg6oo0.; | OZO. | OIO. €g1600.| €Fogro.} ozo. | T10.| 9Z£goo. 69£E10.] 1zo. | | zoSZoo. |-+ OzO. | goSgoo. | Izogoo.} 610.| r10.| 61€So0. ele 


1zo.|o1o.| O16600.| 494g10. OZO. | OIO. gg1600. | QgOgTO. | OZO. | TIO. g6£goo. |— } 1zo. | | tzZoro. ozo. | zro.| €zSgoo.| €brogoo.} 610.| 110.| zgtfoo.} 
1zo.| o10.| 9€6600.| ZIggto. | ozo. | O10. z1z600.| 6z1g10.]o0zo.| 110.| Izbgoo.| IZO. | ztSZoo.| €$Zor0.} ozo. | zro.| obSgoo. |— Sgogoo. | 610. | 110.| gr£Soo. 9Z£Soo.} 

1zo.| o10.| £96600.| | OZO. | OO. Z€z600.| €Z1g910.] ozo. | t10.| 1z0.| zro.| zg$Zoo.| zgZoro.} ozo. | zro.| gS$goo. 9gogoo. 610.| r10.| zgfSoo.| I6€S00.] 
1zo.| o10.| 066600.| 616gro. | | OTO. 19z600.| 110.| 99bgoo.| | IZo. | zgSZoo.| I1goro.} ozo. | z1o.| gOTgoo. 610.| 110.| TLE 


1zo.|o10.} OZ6gI0. | OTO. 9gz600. | OQzgIO. OZO. | ITO. 6gtgoo. |+ OSSEIO. Izo. | TIO. €o09Z00. | obFgoro.} ozo. | z1o.| €6$goo. o£1goo. | 610.| r10.| I6€fo0.| OLE 
1zo.|o1ro.| €Foor0.| | OzO. | OTO. 11€600.| +o€gro.}ozo.| 110.| IISgoo.| 4gSErO. Izo. | €zgLo0.| ozo. | z10.| I19900.| ZSTgoo. 610. | 110. | + SorSoo. |— 
1zo.|o10.}| OZoo010.| +0610. | O10. 6b€gr0.}ozo.| 110.| PvESgoo.| | Izo. | ZIO. rtgZoo.| 66gor0.} ozo. | z10.| 6zgg00.| 
Z60010.| 9z1610.]} ozo. | o10.| I9€600.| | | IIo. gSSgoo.| Izo. | zro. |— $99Z00. 6z6010. | ozo. | z1o.| Ztggoo.| 61goo. 610. | |— tobSoo.] Jog 
1zo. | oro. |—$zr010. | gZ16I0. | OZO. | OTO. Zg€600.| ozo.| 110.| Ig$goo. 669£10. | 1zo. | zro.| 989400.| 6S6or0. | ozo. | |+ Sgggo0.| 61zgoo. 610. | |—OStSoo. | 99g 
1zo.|o1o.| I£€z6r10. | OzO. | z1t600.| ozo.| 110.| Foggoo.| 9EZETO. | | Z10. ZoZLoo.| 6g6010.| ozo. | | £€gggoo.| | 610. | TIO. totSoo. |— cog 
ogroro. | +gz6r0. | ozo. | OTO. gft600.| ozo. | I10.| gzggoo. 1zo. | z1o.| gzZZoo.| 610110.] Ozo. | z10.| bgzgoo. | 610.| 110.| O6ZbSoo.| Fog 
1zo.|o10.| ozoro.| L£€6r0. Ozo. | Oro. tgt6oo. |-- } ozo. | 110. | ISggoo.| Ig€10. 1zo. | z10.| |— OSOTIO. OZO. | ZIO. ozZgoo.| Zgzgoo.] 610. | 110.| |— 
oro. |+$€zoro.| 16€610.] ozo. | or0.| O6F600.| OzgQIO. OZO. | TIO. |— CZggoo. |+ | 024400. | OgOTIO. OZO. | g£Zgo0.| O1€goo.] 610. | 110.| obcfoo.} 
1zo.|o10.| €gzor0.| OzO. | 9T C600.| ozo.| r10.| 669g00.| OggErO. | 16ZZoo.| 111110.}ozo.| z1o0.| Z$Zg00.| €€Egoo. | 610. | |— 


€1gZoo.| zb1110.] ozo. | z10.| 94Zgo0. ZEEgoo. | 610. | 110. | 


z6zo1o.! ozo.| o10.| zbS600.| | | TIO. €zZgoo.| | Z10. 
€Zr110.} ozo.| z1o.| Ogtgoo. 610. | 110. |+ 


tzo.|oro.| ozforo.| €$$6r0. | ozo. | Oro. g9S600.| ogZgro.}ozo.| r10.| ZbZgoo.| 99610. | | 
1zo.|o10.| gog6rO. OzO. | OTO. |— C6S600.| Zoggro.} ozo.| r10.| 142£g00.| | | Z10. toz110. ozo. | z1o.| €1ggoo0.| Lobgoo.} 610. | r10.| 
1zo.|o10.| Z£€o10.| £99610. | | OTO. 1zg600.| +$gg10.} ozo. | 110.| 962goo. |— Choro. | ozo. | zro.| 9ZgZo0.| g€zr10.] ozo. | zEggoo. Lztgoo. | 610.| 110.| ZgfSoo. 
1zo.|o1o.| gororo.| gtZ6r0. } | gtg600. | r06g910.] ozo. | r10. | Ozggoo. |— OzO. | 006Z00.| ggzr10.} ozo. | z10.| ISggoo.| 610.| 110.| zogfoo. 
oro. |+ $€or0.| +2Z6r0. | ozo. | oro. | + $49600. 6b6910. | ozo. | r10. |— SPggoo. | | OZO. | ZIO. zz6Zoo.| 66z110.] ozo. | z1o.| IZggoo. |— $Ztgoo. | 610. | 110.| 
1zo.|o10.| Ofg6rO. | OzO. | OTO- zoZ600.| 66g10.]ozo.| r10.| OZO. | Z10. |— Ch6Zo0.| ozo. | z10.| O6ggo0.| 610. | 110.| 
1zo.|oro.| 9gg6rO. | | OTO. 6zZ600. StoZ10. ozo. | r10.| 6ggoo. |— | | Z10. Z96Zo0.| +9€110.] ozo. | z10.| 606go0. €zSgoo. | 610. | 110. | OSgSoo. 
€zSoro.| oro.| 2¢2600.| ozo. | Tro. oz6a00. |-- | ozo. | z1o. 6g6Z00.} ozo. | 6z6g00.| ZFSgoo. 610. | 110.| 99900. 


1zo.|o10.| O000ZO. | OZO. | OTO. tgZ600. | | OzO. | —CSt6goo.| ggzbro. | ozo. | z10.| ZIOgoo. 6zbr10. | ozo. | z10.| 6b6g00. 1ZCgoo. 610. | 110. | zggloo. 


Val 
eo 
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$S.2 | zo.€ gS-z | | 11-€ | 0g-z | $6.z | 

"d ‘d ‘a | | ‘d tz | yo. 


Jo Jaquinu=u 


| 
ay 
« 
He 
© 
| $8838388888 
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T. L. Woo 


1zo.| 110.| g€Sz1o.| 1zo.| | CLZoofo.| 1zo. | 110.| 69$Zzo.] 1zo.| 110.| €goSzo. 1zo. | 110.| | TIO. 66600. |+0$00z0-} 
1zo.| 110.| 69$z10.| 1zo.| 110.| 1zo.| r10.| gf€gZzo.} 1zo.| 110.| Zgor10.| gz1$zO. | | z1So1o.| €1gzzo.]| 1zo.| 110.| z6600.| 66E 
1zo.| 110.| oogzi1o.| Iz0.| I10.| Lzzoto. | 1zo.| 110.| Izg110-| goZZzo.] 1zo.| 110.| 6giSzo. | 1zo.| 110.| OLgzzo.} | 6+6600.| I$10z0.] g6E 
1zo.|110.] gzgzfo.] 1zo.| 110.| | IIo. 6bgIIo. Ziizo.\ 1z0.| 110] zzr110.| €$z$zo.]} 1zo.| 110.|—SgSo10.| 1ZO. | €Z6600.| zozozo.| 16g 
1zo.| 110.| €ggzI10.| 110.| ogfofo.} 1zo.| 110.| gZgr10.| ghgézo. | 110. 6br110.| g1€$zo.| 1zo.| 110.| |— SgZzzo. | 110. 966600.| €Szozo.] 96g 
1zo.| 110.| Izo.| ZSvo£o.| 1zo.| 110.| goZr10.| 616£z0.] 1zo.| 110.| 44 IgeSzo.} 1z0.| 110.| gIgolo.| | €zoo10. GbE 
1zo.|110.| gzZz1o.| 1z0.| 110.| +£Sofo. | 1zo.| 110.| Z€Z110-| | 110. |-+ | + CrbSzo. | IZ0. | brgo10.| 106zz0.} 1zo.| 110.| gvooro. gSfozo.| F6E 
1zo.|110.| gSZz1o0.| 1zo.| 110.| 1z0. | 110.| QQLIIO.| | IZO. | TIO. €€z110.| o1$Szo.| 1zo.| 110.|  1Zg9010.| 1z0.| 110.| svozo.] 
1zo.| 110.| o6Zz10.| 1zo.| 110.| |} Izo. | IIo. g6L110.| €€1gzo.] | 110.| | + | 1z0.| 110.| g6goro.| grofzo.}1z0.| 110.| 660010.) 
1zo.|110.| zzgzio.| | 110. |+ S€EzIO. 69Zo€o. 1z0. | 110.| 9zQIIO. | + | IZO. | TIO. o6z110.| rIbg$zo.| 1z0.| 110.|—$zZo10.| } 120. | TIO. |— Gzio10.| 
1zo.| Sgzio0.| 1zo.| 110.| ggEzIO. gtgofo. 1zo. | 110. |+$Sgr10.| gézgzo. | 1z0. | TIO. 6r€110.| Lo£Szo.| 110.| zSZoro.| 1z0.| gg9Soz0.} 06E 
1zo.| 110.| Zggzro. |+SoS€o.]} 1zo.| gzboto. } | ITO. |-+ Cggrio.| IS€gzo.] 1zo.| 110.| ZPEIIO. €26zo. | 1zo. | r10.| 6ZZo10.| g6r€zo.} 1zo.| 9Z1010.| 
1zo.| 110.| 616z10.| z6S€€o.} 1zo.| 110.| O6zbz10.}| goor£o.} Izo. | Iz0. g16110.| tzbgzo.} 1zo.| 110.| 94€1IO. obgSzo.] 1zo.| 110.| Zogoro.| 1zO.| I10.| zZgozo. | 
1zo.|110.| zS6z1o.| 1zo.| r10.| IgbzI0.| ggor£O. | ITO. gr6r110.| L6bgzo. 1zo. | 110. | + Zo6Szo.| 1zo.| 110.| gI€Ezo.] 1zo.| 110.| 18g 
1zo.| 110.|—Sg6zr10.| g9Z€€o.] 1zo.| r10.| 1z0.| r10.| 446110.| IZ$gzo.} | 110. +%Z6Szo.} 1zo.| 110.| zggoro.| | tSzoro.| 6LLozo.] 
1zo.| 110.| gro€1o.| 1zo.| 110.| 1zo.| 110.| Zooz1o.| gtggzo.]1zo.| 110.| Zhogzo. | TIO. o6goro.| 1z0.| 
1zo.|110.| 1zo.| r10.| zEEIEO.] Izo. | gfozio. 1zZgzo.| 1zo.| 110.| €6b1I0.| OIIQZO.} IZO. | g16o10.| 66b€zo.] 1z0.| 110.| gggozo.} 
1zo. | 110.|—Sgo€10.| 1zo.| 110.| OgSzro. rzo.| 110.| 6gozr0.| 1zo.| r10.| gé1gzO. | TIO. gb6010.| ogS€zo.} 1zo.| 110.| zt6ozo.| 
1zo.|110.| 61r€10.| 1zo.| r10.| Izgz10.| I10.| OOIZIO. 1Zggzo.| 1zo.| 110.| L¥zgzO. | TIO. ¢Z6o10.| zzg€zo.| 1zo.| 110.| L660z0.} 
1zo.|110.| 1zo.| 110.| Sgzro.| rzo.| r10.| Lv6gzo.| 1z0.| 110.| | IIo. €oo110.| 1z0.| 110.| ggtoro.| 18g 
1zo.| 110.} 1zo.| r10.| gggzr0.| | €giz10.| vzo6zo.} 1zo.| 110.| | + | | TIO. zfor10.| 1z0. | QOIIZO-} OBE 
1zo.|110.| rzo.| r10.| 61Zz10.| gbZ1£0.] 1zo. | r10.| 1016z0.| 1zo.| r10.|  €vgr10. |+ $Sbgzo.] 1z0.| 110.| OgOIIO.} OIg€zO. | TIO. 6LE 
1zo. | 110.|—$Szf10.| rzo.| r10.| zSLz10.| 1z0.| gZ16z0.} 1z0.| r10.| | + Izo. | TIO. 6gor10.| 1zo.| 110.| BLE 
1zo.| 110.| rz0.| r10.| |— C1610. | rzo.| rr0.| 1z0.| 110.| Izo.| 110.) SIIIIO. g£6€zo.} 1zo.| 110.| LIE 
1zo.| 110.| #z€E10.| 1zo.| r10.| O00zEO. | TIO. o6zz10.| |} 1zo.| r10.| +€Zr10.| Zoggzo.} 1zo.| 110.| L¥IIIO.| OOOFZO. | tzSo1o.| OLE 
1zo.|110.| 6S€£€10.| 6SZP€o.] 1zo.| r10.| €Sgz10.| ggozto.} | IIo. €z€zio.| zrb6zo.| 1zo.| |+$9Z110.| g€Zgzo.] 1zo.| 110.| toobzo. | 1zo.| 110.| zfSoro. o6f1z0.} GLE 
1zo.| 110.| rz0o.| 110.| Izo. | |— 1z0.| 110.| 96Z110.| OIggzO.]| IZO.| QOTIIO. 6z1bzo. | 1zo.| 110.| Ogso10.|- FLE 
1zo.|110.| 6zb€10.| 1z0o.| 110.| OzOzr0.| gSzzfo.] 1zo.| t10.| 1zo.| 116. |  Zzgr1o.| zgggzo.| 1z0.| 110.| 9EzIIO.| gogoro. +Cofizo.| 
1zo. | 110.|—Sgb€10.| 1z0. | 110. | — | + 1z0.| r10.| oztz10. |—o$g6zo.| 1zo.| r10.| ¥S6gz0.] Izo.| 9gzIIO. 6Szbzo.| 1zo.| 110.| g€gor0.| 
1z0. | 110. |+00S£10. rzo.| rr0.| 6g6z10.| | €Chz10.| o€Z6zo.| 1zo.|110.| o6gr1o.| LzoZzo.| 1zo.| 110.| vzEhzo. | TIO. |— Cggoi1o.| TLE 
1zo.| 110.| g€S€10.| o€z$€o.] 1zo.| r10.| €zo€ro. ozSz£o.| 1zo.| 110.| 9ghz10.| OI1g6zo. | | ITO. zz6110.| oo1Zzo.| 1zo.| 110.| O6€bzO. | Iz0. | €69010.| Oggizo-| OLE 
1zo.|110.| ~/S€10.| gz€$€o.| r10.| Gogzto.} 1zo.| 110.] OzSz10.| 16g6z0. | 110. $6110.| +Z1Zzo.| 1zo.| r10.| 9S€110.| ZSbbzo.] 1zo.| 110.| zzZoro.| 698 
1zo.| 110.| ,vgf10.| 1zo.| 110.| €60€xo. g6gzfo.} 1zo.| 110.| €466z0. Io. | og6110.| 1zo.| 110.| €zCbzo. | 1zo. | 110. |+0¢Zo10.| g6Zizo.] 
1zo.| 61SS€o.] 1zo.| r10.| 4géz€o.} | ZgSz1o. |—SSoofo.] 1zo.| 110.| | 1zo. | 110. o6S¢zo.| 1zo.| 110.] O6ZZor10.| gSgizo-.] LOE 
1zo. | TIO. Iggf10.| grgS€o.]} 1zo.| r10.| LLezto. | 1z0. | 1zgz10.| L€10€0. 1z0. | |+ ofoz10. L6€Zzo.| 1zo. | 110.| gbhbr10.| gSorzo. | 6o0go10.| 99¢ 
1zo.| 110.| g1Z€ro.| 1vo.| r10.| 661£10. | rz0. | r10.|—$$gz10- | Ozzo£o. 1zo. | €gozro.| €Lb£zo.} 1zo.| 110.| |-+ ZO. | gtgoro.| cog 
1zo. | 110. |+$SZE10.| €xgSEo.] xrzo.|110.| gSo€€o.} 1z0.| IIo.) gbSZzo.| 1zo.| r10.|  or$110.| 1z0.| 110.| Lggoro.| O€ozzo.} 
1zo.|110.| z6Z€10.| z16S€o.| 1zo.| r10.| | | TIO. €zZz10.| 1z0.| 110.| OvIzZIO.| | TIO. zogbzo.| 1zo.| 110.| Z6goro.| 660zz0-]| 
1zo.| 110.| o€g€ro.| 1109£0.] 1zo.| 110.| 1bz€Eo.| 1zo. | r10.| 1z0.| 110.| 104470. | IIo. €ZS110.| 1€6rzo.| 1zo.| 110.| ZOE 
1zo.| 110.| Zggf10.| I119€0.} rzo.| 110.| | 1z0.| r10.| €6Zz10.| gSSo€o.} 1zo. | | Izo. | |— ooo0$zo.} 1zo.| 110.| 4$6010.| 
1zo.| 1z0.| 110.| 1z0.| r10.| gzgzto.| 1z0.| T10.| |+ cCgézo.] 1zo.| r10.| oZ£o$zo.} 1z0.| 110.} 4g6o10.| 09E 
1zo.|110.| rzo.| 110.| gIbEIO.| | ITO. gzLoto.]| 1zo.| 110.| €€6Zzo. | 1zo. | r10.| obr$zo.] 1z0.| 110.| gttzzo.| 
1zo.| 110.| 1z0.| r10.| 1zo. | r10.| gOgzIo.| ZIgoto. | gi€z1o.| x110gzo.} 1zo.| 110.| IOZIIO.| OIZEzO. | TIO. Zeor10.| 6obzzo.]| 
1zo.|110.| ozobro.| 1zo.| r10.| goZt€o.]} 1zo.| 110.| 66go0£0o. | 1z0. | |— | O60gZzO. IZo. | IIo. €€Z110.| 1zo.| 110.| Log 
1zo.|110.| gSobro.| ozggfo.]} 1zo.| r10.| rzo. | r10.| O46z10.| gg6o£o- | Izo. | Eg1gzo.] 1zo.| 110.| IZO. | I10. 601110. |+ 
1zo.| 110.| Z6orr0.| €zZ9€o.] 1zo.| r10.| 1z0.| r10.} €Zor£O. | | IIo. gibzio.| 1zo.| r10.| goZ110.| tzbSzo.] 1zo.| 110.] ObITIO. 66Szzo0.] 
1zo.|110.| 9€rbr0.| rze | r10.| zog€ro.| 1zo. | 110. r911€0.] 1z0.| r10.| O6z£gzo. | | TIO. 1€gr10.| 1z0.| 110.| IZIIIO. €ggzzo.| Feg 
1zo. | I10. Z1b10.| z€69€0.| 1zo.| r10.| obgfr0.| 1zo.| 110. | |— | | TIO. ggrzio.| 6obgzo.} 1zo.| 110.| goS$zo.} Lzlzzo.| ¢eg 
1zo.| 110.|+S1zbro.| 1zo.| r10.| gZg€10.| 1zo. | |— Cr1€10.| 1zo.| r10.| €zSzro.| ob6bgzo.} 1zo.| 110.| | | TIO. €€z110.| z6Lzzo.] 
1zo.| 110.|—SSzbro.| rzo.| r10.| gIZ€10.| | IIo. 1zo.| 110.| 1ZCgzo. 1zo. | 1g6110.| 1zo. | 110. |+Sgz110.| L¢gzzo- 
6£.z | 62.z ob.z | zb.z | bg.z L¥.z | 26.2 | 96-2 

‘d | ‘d | | ‘d ‘d | ‘d | ‘d ‘d | ‘d 

tI ar él IT OL 6 
| 
10. 1 OZO. | C6CQ00. efocio. | ozo. | | | | | | g£oZoo. | + 61¢Zo0. 610. | I10. Zg6too. £10600. 
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| | | 
1zo.| o10.| 619Zbo.] 1z0.| o10.| gSgrro.| | loro.| €gztro.| ogzbo.] 1z0.| 110.| ooroto.| 1zo. | 110.| | 1zo. | 10. |—$66z10.| OOF 
1zo.|o10.| gZog10.| | O10. | | O10. goztio.| 1zo.| 110.| 1ozoto. 1z0.| 110.| ggbf10.| gggZ£o.] | ITO. Zzof10.| 668 
1zo.|o1o.| €11S10.| 6SgZbo.} 1z0. | O10. | PIO. ob€Sto. | 1zo. | oro. | Izgzbo. | | 110. tz6¢10.| 1zo.| 110.| | Io. tozSto.] 96 
1zo. | oro. |-+o$1S10.| og6Zbo.] 1z0. | | | — | 1zo. | oro. | | | TIO. vorobo.| 1zo.| 110.) 6ZgZ£0. | | 160£ Io. 16 
IzO. | O10.| 10oIgto. | 1z0.| o10.| zogrro.| | O10. tobbio.! gtotvo. | 1z0. | 110. €66£10.| goSobo.| 1zo. | x10.| |— Ico. | TIO. €zit10.| YEE 
1zo. | oro. |+$zzS10.| €zzgbo.| 1z0.| o10.| O€ghIO. |-+ | 170. | otbhro.| Zbr€to.| 1z0.| 110.| Zzobro.| 60gobo.] 1z0.| 110.| | 1Zogto.] 1zo. | 110. 
1zo.|o10.| €gzS10.| gb€gro.] 1zo.| o10.| zogSto. 1zo.| o10.| | 110. zgobio.| cziZovo.} 1zo.| 110.| vEgEIO.| ggIgto. | TIO. P6E 
| O10. 1zo.| o10.| grIOSbo. | | oro. z1Stio.| 1zo.| r10.| gIgobo. | | QQQE LO. | + SgzgEO. | IZO. | IIo. 
Izo. | o10.| LOSgho. | —oS6bi0.| g€ogto.} 1zo.| o10.| | 1z0. | IIo. rz6obo.} 1z0.| 110.| 1z0. | 110. |— gogsto.] Z6g 
1zo.|o10.| ZZES10.| gtZgto.]| 1z0.| oro. | | | o1o.| tgSbro.| | 110.| ggrhio. gzorto. | | 110.| 9€ZE10.| | | TIO. ggztio.| L6gSto.] 
1zo. | o10. |-+ | 1z0. | oro. |— To. zZzgbo. | | OIo. 1zgbro.| 1zo.| r10.| €ozbr0. vO. | | 1ZZ€10.| 1zo.| 110.| o066C£0.] O6E 
1zo.| o1ro.| 6g6gho. | | OTO. ZgOS Io. z6€gro.} 1z0.| O10.| bigtto. | 1z0. LEzIvO. | | oOgggto. | TIO. | 68E 
1zo.|o10.| €6¢S10.| 9g606bo.] 1z0.| or0.| TISgbo. | Io. | | | Izo. 1zo.| 110.| obgt10.| OgZgto. | I10. 
1zo.|oro.| ¢€zz6bo.]} 1z0. | z£ggbo. | Izo. | o1o. ztLrio. 1botto. 1zo. ifbrto. | Izo. 110. |+$Zgf10.| ogggto.] rzo.| 110.| Ogzgto.| 
Izo.| 010.| IS€6bo. | 1z0. | O10. Z1S10.| €¢Zgro. loro.| 69Z¢10.| 1zo.| t10.| 1zo.| 110.| I16E10.| Ig6gto. | | TIO. 
1zo.|o1o.| o1rg$10.| | | — gogtro. 1Zztto.| 1zo.| 110.| | 110.| 9b6€10.| Izo. | gStoto.]| cee 
1zo. | oro. |—oSg$10.| 1z0. | oro.| loro.| tbgtro.| 1zo.| 110.| 110.| zg6€10.| tz0.| I10.| FRE 
1zo.| o10.| O6g$10.| gtZObo. | O10. z6zS10.| ozrZbo. o1o.| zggrro.| toSbho. | | 110 110.| gz6€o.] 1z0.| 110.| Obggto.| 
1zo.|o1o.| o€ZS10.| 69g6bo.| 1zo.|oro.| bo. | OTo. oz6tio.| 1zo.| 110.| |— | | Ifo. €Cotro. | OZ€6£o. | 1zo. | 110. | + SOSEIO. |+ 
1zo.|o10.| oZZS10.| 1z0.} or0.| | OTO. gs6ri1o.| Izo. | 110. 1€Sbro. |+ Sorzto. 1zo.| r10.| Ogotro.| | | ITO. | ofgf10.| zrgoto-] 
1zo.|oro.| | €6bZto.| 1z0.| oro.| Z66b10. |— | | TIO. | 69St10.| gIzzbo.] 1zo.| 110.) gZ6£o. 1Z0. | I10. | +gg9f10.| G6t69fo. 
1zo.|oro.| | — SgzoSo. | 1z0. | oro. | — OS PS 619Zbo. | 1z0. | o10. | + SEoS10.| | | TIO. | gogbro.| 110.) €gq6o. Izo.| r10.| 
1zo.| o10.| z6gSro.| g6€oSo.] | oro. | | + StZZto. | 1zo.| oro.| bZoS10.| 1zo.| 110.| otbzto.| 1zo.| 110.| 66rb10.| ggZ6€o.] 1zo.| 110.| 9€ZErO. |-+ 
1zo.|o10.| €€6S10.| zESoSo.] oro.| | €11610.|  €x1zSbo. rzo.| r10.| zggbro.| 1zo.| 110.| b6g6o. | Izo.| 110.| 
1zo.|oro.| +Z6S10.| ZggoSo.] 1zo.}| or0.| | | OIO.  €€€Sbo.] rzo.| 110.| Zogzbo.]} 1zo.| ooooto. 1zo.| I10.| 
1zo.|o10.| grogro.| zogoSo.] 1zo.| oro. | gz 1zo. | |— | I10. | IgZzbo. | 1zo.| 110.| | | ttgf10.| 
1zo.|o10.| ZSogro.| 1zo.| oro. | LSzgbo.} 1zo.| o10.| IEzS10.| | 1zo. | IIo. | |+ S6gzto. | 1zo.| 110.| gh€bro.| | | IIo. oggtio.| 
1zo.| o10.| 660910. |+ $Zo1$o.] 1zo. | oro. Zgfgto.| 1zo.| oro.| | | IIo. | g€gtro.| r10€bo. | r10. | + |} 1zo.| 110.| Z16€10.| 
1zo.|o1o.| rbrg10.| 1zo.| oro. | gISgro. | OT. 11€S10.| zzgSto. rzo. | r10. | + SZgbro.| 4z1€bo. | | IIo. 1zo.| r10.| 
1zo.|o10.| €grg1o.| 1zo.| oro. | 6bggto. | rzo.| oro. | | Izo. | IIo. €bzEto.} 1zo.| 110.| 1zo.| 110.| 066£r0. gtgZfo.] TLE 
Izo.| O10.| 9QzzgIo. 16¢1S0.| rzo. | oro. | 1zo.| oro.) oLogto. | rzo.| 110.| | | TIO. 66ttro. |+o0Sgoto.| 1zo.| 110.| Zzobro.| OF6ZE0.] OLE 
1zo.|o10.| 6yzgro.| 1zo.| oro.| €16gbo. } 1z0. | oro. | EEFSIO.| QOIOvO. Izo. | ITO. €66b10.| gZt€to.| 1zo.| 110.| | |— Cgotio.| 69g 
1zo.|o10.| zr€gro.| 1zo.| oro. | gtobto. | 1zo.| o1o.| zz€gbo. | Izo. | TIO. Z6SEto.] 1zo.| 110.| zZgobo.] 1zo.| 110.| ZOrFIO. 
1zo. | o10.|+$S€g10.| €161$0.]} 1zo.| oro. | Ogr6to. | | oro. |— gkkgbo. | Izo. | €ZoS10.| 1z0. | 110. |+ S1gb10. | | IIo. obrtio.| LOE 
1zo.|o10.| g6€gro. |—$$ozSo.] 1z0. | oro. |+ C1€6bo. | 1zo. | oro. | gSSS10. |+$ZSgbo. 1zo. | €11S10. | 1zo.| 110.| g6orto. | | TIO. Z1b10.| 
1zo.|o10.| zbbgro.| g6rzSo.} 1z0.| o10.| 1St6bo. | 1zo. | oro. | g6SS10.; | IIo. | 1zo.| 110.| GOzIvO. | ITO. giztio. zgbgto.}| cog 
1zo.|o10.| g9gtgro.| 1z0. | oro. | ZgS6to. | 1z0.| o10.| Obgf10.| zEggro. Izo. | | — | 4Zobbo. 1z0. | IIo. €€Zb1o.| zzErbo.| 1zo.| 110.| bSzbro.| 
1zo.|oro.| o€$gro.| gghzSo.] 1zo.| oro. | £11910.) | | zggS10.| I96gbo. Izo. | 110. | + $EzS10.| | Izo. | IIo. g€trbo.} 1zo.| 110.| €6zb10.| bLogto.} ENE 
1zo. | o10. |—$ZSg10.| zfgzSo.j 1zo.| o10.| 9S1gIO.| | tzZS10.| 110.| 4ZzS1o0.| 1zo.| 110.| €ighro. 1SC1to. | 1zo.| 110.| Igégto.] ZoE 
1zo.|or0.| 619910.| gZZzSo.] 1zo.| O10. | OOzZgIO.| O000SO. | OIO. g9ZS10.| zzzZbo.] 110.| trttto.| 1zo.| 110.| Zogtbo.] 1z0.| T10.| 6gggto.] 
1zo.|oro.| 99910. |—$z6zSo.]} rzo.| or0.| | Izo. | Oro. GogSi10.| rzo.| 110.| gosto. | | €6gt10.| 1zo.| 110.| | L66g£o. 
1zo.| o10.| 60Zg910.| | | BgzgIo- 6ZzoSo. | 1zo. | oro.|  zSgS10.| 1zo.| 110. | | | 1zo.| 110.| 1zo.| 110.| gor6£o. 
Izo. | oro. |— | 1z0. | oztoCo. | 1z0. | oro. | + C6gC 619Zb0. | | T10. | gigtto. | 1z0. | 110. |— Z10zto. | 110. ggtrio. g1z6£o. 
| O10. ooggIo. IZEECo. | OIO. ZQSOCO. | IZO. | 10. €CZZto. 1z0. | | tb6tbo. | | g10S10. | — SE1zbo. 1zo. | gzorio. gzf6fo. 
1zo.| o10.| gtggro.| 1zo.| oro.| toZoSo. | 1zo. | oro.| zg6S10.| LggZto.} 1zo.| 110.| | oZoSto.| 1zo.| 110.| ZSoS1o.| 1zo.| 110.| 
1zo.|o10.| z6ggro.| zZo€So.]} 1z0. | oro. | ZbgoSo. 1zo. | oro. | gzog1o.| | | g6rSto.] rzo.| r10.| g6ofro.| | | IIo. gogtio.| 
1zo.|o1ro.| 6£€6g910.| | | OTO. 1z0. | oro.| OZ0g10.| Soro. | gz€Sto. 1zo.| r10.| ObrS10.| €6bzbo. | Izo. | TIO. gtgtio. | ogg6fo. 
1zo. | o10.|+Sg6gr10.| 1zo. | oro. | g£11S0. | rzo. | oro. | — 11910. | + S6zgro. | OLO. |—SStSto.} rzo. | 110.| zgrs10.| | | TIO. 
1zo.|oro.| oro.| | | OFO. 6S1910.| €€tgto.} 1z0.| oro.| OoZS10.| | TIO. tzzC10. | + S€Zzbo. 1zo.| 110.; OfZb10.| 9gg6E£o. 
1zo.|or0.| 6ZoZ10.| 9gzbSo.] 1zo. | o10.| 6zb1So0. | zo. | O10. | FozgIO. IZEgbo. | 1zo. | O10. | tbrZCbo. | 1z0. | ZgzS10 | LEgzto. | 1zo. | 110. 1ZZt10.| 
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1zo. | o10. |—o¢zgoo.| ozo. | o10.| gbgZoo.| | 110. | ggbgoo.| QEIIIO.] | ZEzgoo.| 606go00. | ozo. | z10. |+¢zbSo0.| Zgggoo. | 610. | | — SEbboo. 
1zo.|o10.| ggzgoo.| $zg$10.] ozo.| or0.| €g9Z00.} ozo. | 110.| ooZ00.| IgITIO.] Z10.| 147900. | | 969900.] 610. | I10.| 
IzO.| O10.| Qgzgoo.} OggSIO. | OZO. | OTO. 0ggZoo. | ozo. | 610Z00. QQIIIO. | | Z10. | + $Qzgoo. | OZO. | OvbSoo. 112900. | 610. | 
1zo. | oro. | — So€goo. |+ ozo. | or0.| Z69400.| OzO. | 110. |—SEOL00.| IIZIIO.} 1z0.| Z10.| O6zg00. 696g00. ozo. | z10.| 610.| I10.| bgbboo.| 
1zo.|o10.| €z€goo.| o€ZSr10.] ozo. | oro. |—$1ZZo0.| ozo. | 110. gtzI10.] Izo.| ETEgOO.| Ogbgoo- | b£bSoo.| 610.| 110.| OFF 
1zo.|o10.| zb€goo.| ggZS10.] ozo. | o10.| z€ZZoo.|} ozo. | ggoZo0. 1z0. | z10.| 600600.] ozo. | z10.| 9grSoo.| 4$4900.] 610.| I10.| 
1zo. | O10. | Og£€goo. 1og$10.} ozo. | o10.| 6bZZoo.| ozo.| 110.| LgzII0.} Izo.| | 6zohoo. | ozo. | z10.| gOr$oo.| 610.| I10.| 
tzo.| o1o.| 6Z€goo.| ozo. | o10.| 994400. |— ozo. | 110. | g60Z00. ZI€IIO.] 1z0. | Z10.| QSEgoo. |— 2600. ozo. | 4gZgo0.] 610.| I10.| 
1zo.|or0.} g6€goo.| €ZgSro.}ozo.| or0.| +gZZoo0. |+ Sog£10.] ozo. | 110.} t11Z00.| 1zo.| z10.| OZ£g00.| 9£0600.] ozo. | z10.| €zSSo0.| foggoo. 610. | I10. |— S1Sboo. |+ 
1zo. | O10. Z1bgoo. 600610. | OZO. | 109400. IO. | OZO. | TIO. of£1Zoo. PoLIIO. | | ZIO. bgtgoo. 160600. | Ozo. | zI0. | + g1ggoo. | 610. | |— $zSboo. | + 
1zo.|o10.| g9€tgoo. |+6S10.] ozo. | o10.| 110.| gbIZoo.| | Izo. | 66£€g00.| z11600.] ozo.| z10.| 610. | OFF 
1zo. | oro. |—CStgoo.| zg6$ro.}ozo.| o10.} Z€g4oo.| 66g9€10.] ozo. | 110.| QIFIIO. | | €rbgoo.| ozo. | z10.| I9¢So00.| 6bggoo. Gro. | 
1zo.| o10.| +Ztgoo.| grogro.]ozo.| oro.| o€Z€10.} ozo. | 110.| 1z0.| zI0.| gzbgoo. £€¢1600. | ozo. | z1o.| |— S$gggoo. | 610. | r10.| gep 
tzo.| or0.| ¢6tgoo. |+Sogro.] ozo. | oro.| zZg4oo.| 194Z€10.] ozo. | 110. 1z0.| z10.| 1600. Ozo. | z10.| 9gSSo0.| Igggoe.] 610.| 110.| ggStoo.| LgStoo.| sep 
1zo.}o10.} z1$goo.| z6ogr0.] ozo. | or0.| o6gZ00.| ozo. | 110.| r1zZoo.| +6br10.] 1z0.| z1o.| |-+ $61600. ozo. | z10.| 46gg00.] 610.| I10.| gOStoo.| 
1zo.| o1ro.| z€Sgoo.| 6zrg10.] ozo. | oro. | go6Zo0. |—SzgE10.] ozo. | r10.| gzz4oo.| Iz110.] 1zo.| z1o.| L1z600.} ozo. | z10.| Z16g900.] Gro.| I10.| 4gSkoo.| gogtoo.| 
1zo.|or10.| 1S$goo.| ozo. | oro.| 9z64o0.| ozo. | 110.| 1z0.| z1o.| 4ghgoo.| | ozo. | bzgSoe.| gz6g00.} 610.| 110.| 61gboo.| 
1zo.|o10.| 1Z$goo.| tozgro.] ozo. | oro. 6ggf10.}ozo.| 110.| I9zZo0.| 1z0.| z1o.| ZO$goo.| ozo. | 610.| 110.| gogkoo.| Ofgtoo.| 
Izo. | O10. 16¢goo. ozo. | o10. | £96400. Iz6E10. | ozo. | r10.| g4zZoo. 1og110. 1zo. | z1o.| 41¢goo. 1gz600. | ozo. | z10. | + OSgfoo. 196900. | 610.| 110.| 61gboo.| Otgtoo.| 
1zo.|o10.| orggoo.| 6£zg10.] ozo. | oro.| 1g64o0.| ozo. | 110.| gzgrIo.] 1z0.| z10.| ZESgoo. zof600. ozo. | z1o.| 446900.] 610.| 110.| Ofgboo.| Ifgtoo.} [EP 
1zo.|oro.| o€ggdo.| Z1€g10.] ozo. | oro.| oo0goo.| 9g6£r10.] ozo. | rr0.| 11€Z00. |+ $Sgr10.] 1zo. | z1o.| +z£600.] ozo. | z1o.| 449$00.| £66900.] 610. | r10.| Obyboo.| zggtoo.| 
1zo. | o10. | + O€ggoo. | + SSEgro. ozo. | oro. gIogoo ozo. | r10.| gz€Zoo.| zggiro.]| 1z0.| zro.| z9$goo.| ozo. | z10.| O69f00.| 600L00.] 610. | 110.| ISgboo.| 
1zo.| o10.| oZggo0.| €6€gr0.] ozo. | oro.| Z£ogoo.| zSobro.} ozo. | 110. 1z0.| zro.| 44£g900.| ggt6oo. | ozo. | 610.| 110.| zggboo.| 
1zo. | o10.| O6gg00. z£tgro. | ozo. | oro. | + SSogoo. |— Sgorro.] ozo. | r10.| zg€Zoo.| Z€Z110.] 1zo.| z1o.| €6Sgoo.| O6€600.} ozo. | z10.| 914S00.| zboLoo. | | 110. €Zgvoo. |— S6gboo.| 
1zo.| o10.| I1Zgoo.| IZtgro.}ozo.| oro.| +Zogoo.| 110.| 62€400. |— 94110. 1zo. | z1o0. | g09g00.} zIv600.} ozo. | z10.| Of€ZS00.| } 610. | 110. goLtoo.| 
1zo.|o10.| 1€Zgo0.| 60$gr10.} ozo. | oro.| €60go0.| ozo.| r10.| 46€Zo0.| z6Z110.] 1zo.| ozo. | zro.| | + } | |— | 
1zo.| oro.| ISZgoo.| gtSg10.] ozo. | o10.| zr1goo.| r10.| ozgrro.] 1zo.| 6£9900.| ozo. | z10.| 760400.} 610.| r10.| 
Izo.|o10.| zZZgoo.| ozo. | oro.| I£1goo. giztro.]ozo.| 110.| I€tZoo.| gtgrio.]| 1z0. | |— $$gg00.| 6£%600.] ozo. | z1o.| 042S00.| 601400.] 610.; 110.| 
IZO. | OIO. z6Zg00. | | ozo. | oro. | + OS Tgoo. zfzhio.}ozo.| 110.| O6FbZoo.| | 129900. 106600. | ozo. | z1o.| 610.| 110.| gzZtoo. 1¢Ztoo.| 
1zo.|o10.| €1ggoo.| Zgg9910.} ozo. | o10. |” 691g00.| r10.| 49bZoo. |—Sob6r10.] | | 9g9900.| ¥zS600.} ozo. | zro.| 464$00.| | 6€Zboo.| zgltoo.| 
1zo.| oro.| +€ggoo.| g0Zg10.] ozo. | oro. | 6grgoo.| 110.| +tgbZoo.| €€6110.} 1zo.| z1o.| LbS600.] ozo. | zro.| I1gSoo.| 610.| r10.| 
1zo. | oro. |— $Sggoo. | 9bZgI0. ozo. | oro. | gozgoo tEt10.] ozo. | zofZoo.| zg6r10.] 1z0. | zro.| gIZg00.| 696600. ozo. | z1o. |+ $zgSoo.| 421Z00.] 610.| 110.| 6IF 
1zo.|oro.| 9Zggoo.| ZgZg10.} ozo. | oro.| gzzgoo.| rr0o.| 066110.]} 1z0.| z10.| ozo. | zo. | O£gSoo.| 610.| r10.; 
1zo.|oro.| Z6ggoo.| ozo. | oro.| Zbzgoo.| €zbb1o.]ozo.| r10.} g€SZoo.| Izo. | | + |+ $1g600. | ozo. | z1o. ESgSoo.| zIzZoo. | | |—$gZ¥oo.| JTF 
1zo.| o10.| gt6goo.| ozo. | oro.| Z9zgoo.| ozo.| 110.| gtozio. 1zo. | zro.| 994900.| 6£€g9600.} ozo. | z1o.| 49gSo0.| 6zzZoo.] 610.| 110.| 96Z00.| OTF 
1zo.| o10.| Ob6goo.| go6bgr0.} ozo. | oro. | Zgzgoo. | ozo. | r10.| +¢Z¢Z00.| 1z0.| zro.| £€g4900.| zgQQ600. | ozo. | Iggfoo.| gbzloo.]| 610.| 110.| gogroo. 1fgtoo.] CTF 
1zo.| oro.| 196g00.| O6b6910.} ozo. | oro. | 90€goo.| gzStro.]ozo.| 110.| z6SZo0.| Lorz1o.| 1zo.| zro.| 664900. |-+ $gq6oo. } ozo. | zro. |+ $6gSoo.| 610.| r10.| O61gboo.| €rgroo.| FTF 
1zo.|o10.| zg6goo.| 066g10.] ozo. | oro.| | |+$1ggoo.| 604600. | zI0. 606600. | _zgzZoo. 610. | r10. Ifgtoo.| 
1zo.|oro.| +oo600.| z€oZ10.} ozo. | oro. | 9b€goo.| 66Str0.] ozo. | r10.| 1zo. | zro.| ZEggoo.| ozo. | z10.| +z6So0.| 66zL00.] 610. | r10.| ZIF 
1zo.|o10.| 9z0600.| €ZoZ£10.} ozo. | oro. | Z9€goo.| ozo.| 110.| 1zo.| zro.| gggoo.} 9$4600.] ozo. | z10.| g€6Soo.| 610. | r10.| gZgtoo.]| TIF 
1zo.| oro.| gto6o00. |—S11Z10.} ozo. | oro.| Zg€goo.| oZgtro.] ozo. | rr0.| 999400. |— Szzzro. 1zo. | zro. |— $9ggoo. | Og4600.] ozo. | z1o.| zS6Soo. |— SEELo0.} | r10.| Obgtoo.| OTF 
1zo.|oro.| oZo600.| ozo. | or0.| Zobgoo.| goZbro.} ozo. | r10.| | | Zgggoo.| bog6oo.} ozo. | zro.| 496S00.| €SE€L00.] 610.| r10.| gZgvoo.| zobboo.| 
1zo.|o10.| 7z60600.| 661210. | ozo. | oro. ztgoo.| ztZr10.] ozo. | 110.| 1zo.| zro.| g6gg00.| gzg6o0.] ozo.| c10.| zg6Soo.| 610.| r10.| O6gvoo.| 
1zo.| o10.| +br1600. 1bzZ10.] ozo. | oro.| gtbgoo.| gZZt10.} ozo.| r10.| zzZZoo. |+$1€z10.] rzo. | zro. |-+ $16g00.| z$g6oo. ozo. | z10.| 966S00.| 610. | r10.| zo6voo.| JOP 
1zo.|oro.| 9€1600.| +tgzZ10.] ozo. | oro.| | ozo. | 110.| IbZZo0.| gb€zro.] 1zo.| zro.| 44g600.] ozo. | z1o.| I10g00.| Gro. | r10.| gt6too.| 
1zo. | O10. g¢1600. | ozo. | oro. Ifgtro. ozo. | | 094400. | | ZIO. 6+6g00. 106600. OzO. | ZIO. 9z0g00. 9ztZoo. | 610. | 110. gz6too. |+ of6too.] 
1zo. | 1g1600.| o£€Z10.} ozo. | oro.| OrSgoo.| gggbro.}ozo.| 110.| 622400.| Zobz1o.] 1z0.| z10.| 996900.| 926600. | ozo. | 1togoo.| 610.| r10.| ge6boo.| FOP 
1zo.!|o1o.| €o7600.|} €1bZ10. ozo. | oro. 1€Sgoo. |+ ozo. | 110.| g6ZZoo0.| 1z0.| | €g6go0. | + 06600. | ozo. | $Sogoo. | €gtZoo. | 610. | 110. |+ OS6boo. |+ EOF 
1zo.|o10.} 9zz600.| ozo.| oro.| z$Sgoo.| €96t10.}ozo.| r10.|  Z1gZoo0.| 69bz10.]} 1z0.| 100400. |+ £26600. | ozo. | z10.| 040900.| IgtZoo.] 610.| r10.| ZOF 
IZO. | O10. 6bz600. ozo. | oro. TO. | OzO. | TIO. Z£€gZoo. | 1z0. | ZI0. g1oZoo. OOOOTIO. OZO. | ZI0. ggogoo. | 610. | |+ ¢Z6too. | 
| zo.€ QS-Z | | 11-€ | og-z | oz.€ $6.z | of.€ 
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Izo.| 110.| ZZgrro.| | rzo. 110. | €€zr1o0.| 1z0. | 110. 
Ltogzo. | 110. 


II0.| 9QQIII0O.| r10.| obZoro.| gzZgzo. —S6zo10.| 66bbzo.] Izo. |! Zzg600. zlzzzo. 1zo. | 110.| €£€600. |—Sboozo. | 1zo. | 110. | 6oggoo. Z1g/10.} OCF 

O6IIIO.| 1zo.| 110.| 9gZgzo. Z1€o10.| 110.| gvy,*o0.| 1zo.| 110.| +#$€600.} O6goozo.} 1zo.| I10.| O6zggoo.| 
{€go6zo.] 1zo.| 110.| ZgZoro.| gbggzo. Iz0. | 110.| OZg60u 1Z€zzo. | 1zo.| 110.| +Z€600.| 1zo.| I10.| ghggoo.| 46g410.] 

I10.| ObzIIo.| gbr16zo.] 1zo.| r10.| gobgzo. €gtor10.| bggbzo.] 1zo.| 110.| z6g6o0.| zzbzzo.} 1zo. | 110. |+$6€600.| I1zo.| ggggoo.| 

Ilo. |—gz110.| €1z6zo.] | r10.|+S£€goro.| ggbgzo. ggtoro.| 1z0o.| 110.| +t16600.| 1z0.| 110.| 91600. |—Szzozo. | TIO. | ggggoo. Z6L10.] OFF 

I10.| O6zI10.| 6£z6z0.} 1zo.| 110.| 6Sgoro.| ZzoZzo. 6ororo. 1z0. | 110.| 9€6600.| €zSzzo.] 1zo.| 110.| I10.| 406goo.| 

= |— SIEIIO. |+ 1zo. | r10.| Eggoro.| ggoZzo. 1z0.| 110.| gS6600.| €ZSzzo. 1zo.| r10.| | | IIo. Zz6goo.| 
~ Izo.| 110.| Ob€IIO.| Izo.| 110.| gooboro.| +¢Sboro.| Legrzo.] 1z0.| 110.| tzgzzo.} Izo.| 110.| 6£b600.| zgfozo.} 1zo.| 110.| Zb6goo.| OOIgIO.| 
8 Ilo. |—gfiro.| gZb6zo.] 1zo.| 110.| r1zZzo. 6LFo10.| 1z0.| 110.| gZgzzo.| 1zo0. | 110. | + O0S600.} goboze.]| 1zo.| 110.| 496goo.| IbIgio.]| 

I10.| O6€110. rzo.| r10.| g6010.| €ZzeZzo. | oooSzu. | | 110. |4+ ¢zoor1o.| LzZzzo. | 110.| |— SSbozo.] 1zo.| I10.| Zg6goo.| 

= Izo.| I10.| €1g6z0.] 1zo.| Ig6or0. |— rzo. | 110. gzSoro. ZfoSzo. 1zo.| 110.| gkooro.| 1zo.| t10.| €bf600.| Tofozo.] 1z0. | T10. | OFF 
Izo.| 110.) Ogg6zo.} Izo.| tr0.| goorro.| 1zo.| 110.| 6bSo10.| Izo.| OZoo10.| I£€gzzo. | 1zo. | |— $9600. Izo.| gzo6o0. |— $gzgIo.] 6EF 

1zo.| 110.| gbZ6zo.] Izo.| 110.| Of€or10.| ogbZzo. Izo. | 110. | €ZCoro. zZ1Szo.] 1z0.| 110.| €60010.| €ggzzo.} 1zo.| 110.| 9gS600. |— $6Sozo. 1zo. | r10.| 

1zo.| I10.} €6br10.| L1g6zo.} | 110.|+$Sorro.| 1zo.| 110.| Z6for0.| 6zzSzo.] 1z0.| r10.| 9£€6zzo.] 1zo.| r10.| gog6oo.| zbgozo.] 1zo.| 110.| 690600.| 

Izo.| I10.| 61110. |+ Sgg6zo.} 1zo.| r10.| ogorro.| 1zo.| I10.| Izgor0. ZgzSzo. | 1zo. 110.| 6€1010. 6g6zzo0. | 1zo. | 110.| O€9600.| 1zo. | r10.| O60600.| 9EF 

Izo. | | 110. | + Sorrro. |— ofgZzo. 1z0. | 110. | + Sbgoro.| gb€Szo.] 1zo.| 110. | zgroro. 1bofzo. 1zo.| 110.| zSg6o00.| Z£€Zozo.] 1z0.| 110.| OrI600.| CEP 

Izo. | IIo. IZCrI0. €zoolo. 1zo. | 110. | t1ZZzo. | 1zo. | 110. | 699010. bobSzo. 1z0. | | — — $60£zo. | 1z0. | Iro. bZg6o0. | + $gZozo. 1z0. | Tro. 1£1600. Fer 

Izo. | g6S110.} €600€0.] 1zo.| r10.| gf1110.| gZZZzo.] 1z0.| 110.| +t6goro.| €gbSzo.] 1z0.| 110.| gozoro. | gbr€zo. 1zo. | 110.| 969600.| €£gozo.] 1zo.| 110.| EEF 

IZo. | IIo. bzgII0. TQIOLO. | | IIo. IgIIIo. | 1zo. | I10.| grZoro. zzCCzo. | Iz0. 110.| 1€zoro. zoztzo. | 1Zo. | IIo. 12600. ZQgozo. | | IIo. £21600. Igfgro. CEP 

zo. | €€zofo.} 1zo.| t10.| ozrro.| o6Zzo.| 1z0.| 110.| €tZoro.| 1g$Szo. 1zo. | IIo. CCzo1o.| g$z€zo.] 1zo.| 110.| ObZ600.| of6ozo.} 1zo.| 110.| [EF 

| | | | 
| LgZoro. IbgSzo. | Izo. | 110.| gZzoro.| or€€zo.] rzo.| r10.| £94600.| 6£60z0.} | 110.|+$1z600.| grggio.] 


z6Lo10.| 102¢z0. | 1z0. 


| 
Izo.| 110.| voZr1o.| ] 1Z0. | 110. 110.| zo€ozo. | | 1zo. | 110. |+ $g4600.| gzorzo.} 1zo.| 110.| 9€z600.| 6ZF 
| 


| | g0g600. £Lo1zo. | 1z0. | 110. gz6oo. | + 


the Significance of the Correlat 


Izo. | IIo. I€Z110. |— Shbhofo. 1zo.| 110.| f€orgzo.} 1zo.| 110.| 1zo.| 110.| 9gz€oro. 
Izo.|110.| 1z0.| 110.| orfr10.| 691gzo.} 1zo.| 110.| zbgoro.| 1z0.| 110. |—OS€or0.| 1zo.| r10.| O€g600.| Zzr1zo.} 1zo.| 110.| 6£z600.| 
1zo.| ggfofo.} 1zo.| 110.| | + SEzgzo. | rro. | Z£ggoro. ZQQczo. | 110.| tZ€oro.| 1zo.| r10.| €$g600.} 1zo.| 110.| Io0f600.| 
1zo.| 110.| oggofo.| 1zo.| r10.|  €9€r10.| zo€gzo. | | 110. z6goro.| 1z0.| 110.| g6€oro. 1z0o.| 110.| 94g600.| gzzIzo.] Izo.| 110.| E€zE600.| 
1zo. | 110. obgiio.| €€Zofo.} 1z0.| 110.| O6g€r10.| 69€gzo.] rzo.| r10.| gr6o0r0. |— Soogzo. 1zo. | 110.| zzboro. | 1zo.| 110.| O6g600.| | | 16gIO.| 
Izo.| gogoto.} 1zo.| 110.| gIbIIO.| g€bgzo.] 1zo.| 110.| £F6or0. | ggogzo. 1zo. | 110. | gbboro.| 69€zo.]} 1zo.| 4z€1zo. 1zo.| 110.| 99€600. 
Izo. | 110.|— O6£gofo.] 1z0.| r10.| | | | 696010. | gzrgzo. | Izo. 110.| IZboro.| €¢2€zo.] 1zo.| | 9t6600. gZ€1zo. 1zo. | 110.| ggt6o0.| 
Izo.| 110.| €z6r10.| 1z0.| 110.| O6gbrI0. | 1£fgzo. 1z0.| 110.| +66010.| | 110. |+¢6bor0.| orgzo.] 1z0.| 110. | 696600. | 6zbizo. | 1zo.| 110.| CP 
Izo.| 110.| I6110.| 1zo.| 110.| 96brI0.| obggzo. | Izo. | t10.| ozorro.| €zgzo.| 1z0.| 110.| ozSoro.| ggg€zo.| 1z0.| r10.| 7266600.| ogtrzo.]} 1zo.| 110.| z€+6oo. £60610.] 
Izo.| 110.| 6£6110.' oorr£o. | 110. €z€110. goZgzo.] Izo.| 110.| grf€gzo.] 1zo.| €z6Ezo.] 1zo.| r10.| | | rzo. | 110. |— 6€1610-] GIP 
Izo.| 110.| 400z10. | + 1zo. | 1zo.| 110.| zZor1o.| 1zo.| 110.| r1g6€zo.] 1zo.| 110.| OFooro.| 1zo.| 110.| 42600. |—¢gr610-] gTF 
Izo. | 110. | + $Eoz10. | — rzo. | 110. g4S110.| 1zo.| 110.| g6or10.| zbtgzo. | | 110. |— ¢6Coro. gtobzo. | | 110. tgooro. |— 1z0. | 110. | — O0f600. 1€z6I0. LIt 
Izo.| 110.| gozr0. |+ | 110. |—Sogr10.| gr6gzo.| rzo. | gasgzo. | zo. | 110.| Ozgor0.| g6obzo.} 1zo.| r10.| Zgooro. | Lggizo. 1zo.| 110.| zzS600.} 44z610-] OTF 
= 1zo.|110.| c6oz10.| 1zo.| 110.| gg6gzo.] | r10. r€x1110.| o£¢gzo.] 1zo. | 110. |-+ |— rzo.| r10.| 6£Z1z0.} 1zo. | 110. |+ $PS600.| CTF 
‘= Izo. | IIo. Izizio.| rzo.| 110.; OggIIO.| QSobzo. | 110.| 1zo.| 110.| IZg010.| €1zbzo.| 1zo.| 110.| 7z6Z1zo.] 1zo.| r10.| OZ€610.] FIF 
1zo. | 110. | — OS IZI10. €CCrLo. | 1z0. | 110. gz16z0. | bozrre 6699z0. | 1zo. | IIo. 969010. zZzbzo. | 1zo. | 10. ogror0. |— Stgizo. rzo. | 110. 16600. | Clr 
Izo. | 6Z1z10.| o€g1€o. 1zo. | r1r0. Z616z0. 1€z110.| 1z0.| 110.| zzZoro. | 1€€bzo. | 1zo. | 110. | g6grzo. | 110. 19600. | — ZIP 
170.| 110.| gozzro.| 1zo.| 110.| ggz6zo. 6zggzo. | |110.| gtZoro. | 06€bzo.] 1zo.| 110.| 607070. | 161z0. | 1zo. | r10.| TIF 
| | 
1zo.| 110.| 1zo.| 110.| ob€6zo. + Sgzrro. | — S6ggzo. 110.| +ZZoro. |—o€ttzo. | 170 | €€zoro.|—Sovrzo. 1zo. | 110.; 099600.} OIF 
= 1zo.| 110.| Zgzz1o.| €ggr€o.} 1z0.; r10.| zrb6zo. z1€110.| 1969z0.] 1zo.| r10.| oogoro.| rzo.| r10.| g$zoro. | 6Sozzo.| rzo.| 110.| +gg600.} gog610-] 
Izo.| Q6zz10.| 1zo.| r10.| 6zgr10.| +gbG6zo. ZzoZzo. 1zo.| 110.| gzgoro.| 1zo.; 110.| €gzoro.| €11zzo.] rzo.| 110.| 404600.| SOF 
Izo.| 110.| ozozfo.] 1zo.| 110.| Z9€110.; 1zo.| 110.| zSgoro.| x€9bzo.] 1zo.| 110.| goforo.| 1zo.| 110.| I€2600.; 
1zo.| 110.| | 110.| 9ggrIIO.| o€g6zo. |— S6€r10. | ogrZzo.} 1zo. | r10. gZgoro. 169tzo.} 1zo.| 110.| €€€or0.| zzzzzo.] 1zo.| r10.|  ¢ 
Izo.| 110.| 9g€zro. | rzo. | |+ €0Z6zo. €zbrio. | gzzZzo. | 1zo. | r10.|—So6010.| 1zo.| r10.| gS€oro.| LZzzzo.] 1zo.| r10.| g44600.| zog610.] 
Izo.| 110.| QIbzI0.| 1zo.| 110.| + oSbr10. | + £6zZzo. | | r10. 1£6010-| 1z0. | bgforo.| 1zo.| 110.| ZOg6oo. Ifg610.] FOF 
1zo.| 110.| 170.| 110.| 1zo.| r10.| gS6or0.| oZgbzo.} 1zo.| r10.| 6ororo.| ggfzzo.]| rzo.| r10.| 9zg600.| 006610.] 
IZO. | 61bz£o. | | 10. | + $z66zo. 1€bZzo.| 1z0. | 110. +g6o10.| g€6bzo. 1z0. | 110. |— trbzzo. | szo. | 110. ISg600. |+ 0$6610.] ZOF 
1zo. | ZoSzio. oofzfo. | 1z0. | 110. zfoz10.| oo00fo. — S€Cr10. | | | ZIOIIO.| 1zo.| r10.| OgboIO.| OOSzzo. | zo. | 110. |— ¢Zg600. | O000z0. 10F 
6£.z | ob.z | 0g.z | | gg.z Lt.z | 26.2 | 
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O10.| gif€zbo.} 1z0.|}o10.| €go0€10.| 1z0.| 110.| orZzz0. zgg4£o. | | 110. |— Sh€z10. |— 1zo. | 110.| Lg6110.| 1z0.| 110.| 
O10. 1z0.|O10.| 6Z10bo.] 1z0.; 110.| g€Zz10.| 1zo.| 110.| zZ€zro.| +1ZS€o.| 1z0. | £66110.| 1zo.| 110.| oogrro.| 
oO10.| goSzbo.} o10.| ggzobo.} | 110. Ifogto.] Izo.| 110.| 66€z10.| Izo.| 110.| Grozio.| 1z0. | |— Szgtio.| 
O10.| Of€obo.] 1zo.| 110.| 6Zz10.| Zr Igto.] Izo.| 110.| gzbz1o.| 1z0.| I10.| gbozro.| | 110. ISgi1o.| O6€Ifo.] 
L6gzbo.]| 1z0.| o10.| gZ1€10.| 6rbobo. | 1zo. | 110. Izo.| 110.| 1zo.| 110.| zLozio.| 1z0. | 110. ZQIIO.| OPP 
€64zbo.] 1zo. | o10.| ozf10.| rbSobo. | 110. |— o$gzro. Izo.| I10.| Igbz10.| Izo.|110.| G6oz10.| 1zo.| 110.| zoZ110.| Cpr 
Oggzbo.} 1z0.| o10.| | 110. g4gz10. |—SZEgto.]} Izo.| I10.| goSz1o.| 1190. Izo.| 110.|+¢zrz10.| ogg€£o. | 1z0. | 110. gzZ110.| fogito.| 
EIgeIO.| ggbzbo. | Iz0. | O10. |+Sgzf10.| 1zo.| 110.| Zooz1o.| zorgfo.] 1z0.| 110.| Izo.| 110.| Izo.| 110.| 
Izo. | gIgobo.] Izo. | 110. |+£6z10.| 6bSgto. | | bosz10.| | 110.| O6Z1z10.| 1z0.| 110.] gbZ1£0o. CEP 
€49£10.| 1zo.|o10.| 6obovo.] 1z0.| 110.| tg6z 10. gfggto. Izo.| 110.| z6Sz1o.| Izo.| 110.| Lozz1o.| 1z0. | r10. QOgIIo.| gigito.| [pp 
ogz€bo.] 1z0.| oro.| zoorto.| 1z0.| r10.| €66zr0. Izo.| 110.| ozgz1o.| 1zo.| 110.| t€zzro.| 6grb£o. | 1zo. | 110. I6gifo.] Opp 
vEZEIO.| OLEEbo.} Izo.| or0.| g6orbo.} 1zo.| 110.| E1ggto. | Izo.| 110.| | Izo.| I10.| Igzz10.| Lbzb£o.] 1z0.| 110.| 68F 
1zo.| o10.| Izo.| zobgto. Izo.| 110.| ZZgz10. E1ggto. Izo.| 110.| 1z0.| 110.| gggrro.| L£oz£o. SEP 
+ Iz0.| O10.| bbt10.| tgzrbo.] 1zo.| I10.| 166g£o.} | 110. |-+ SoZzro. 4699£0.] Izo.| I10.| tobbfo.] Izo.|110.| Ler 
gzgtio.| géotho.} 1zo.| 110.} orr€r0. Ogobto. Izo.| 110.| v€Zz10.| Izo.| 110.| 1zo.| 110.] Oob6r10.| 
| | oro. |— Izo.| 110.| O6£€1€10.| 1216£0.] 1zo.| 110.| zgZz1o.| 1z0.| 110.| Izo.| I10.| Zo6r10.| 
Oggtio.| oggfto. | 1zo. | o10.|—CESE10.| OZSrbo. | 1zo. I10.| Igz6£0.] Izo.| 110.| 16Zz10.| zS6g€o.] Izo.| 110.| oobzro. Izo.| I10.| $66110.| 
OzO£ IO. IgOEbo. | | | SgS€10 | O661£10.| Izo.| ozgzio.| 1zo.| 110.| gzbzro.| zzZb€o.| 1z0. | Izozio.| obzfo.] 
IS6£10.| tgorbo.} 1z0.| o10.| g6S€10.| 1zo.| r10.| €bb6Eo. | 1zo. | Obgzio.| 1zo.| r10.| gSbz10.| Izo.| 110.| gtozro. Egbzfo.] Zep 
£g6E10.| ggrbbo. 1zo.}or0.| Zzgf10.| oggrto. 1zo. |x10.| 6$z£r0. |— S€S6E0. | 1z0. | 110. g4gzio. | | 170. | 110. |—Sgbzio.| 1zo.| I10.| gZozio.| TEP 
—$1cb10.| Ogzbbo.] 1z0.| o10.| gS6rbo. | 1z0. | 110. 6gzE10.| 1zo.| 110.| go6zro.| 96zZ£0.] 1zo.| r10.| €1¢zro. |+ Sg6b£o.] Izo.| I10.| forz1o.| bEgzfo.| OEP 
| O10.| | gSozbo. Izo.| T10.| 61€€10.| ozZ6€o.] 1z0.| r10.| Z€6z10.| 1zo.| 110.| zbSzro.| ZboS€o.| 1z0.| 110.| 
6Lobio.| g6bbbo.| Izo.| o10.| ozZ€ro. — Ssizbo. | Izo. | €1g6£€o.] rzo. | r10. | 496710. IZbZL£o. | Izo. | 110. 1ZGz1o.| 1zo.| 110.| 
1ogbbo.} zo. | o10.| bSzzbo.} 1zo.| 110.| | 1z0. | I10. 466z10.! 110.| O66$zr10.| Izo.| 110.| Lgrzro.| tggz£o. LaF 
goZtbo.]} Izo.| o10.| €gZEro.| €SEzbo. | 1zo.| r10.| Oooobo. | | 110. 4zof10.| 110.| gzgz1o.| 1zo. | 110. |+ S1zz10.|, Ib6z£o.| 
I1gtbo. | | O10. | — £Crzbo. | rzo. | r10. IO. | | Tio. ZSo£ 10. | 1zo. | g$gzio. LLECEO. | 1ZO. | IIo. €vzz10. 610££0. 
goctio.| Lr6bbo.} 1zo.| €8Szbo. | 1z0. €Zb€10.| O6grobo.] 1zo.| r10.| Lgotro. |+ SzgZ£o. | rzo. | 110. ZggzIo. Izo.| 110.| L60€£o.] 
Itzbio.| 1zo.| o10.| bSgzbo. 110.| 1zo.| 110.| Zrr€10. |— $16Z£o. | 1zo. | QILzI10. | + I10.| 
bLebio.| 1zo.| o10.| r16€10.|+ $¢Zzto. | 1z0. | 110. QESE10.| Izo.| 110.| gbr€10.|— Soogto. | 1zo. | 110.| gbZzr10. 6zgS€o. Izo.| I10.| O6z€z10.| Zep 
1zo.| o10.| ZSgzbo.| 1zo. | 49S€10.| Izo.| 110.| 1zo.| 110.| gZZz10.| 1ZS€o.} 1zo.| 110.| gS€zro.| 
926€10.| 6S6zbo.] 1zo.| 110.| 666€10.; €ZSoto. | rzo. | 110. |+Sogz1o0.| 1zo.| 110.| Lg€z1o.| 
|—SCrSto. 1zo. | o10.| gootro.| | 1z0. | 110. O£g9£10.| OZgobo. Obz£r10.| | 1zo. | 110. |+ SEgzro. |-+ Izo.| 110.| 6IF 
gorhio.| 1zo.| o10.} |+ Sg1fto. Izo.| 110.| zgg€10.| ZgZoto. IZzf1o.| Izo.| 110.| gggzi0.| 1zo.| EZLSEEo.] 
Ibbbio.| izo.| o10.| 69z£€bo. | 1zo0. | Io. | + Sggoro. cobgto.| Izo.| 110.| 96gz10.| gSogfo.} 1zo.| I10.| LIF 
€gZSbo.]} 1zo.| o10.| Zortro.| €ZEEbo. 1zo.| 110.| boooto. 1zo.| 110.| 1zo.| 110.|] gz6zro0. |— 1zo.| I10.| OIF 
t6gSbu.} izv. | o10.| 1zo.| 110.| +$of€10.| 1zo.| 110.| Z66z10.| 1zo.| 110.| 
|—Sooabo.] 1zo.| o10.| +Zrb10.| tgS€bo.] 1zo.| 110.| zgIIto. IbLgfo.} 1zo.| 110.| gg6z10.| Izo.| 110.| €g9Sz10.| FIF 
Lrrgbo.} 1zo.| o10.| oztro.| 6gg€bo. | 1zo. | 110. bzgt10.| zgzrbo. |— SEggto.] Izo.| :10.| grof1o.| gobofo.] 1zo.| 110.| €6Sz10.| Ig6€o.] SIF 
z1gbio.| 6zzgto.| 1zo.| o10.| | 96ZEbo. | Izo.| 110.| Ogrf10.| 1zo.| 110.| Obof10.| Izo.| I10.| €zgz10.| ZIF 
| o10.|—SZzt10.| zo6€bo. | | rro. €gbrbo. Izo.| 110.| 1zo.| r10.| TIF 
zgorio. |— $ftgto. 1zo. | oro. | 6o€tro.| orobbo. | 1z0. | rr0. £z6£10. | — SgSrbo. | 1z0. | 110. |—SzS€10.| oz16€o. | 1z0. | r10. z11£€10. |— SLggfo.] Izo.| 110.| OIF 
41Zb10.| O6g9fgbo.} 1zo.| o10.| | 1zo. | rr0. gs6£10.| Logrto.] 1zo.| 110.| g1z6€o.} 1zo.| 110.| €br€10. |— Izo.| 110.| 
€gggto. 1zo.| r10.| 066€10.| 1zo.| 110.| o6S€10.| zr€6€o.| | |— S£r£10. |+ Izo.| 110.| SOF 
ZgZtio.| g6Zgbo. O10.| |— SEEvbo. 1zo.| 110.| bzobro.| zZgrbo.} 1zo.| 110.| zzg€10.| 1z0.| 110.| Zoz€ro. | Izo. | 110.|+¢2Zz10.| LOF 
1zo.| o10.| 1zo.| 110.| ZSob10. |+ $Z6rtbo. | zo. | x 10.|+$Sg9€10.| 1zo.| 110.| 6€zE10.| 1z0.| 110.| gogz1o.| goStfo.] ¢ 
6fgt10.| o€oZto. | 1zo. | oro. Igthiro.| | 1z0. | rro. 1zo.| 110.| | 1zo. | 110. Izo.| 110.| COP 
b6gtro. | 1zo.| o10.| g1Sbro. | + Sggtbo. | 1zo. | 110. | Szrbr0. bgizto. | 1z0. | 1zZ€10. zoL6£o.] 1zo.| 110.| €o€€ro. Izo.| 110.| gggzio.| FOF 
1€6b10.| tgzZbo.} 1zo.| o10.| 9ZZbbo.] 1z0.| 110.| ogrtro.| 6gzzbo.| | 110. | — 10. 1og6£o. Iz0. | 110. |+ SEEEro.| 1zo.| 110.| Oo6z10.| gzgbto.} FOF 
496b10.| zgZto.] 1zo.| LgStro.| gegtto. | Izo.| r10.| ggZ€10.| 0006€0.] 1zo.| 110.| gobZ€o.] 1zo.| 110.| 1€6z10.| €16b£0. ZOF 
10. ooSZto. | | Oro. zzgbio. oooS to. 1zo. |*0r0. ooSzto. | ooooto. | | oor€ 10. oofZ£o. | 1zo. | 110. €96z10. oooffo. 10F 
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Izo.| gzorio. o10.| 9gggoo.| | | €6zgo00. | OzOOIO. tEgSoo. grogoo. ozo. | tggtoo.| zrogoo.} 610.| 110.| z66€00.| gootoo.]| 
Izo. | o10. |+ O10. | O06g00. gtozro. | 1zo. | 110. | + Sofgoo. | obooro. + ¢rgSoo. ZEOQOO- OZO. | ¥z0go0. 610.| 110.| 66F 
1zo.| o10.| ogtZoo. | — O10. 16900. zZoz10. | | T10. gIfgoo. | Ogooro. ZSg$oo0.| gbogoo. | ozo. | +to6boo.| } 610. I1u.| gootoo.| tzotoo-| 
| oro. $Z+Z00. oro. gz6goo. Z60z10. | | 110. I£€€goo. | Igooro. gg99f00. | — SgOgoo. ozo. | +16boo. ghogoo. | 610. | Tro. g1otoo. zforoo. L6F 
Izo. | O10. o6¢Zoo. Ibitio. oro. zb6goo. IZ1z10. | 1zo. | 110. €FEgoo. | IOIOIO. 62900. IQOgoo. | OzO. | +tz6too. 190g00. 610. | TIO. tzotoo. ototoo. 
Izo. | Oro. | + So¢Zoo. oro. g$6go0. | Iz0. | gS£goo. IZIOIO. 169S00. Z60g00. | ozo. £L6too. €Zogoo. | 610. IIo. 6botoo. C6F 
1zo.| o10.| oz¢Zoo. oro. 06900. OLIZIO. IZO. | 69£g00. zoZfoo. FIIgOO. | €b6boo. | + Sgogoo. | 610. | 110. obotoo.| 
1zo. | oro. o1o.| +g6goo. |+ S61z10.] Izo.| r10.| zgfgoo.| | ozo. | g6ogoo. | 610. | t10.| |+ Sgoboo.} 
IZO. | O10. Z¢zbro. o10.| g66g00.| ozzz10.] 1zo. | 110. |— S6€goo0.| Egroro. + €zZCoo. | Z¥I1g00. ozo. €g6too. | 610.| 110.| Z¢oboo.| €Zotoo.]| Z6F 
Izo. | O10. 99$Zoo. ggzrio. oro. z10Zo00. | — Shzz10. | | TIO. gotgoo. | bozo1o. Z¢ZSo0o. £€g1goo. ozo. | €Z6too. ZZ1g00. 610. | 110. | ++ zZgotoo. 16h 
1zo.| o1o.| rg¢Zoo. |— bro. o1o.| gzoloo.| ofz¢z10.] Izo. | Iztgoo. | -- 6bZ£u0. | Ogrgoo. | ozo. | bg6too. |— S€1g00.] 610. | r10.| €Zoboo.| O60too.| OG6F 
1zo.|o1o.| Z6$Zoo.| oro. oboZoo. | + ¢6zzI0. IZO. | | gbzoro. 092600. Z61g00. | ozo. t66too. | 6ic. | Tro. zgoboo. g6otoo.]| 68F 
1zo. | oro. z19Z00. oto. |— oz€z10. | | Zgzoro. zZZSoo. b1zgoo. ozo. | toofoo. OgIg00. 610. | o60+too. Zo1too. SSP 
1zo.| o10.| gzgZoo.| o1o.| 690400.| gt€zr0.} 1zo.| 110.| Ogtgoo.| ggzoro. bgZSoo. | O€zgoo. | ozo. | trofoo.| €41900.] 610. | 110.| 
1zo.| o10.| €bgZoo.| o1o.| +goZoo.| 1Z€z10.} 1zo.| 110.; 96200. Zb¥zgoo. | ozo. Czofoo.| 9gIg00.] 610.| r10.| 4orboo.| 
1zo.| o1o.| oro.| g6oZoo.| Z6€z10.} 1zo.| 110.| 9gtgoo.| gogcoo. | | ozo. |—S€oSoo.| 610. | 110. 
1zo. | Oro. oro. €11Zoo. zzbz10. | 1z0. | oosgoo. | ozgsoo. | Zgzgoo. | ozo. |+ CroCoo. | 610. | 110. bz1boo. FSP 
1zo.| o10.| O69400.| oro.| Zz1Zoo.| 1zo.| 110.| €1Sgoo.| €ZEor0. | z€gSoo.| 66zgoo. | ozo. | gsoSoo.| +zzgoo.] 610.| r10.| zrboo.| 
Izo. | O10. 90ZZo0. €CCrro. czbrZoo. | 1z0. | Zzgoo. |-+ ¢6£or0. brgSoo. | gI£goo. ozo. ggosoo. Z€zgoo. | 610. | 110. Ibitoo. 
Izo.| o10.| zzZZoo.| €gSro. o1o.| ooSz1o.} 1zo.| 110.| obfgoo.| | | 9$gSoc. €LEgoo. ozo. ZZoSo0.| ofzgoo.} 610.| 110.| O6brboo.| TSF 
1zo.| o1ro.| g€ZZoo.| oro.| zZ1Zoo.| 1z0. 110. gfroro. | 1z0. zI0. gggSoo. | 1f£goo. Zg0So0.| 610.| 110.| 
1zo.| o10.| OI10.| | ogtoro. zIo.| oggsoo. goo. 92zQ00.] 610.| 110.| ZgIboo.| tgrboo.] GLE 
1zo.| oro.| oro. 10zZ00. 6ZEz10. | 1zo. | 110. zI0. z6gtoo. gorcoo. 6gzgoo. | 610. | |+ $Z1 boo. SLE 
1zo.|o1o.| 9g4400.| o10.| 91zZoo. | + | |— ¢ z1o. |— | €obgoo. 61100. | 610.| 110.| bgrboo.| zoztoo.| LLF 
1zo.|o1o0.| €ogZoo.| o10.| I€zloo.| | gzSoro. z1o.| Z16¢00. Izbgoo. ozo. 9g1€g00.} 610.| 110.| €6rbvoo.| Ixrztoo.| OLF 
1zo.| o10.| 61gZ00.| o1o.| ZbzZoo.} Izo. | T10. z1o.| 6z6So0.| 6€bgoo. | ozo. obrSoo.| 610.| r10.| zozvoo.| 61zboo.| CLP 
1zo. | oro. |+ $€gZoo0.| O10. | | SggzI0. | | 1ZGo1o. 1zo. | z10.| zb6Soo.; L&bgoo. ozo. 1¢1S00.! zb£goo.] 6r0.| 110.| O1zboo.| gzzboo.| FL 
Izo. | oro. LLzLoo. | 1ZO. | | + | £6Cor0. | | | — | ozo. zg1Soo.| 9S€goo. 610. | 61zboo.| L€ztoo. ELF 
Izo.| O10.| g9g400.| czggrIO. o1o.| z6zZoo.| 6€Zz10.} | TIO. | 1zo.| z1o.| Zg6S00.| €6bgoo. | ozo. €Z1S00.| 69€g00.] 610.| 110.| gzzboo.| gtztoo.| 
1zo. | oro. | — $ggZo0.| o10o.| gofZoo.| ggZz10.] | gfgoro.] 1zo.| z10.| oOg6Soo. II¢goo. | ozo. €gEgoo.] 610.| 110.| 
| 106Zo0. oro.| €z€Zoo.| €6Zz10.] Izo. | | 1g9010.] 1z0. | z10.| Gz¢goo. | ozo. Z6£€g00.] 610.| r10.| 9bzboo.| toztoo.] OLF 
1zo.|o10.| gr6Zo0.| Z¢6tro. o1o.| 6€€Lo0.| Izgz10.} | TIO. | #ggoro. | 1zo. | | — Soo0goo. | ZbSgoo. | ozo. gozfoo. | ortgoo.] 610. | r10. |-+ ¢Szboo.| tZztoo.| 69F 
1zo. | o10. |— $€6Zo0.| 6g6rro. o1o.| gtgzro. | | IIo. LoLoro.] 1zo. | z10. | gIOgoo. | -+ SgSgoo. | ozo. Z1zSoo.| tzbgoo.]| 610.| 110.| +bgzboo.| Egztoo.]| SOF 
1zo.| o10.| OZ€Zoo. | | ITO. | + ofZoro. | | ZI10. 1£ogo0. | vgSgoo. | ozo gzzfoo.| 610.| r10.| €Zzboo.| z6ztoo.| LOF 
1zo-| o1o.| 696400.| o1o.| 9g€Zoo.; €o6zI0.] 1z9. | 110. €CZo1o. | 1zo. | z10. | | OZO. 6€zfo0. | zlbgoo.} 610.| 110.| €gzboo. 1oftoo.| 90F 
Izo.| o10.| 9g6400.| ggofro. oro. 1obZoo. | | 9ZLo10. | 1zo. | Z10.| TzZggoo. | ozo. 1¢zSoo. | g99bgoo. | 610. | 110.| z6zboo.| COF 
1zo.|or1o.| €o0o0goo.| o1o.| Z1btZoo.| 6€6z10. | | IIo. 66Zo10.| 1z0. | z10.| 6g0g00.| 6£ggoo. ozo. zgzSoo.| 6Ztgoo. | 610. | Ioftoo.| ozftoo.| FOF 
Izo.| or0.| Ozogoo.| o1o.| €€bZoo.| Zg6z10.{ 1z0.| r10.| | | zgogoo. | glggoo. | ozo: €ZzGoo. b6tgoo. | 610. | rr0o.| Orf€too.| FOF 

zo.!oro.| Z€ogoo.| o10.| 1zo.| goggoo.; gbgoro.| Izo.| z10.| g60g00. | ozo. —gzSoo.| gotgoo.] 610.| 110.; Ozftoo.| ZOF 
1zo.|o10.| $fogoo.| oro. |+SgtZoo.| 1zo.| r10.| zzggoo.| Izo.| Z10.| 601g00.| g6ggo0. | ozo g6zSoo. 2@z$goo. 610. | 110. 

| | 
1zo.| oro.| zZogoo.| oro.| IgtZoo.| zZLo€1o.] 1zo.| 110.; Z€ggoo.| €6goro.} 1zo.| z10.| | — ozo. gotfoo.| 610.| r10.| g€€boo.| ZS€boo.] OOF 
Izo.|o10.; 6gogoo.| oro.| Z6tZoo.| 1zo.| 110.| zSggoo.| Z16010.] 1zo. | zro. |+ | ozo. 61£So00. |+ ofSgoo.] 610. | r10.| grEboo.| Loftoo.] 
1zo.; oro.| Zorgoo.| o1o.| 6z1€10.} | TIO. | Z9gg00. Ib6010. 1zo. | z10.| ozo. I€ECoo. |— <gfgoo. 610. | | ZEE€boo. ZEtoo.| 
IzO. | O10. | %ZIgOO. oro.| o€fZo0.| 1z0. | Zgggoo. Sg6or0. | 1zo.| zo. | zgIgoo.| | ozo 610.| r10.| Zo€tboo.| ggftoo.] 
1zo.| O10.| ztrgoo. |— o1o.| 9tS4oo.| 1zo.| r10.| Z6ggo0.| O6g6or0.} | |+ 41900. | 162go0. ozo. €6Cgoo.] 610.| r10.| 9QZEtoo.| OCF 
| OIO. OQgTIgoo. 10. oro. 10. | Izo. II0. | | €ror10. 1zo. | 10. OgIgoo.| IIggoo. ozo. 99£ Soo. g0g9g900. 610. | 110. too. | + Sottoo. 
1zo.| oro.| gZtgoo.| €¢bCro. o1o.| 646400. 1zo.| 110. | 4z6900.| | | O€ggoo. ozo. €zggo0.] 610. | 110.| gQ6Eboo. |+ FCF 
1zo.| oro.| g6rgoo.| Lgt¢ro. O10. 96SZo0.| +#Zz€10.| 1zo.| r10.| zb6go0.| 1z0. | z10.| |— Of ggoo. ozo. | LEggoo. | 610. | 110. |+ Sorbo. |—Czbboo.| ECF 
1zo.| o10.| +trzgoo.| oro.| €19400.| | zo. | TIO. | ZE6g00.| ggorro. | Izo. | | o€zgo0.| 6gggoo. | ozo. tobfoo. zfggoo. | 610. | 110. |— |—CEbboo.| 
Izo.| o10.| z€zgoo.| o10.| 1zo.| r10.| €46g00.| IIITTO. | | brzg00. | Hgggoo. | ozo. | Lggg00. } 610. | | — | tbbboo.| [CF 
— -——;—~| i- | | | 
go-€ | £o.7 | | | 0g. $6.z | 
| | | ‘d | | | | *d | ‘d | jo 
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| | | 
Izo.| 110.| tgooro.| zfogzo.} 1zo.| 110.| 6£9600.| gtobzo.| 110.| ZZz600.| tbozzo.} 1z0. | 110. | IzO.| 110.| gobgoo.| g£ogro.} | r10. 9£6£00.| 
| Pgooro. | 1z0. | 110. 669600. gOobzo. | 1z0. | 110. | + S6z600. QQO7ZZO. | | zZgg00. Ogoozo. | IZO. | I10. | + $zbhgoo. ZLOgIO. | IZO. | I10. 1$6Zoo. 66P 
1zo.| 110.| 1z0.| 110.| g1rZ600. |— Strbzo. | | r10. 1zo.| 110.| O6gggoo. IzZ10z0.] | 110.| zbbgoo.| Gorgio.} Izo.| 110.| Z£60910-] 
1zo.| 110.| tz1o1v.| Orzgzo.]| 1zo.| 110.| Z€Z600. 1z0.| 110.| 1zo.| 110.| Lobguo. Ig10zo. Izo.| I10.| Ofbgoo. |-+Sbigro.| 1zo.| 110.| £€g6Zo00.| 6z J6P 
I10.| €gzgzo.} Izo.| 110.| zbzbzo.} 1zo.| 110.] 1$€600.| ezzzzo.] 1z0.| 110. |—$z6goo.| zozozo. | 1z0. | 1zo.| 110.| 666400.| zgrg10. 
IzO. | gI€gzo.] 1z0.| 110.| 942600. 16zbzo.} 1z0. | 110.| o£€600.| Lgzzzo.] 1zo.| 110.| €bv6goo.| €bzozo.| 1z0. | £6bgoo. | O1zgr0. | 110. |+ $10go0. 
1zo. | I110.|—Sgroro.| 1zo.| 110.| 9g6Z600. Ib€bzo.} 1zo.| 110.) ggf6oo.| zr€zzo.} 1z0. | 196g00. bgzozo. | 1zo.| r10.| orf$goo.| gSzgro.] 1z0. | r10. 1fogoo.| Lzzg1o.] 
Iz0. | I10.|+Sozoro.| €zbgzo.] Izo. | 110.|+$1g600.| o6€bzo.] 1zo.| 110.| ov6oo.| gS€zzo.] 1zo.| 110.| 6Z6go0.|+$z£ozo. 1zo.| r10.|  Z €6zgio.} 1z0.| 110.| ogzgro. 
Izo.| I10.| gzzoro.| | obbbzo.] 1zo.| 110.| gzt600.} tobzzo.] 1z0. | 110. 466go0.| 1zo.| 110.| bbSgoo.| O€€gro.] 1z0. | bgogoo.| €6zg10.] 
I10.| gbzo1o.| Izo. | 110. ob6tbzo.]| 1zo.| 110. |—Sbb600.| 6bbzzo.] | |— $10600. gobozo. Iz0.| 110.| I9$z00.| 1z0.| 110.| Ogogoo. [6p 
Izo.| 110.| | — $gSgzo. | Izo. | 110.|—¢4g600.| obfbzo.]| 1z0.| r10.| 1zo.| r10.| £€£0600. |— oStozo. | 1zo. | g4S$goo. |—Sobgro.] 1zo.| 110.| g60goo.| og€gro0. O6F 
Izo.| I10.| ggzoro.| 6tggz0.] 1zo.| I10.| 6g600.| o6$bzo.} 1zo.| 110.| €gbGoo. IbSzzo. | 110. 1S0600. cOvozo. | | 110.| 96Sgoo.| 1zo.| r10.| £€11g00. £6€g10-] 
Izo.| 110.| goforo.| 1zo.| 110.| 16600. Itghzo. | 1zo.| 110.| zos6oo0.| Lgzzo.} 1zo.| 110.| OoZo0600.| 1z0. | £19g00.| ogtgro.] 1zo.| 110.| 6z1goo.| Lztgro. SSP 
1zo.| I10.| O6zto10.| 6bZgz0.] Iz0. | T10. | — $€6600. 169bzo. | | zz$600.| btgzzo.} 1zo.| 110.| ggo600.| 9ZSozo. | 1z0. | 110. I€ggoo.| 1zo.| 110.| gbIgoo. 19bg10.] Jop 
IzO. | I10.|+ OS€o10.| boggzo. 1zo. | 110.|—¢$6600.| 1z0. | 110. IbS600.| oggzzo.} 1zo.| r10.| Zor600.| 61g90z0.] 1z0. | 110.| gtggoo. Izo.| 110.| ZgIgoo. |—S6bg10.] 
| II0. IZ£O10.| Ogggzo. | | + $Z6600. £6£¢z0. | 1zo.| 110.| Og600.| | 110. |+ $z1600. 199O7O. | | 110. | 99Qg00. |+ Izo.| 110.| 641g00.| 6zSgro0. Cop 
IZO.| I10.| | + $16gzO. | Izo. | 110. |-+ £66600. | — 1zo. | 110.} ogS600.| +ZZzzo.] 1zo.| 110.| b1600.| toZozo.]| 1z0. | 110. bgggoo.| 1z0.| 110.| 961go0. £9fg10.] 
1zo.| 110.| 126920. Izo. | I10.| g6gbzo.] 1z0.| 110.| Oog600.| zzgzzo.] 1z0. | 110. £91600.| LbZozo.] 1zo.| 110.| zoZgoo.| zZggro.]} | 110. £1zgoo.| gop 
Lzofzo.} 1zo.| 110.| g€oo10.| grobzo.} 1z0.| 110.| 619600. 6ggzzo. | | r10. Igt600.| I1zo.| 110.| 61Zgo0. Izo.| 110.| 6zzgoo.| Zep 
I10.| g$bvoro.| €gofzo.} 1zo.| 110.| ooo$zo.} 1zo.| 110.| 6£€9600.| Z16zzo.} 1z0.| 110. | ooz6o0. €€gozo. 1zo.| r10.| Z€Zgo0.| 1z0.| r10.| gbzgoo. 499910-] [gp 
1zo.| 110.| gZboro.; oObrZzo.| | Zoo10.| zSo$zo.] 1zo.| 110.| 6$g600. |—S96zzo.] 1zo.| r10.| 61z600.| ZZ g0zo- | | 110. |+ $$Zgoo.| 6gZgio.| 1zo.| 110.| €gzgoo.| ToZgr0. OSF 
I10.} O6boi0.| 1zo.| 110.| g6oor10. |— SorSzo.] 1z0. | 110.| 629600.| €10€zo.} 1z0. | r10. Iz60zo. | 1z0. | r10.| 1zo. | 110. Igzgoo.| 
Izo. | I10. Izo1o.| Izo.| 110.| 1zo.| r10.| 669600. Igofzo. | 1zo.| 110.| Z$z600.| tg6o0z0.] r10.| z6Zgoo. Iz0.| I10.| g6zgoo. 
I10.| 1zo.| 110.| obror0.| o1z$zo.| 1z0.| 110.| 61Z600.| 6or€zo.| 1z0.| 110.| ZZz600. | OIggoo.| gobgro.} 1z0. | r10.|—$1£goo.| J 
gotézo.] 1zo.| 110.| €gzSzo.]} 1zo.| 110.| 6€Z600.| 1z0. | r10. 96z600.| 1zo.| 110.| gzggoo.| Zb6gro.| 1zo. | r10. ZEEgoo.+ OF 
Izo./ 110.| Izo.| 110.| zgroro.| g1€$zo.] 1z0.| r10.| 6$Z600.| Zoz€zo.] 1z0.| 116. |+S1€600.| Z6or1zo. | 1zo. 110.| 4bggoo.| Lg6gro.] | 110. | — OS€goo. gZggio-| olf 
1zo.| 110.| 60go010.| tgbZzo.} 1zo.| 110.| €ozoro.| OoZ€$zo.] 1z0. | 110. 0g4600.| gfztzo. | | 110. |—S€€600.| 1zo. | r10.|+Sg9ggoo.| Zzo610.} 1zo. | 110. Z9£g00.| f€16910.] FLF 
| I€goro.| 1zo. | 110.|--¢zzoro.| bzbSzo.} 1zo.| r10.| o0g600. |-+ So€Ezo. 1z0. | r10.| #S€600. QgIIzo.} Izo.| r10.| ggo6r0.] | 110. |— Sg£goo. 6b6910.] 
1zo.| 110.| €€goro. 1ogZzo. | 1zo.| 110.| 9gbzoro.| gZbSzo.} 1z0. | 110. 1zg600. |— 1zo.| 110.| +Z€6oo. I€ZIzo.] | 110.| zo6goo.| gor610.] 1zo.| r10.| zobgoo. |+ Sg6910.] 
| I10.|+SZgor0.| 110.| ggzoro.| 1z0.| 110.| rIbg600.| tobfzo.| 1zo.| r10.| £€6€600.| ZZz1zo.| 1zo.| 110.| 1 z6goo.| Ob1610.] I1zo.| 110.| Ozbgoo.| UP 
1zo-| 110.| g6goro.| 1zo.| 110.| O6gzoro.| ggSSzo.] rzo.| r10.| zgg6o0.| +Sb€zo.] 1z0.| r10.| €1t600.| rz0. 110.| Ob6goo.| 1zo.| 110.| g€tgoo.| gSoZ10.] LP 
110.| géfZzo.]} Izo.| 110.| I1€010.| rbgSzo.] 1zo.| 110.| £€gg600.| toS€zo.| 1zo.| r10.| Izo.| rro.| O6S6goo.| 1£€z610.] 1z0.| r10.| 9Stgoo.| +60Z10. 69F 
Izo./ 110.| Izo.| 110.| g69Szo.| 1zo.| 110.| 06600. |—SSSEzo.| 1z0.| r10.| €St600.| | 110.| gZ6goo.| cLz610.] 1zo.| 110.| +Zegoo.| SOF 
Iz0.| 110.|+ Sgéoro.| 46gézo.} 1zo.| r10.| 1zo.| 110.| 1zo.| r10.| €Zb600.| 6Strzo. | 1z0. | r10. 466g00.| £€1£610.} 1zo.| 110.| 16%goo.| ZgrZ10. LOF 
Izo.| 110.| ggéZoro.| zo. | 110. ZEo10.| gogSzo.} 1zo.| 110.| gt6600.| 1z0.| r10.| €6b600. |+ SoSrzo. | 1z0. | r10. 910600. |— 1zo.| r10.| O1Sgoo.| tozZr1o. 99F 
I1goro.| Izo.| 110.| zggSzo.} 1z0.| r10.| 496600.| ZoZ€zo.| 1zo.| r10.| €1$600.| | 1zo. | 110. |-+ $£€0600. 46£€610.] 1zo.| r10.| gzSgoo.| rbzZ10.] cop 
Izo.| 110.) bEgoro.| géogzo.} Izo.| r10.| Ozboro.| 1zo.| r10.| gg6600.| gSZezo.| 1zo.| r10.| g6Sizo.} 1zo.| r10.| +So600.| 1z0.| r10.| 9bSgoo.| 6ZzZr0. fOr 
Izo.| 110.; Sgoro.| O6€1gzo.] 1zo.| 110.| 1zo.| 110.| 6000r0. | | 110.| 1z0.| r10.| +Zo600.| r1gb6r10.} 1z0. | rr0. FoSgoo.| 
IZO.| I10.| OggoIo.| O0ZgzO. | Izo. | IIo. O€ogzo.} 1z0.| 110.| If0010.| 19g€zo.| 1z0.| r10.| +ZS600. z6gIzo. | Izo.| r10.| £60600.| €z¢610.] 1z0.| r10.| €gSgoo.| +#SEZr0. 
Izo.| 110.| €06010.| 1zo.| r10.| Zgtoro.| Lgogzo.] 1zo.| r10.| zSooro.| £€16€zo.| 1zo. | r10. |— $6S600. 6€£1z0. Izo.| r10.| £11600. |+ rzo. | r10.| roggoo.| 16€Zr0. 19F 
110.| z6or0.| 110.| orSoro.| +brgzo.]| 1zo.| rr0.| +Zooro. |-+ {g6€zo.} Izo.| 110.| 919600.| 9gZ1zo.] 1z0.| r10.| z£1600.| gog6r0.} 1zo. | rro. ozggoo.| 6zbZ10.} (ODF 
ZO. | 110. |+Of6010.| rzo.| 110.| z€Soro.| 1zo.| r10.|+$60010.| Zrotzo. | 1zo. | 110. 9£9600.| Izo.| 110.| z$1600.| 1zo.| r10.| g€ggoo. ZobL10.] 
Izo.| 110.| $Z6010.| gbbgzo.} 1zo.| 1zo.| r10.| Zrror0.| oZobzo.| 1zo. | rr0. Z£Q600. ZQQIZO. | | rro. z£1600.| +69610.} 1zo.| 110.| ZSggoo. |-+ CoSZ10. Scr 
1zo.| 110.| Z66o0r10.| 60€gzo. rz0. | 110. 1zo.| 110.| €zrbzo.] 1zo.| 110.| gZ9600.| of€61zo.| 1zo.| 110.| z61600.| ZEZ6r0. Izo. | 110. Z49g00.| 
IZO. | IZOTIO. 1ZCgzo. | 1zo. | 110. Iogoro.| | II0. IQIOIO.| Iz0.| 669600.| gZ61z0.] Iz0. | z1z600.| og4610.} 1z0.| 110.| +6ggo0.| zgSZr10. 
Izo. | 110.|+ Eggzo.} 1zo.| 110.| bzgor0.| z€tgzo.] 1zo. | rr0. €gror1o.| | 110. zZoo.| gzozzo.} Iz0.| 110.| z€z600.| tzg6r0.] 1zo.| r10.| €1Zgoo. Cccp 
IzO.| 110.| 6g0L10.} g6ggzo.} 1zo.| r10.| Lbgoro.| o6tgzo. | 1zo. | 110. | + Sozoro. €gzbzo. | 1zo.| r10.| I1bZ600.|+ ¢Zozzo.| 1zo.| r10.| 1zo.| r10.| oggZ10.] FoF 
Izo.| 110.| €60110.| 194gz0.] 1zo.| 110.} OZgor0.| 6bSgzo. | rr0 czo1o.| gt€bzo.} Izo.| 110.| z9Z600.| 1z0.| r10.| zZz600.| z166r10.} 1z0. | r10. z$Lgoo.| 669410.] 
Izo.| 110.| rzo.| 110.| €6gvt0.| goggzo. | | |—ofzoro.| o6€bzo.] 1zo.| 110.| +%gZ600.| €Z1zzo.] 1zo.| r10.| 7z6z600 g$6610.} 1zo.| t10.| g€ZZ10.] 
1zo.| 110.| Ogggzo.] 1zo.| r10.| Z1Zoro.| Zgggzo.| 1zo.| t10.| zZzoro | | r10. |+ Sog600.| zzzzzo.]} 1zo.| r10.| €1€600.| oo00zo. | rzo. | 110. 06Zgo00.| gf/Z10.] [CF 
| | 
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gfogzo. | 


110.|  6gZor0. Ogooto. Iz0. | 
| 


o10.| 60€z10. 1zo.| 110.| £66110. 1zo.| r10.| gggr10.| Izo.| 110.| I€€110.| Izo. | IIo. 


Rat 


+ Soor10. |— $Zgofo. | 1zo.| 110.| €tgoro.| O6F 
Zzor10.| gfZofo.} 1zo. | 110.|—SggoI0.| Ogggzo-.] 68F 
—oSor10.| 1zo.| 110.| gggoro.| 


1zo.|o10.| z6oz10.| 1zo.| 110.| zZLogto. | ggorto. Izo. | IIo. | bgozfo. | 1zo. | 
1zo.| o10.| 1zo. | |— Sogr1o. |— rzo.| 110.| | Izo. €¢r110.| Izo. | r10. | OIgOIO.| OZIOEO. | r10.| ZIIgzO-.| 66F 
1zo.| o10.| O6€1z10.| O6zzgfo.]1zo.| 110.| gzgrro.| Z1zgfo.} 1zo.| 110.| | + Sozb£o. | 1zo. | 110. |— | Itgoro. Ig1o£o. | | TIO. |— | 
1zo.|o10.| €grzro.} 1zo.| r10.| Izo.| 110.| 1zo.| r10.| 61110. } 1zo.| 110.} €goro.| | | IIo. g6tor0. | gzzgzo-| 
1zo. c1o.| tgfgto.} 1zo.| 1zo.| 110.| | Izo. 110. 61zr10.| €zEzfo.] 1zo.| 110.| FZgoro. €ofoto.} Izo.| gISoro. Egzgzo-| 96h 
1zo.|o10.| zizz10o.| zorgto.} 1zo.|110.| gOgrio.| Izo.| | | 1x0. | | | 110.| g6goro. botofo. | Izo.| 110.) ZESoro. obfgzo.] 
1zo.|o10.| g€zz10.| obSgfo.] 1zo.| 110.| | | IIo. | zo. | 110.| gr6o10.| Iz0.| gSSoro. F6F 
1zo.|o10.| ogzz10.| 1zo.| 1zo.| 110.| 1zo.| ggzr10.| Oz$z£o.} 110.| ggrofo. 1zo.| 110.| | + ¢Stgzo. 
1zo. | o10.|—$gzz1o.| Z6ggto.} 1z0.| r10.} Izo. | 110.|—SbgII0.| | Izo. 110.| 60€r10.| LgSz£o. | | 
€g6o10.| zigofo.] Izo.| 110.| 


| oIggfo. | 1z0. | I10.| | | PSEIIO.| Izo. | IIo. 
o10.| gS€z10.} 1zo.| 110.| | + Sgggfo. Izo. | | 4Z€110.| LgZzfo.] 1zo. | 110. 


o10.| gobzro. |—$606€0.| 1zo.| 110.| 1zo.| r10.| zgZr10.| Izo.| 110.| Ezbr10.| I10.| TLOTIO. togofo.] 1zo.| r10.| goZoro.| Zoggzo.] 


Izo.| o1o.| €€bzr0. | + ¢Z16£0. tzo. | IIo. tiizio.| 1z0.| 110.} ggZr10.| 1zo.| 110.| Izo.| I10.| gz6o£o. | | ot Zoro. 

Izo.|o10.| gSbzr1o.| g$z6Eo.} 1zo.| 110.| O6€1z10.| Izo.| I10.| I10.| O6gbr10.| gSot€o.]} Izo.| 110.) ZIIIIO. Z660£0. | T10. I¢Zo1o.| gz6gzo.] 

Izo.|10.| €grz1o.| LE€6Eo.} 1zo.| Izo.| I10.| €6br10.| | IIo. | 6€1110.| gSorfo.]} 110.| €ZZo10.; gg6gco.| 
| 


o1o.| rzo.| I10.| 


von 


| 
196010. | — | IIo.  Z6P 
| 
| 
| 


1zo.|o10.| 60Sz10.| 1zo.| I10.| ggrzro.| Izo.| r10.| gfgrro.| | | + SO1ELO. | Izo. zgIIIO. OZII£O. | | | + C6Zo10.| gtobzo.] 
1zo.| oro.| 1oS6£o. 1z0. | 110.| 1z0. | 110. zggtio.| 1zo.| 110.} O€¢110.| Izo. | I10. |— | + | | 110. Z1go1o.| gor6zo.]| Zep 
1zo.|o10.| ogSzro.| €gS6Eo.] 1zo.| rr0.| g€zz10.| 1zo.| 110.| go6r10.| Izo.| 110.| | oSzi¢o.} 1zo.| 110.| 6€goro.; Z916z0.] 


16¢SEo. | 1zo.| ZgSr1o.| oreo. 1zo.| r10.| Izo.| I10.| Zggoro. ORF 
1z0. | I10.; 1zo.| 110.| bggoro.| Ogz6zo.] 6LF 
ZZz110.| Lrvito.] 1zo.| 110.| goboro. 
1zo.| 110.| 6z6010.| L) 


Izo. | O10. |+¢gSz1o., Izo.| I10.| €gzz10.| Izo.| I10.| 
Izo.|010.| I1gz10.| ObZ6€o.] 1zo.| I10.| ggzzro.| zo. | 110. | — $S6r10. |— SgSCEo. Izo. | I10.| OIgIIO. 
1zo.| oro.| Z€gz1o.| z€g6Eo.] 1zo.| 110.| €1€z10.| 1zo.| 110.| 626r10.| Izo.| 110.| EvCELO. | ZO. | TIO. | 

1zo.| o10.| €99z10.| g166€0.] 1zo.| r10.| Izo.| 110.| Izo.| | 

1zo.|o10.| 6ggz10.| oooobo.| 1zo.| t10.| 1zo.| I10.| 6zoz10.| O6gZS€o.] I10.; | | IIo. tz€110.| 1zo.| I10.| zS6or0. 
1zo. | o10.|—$1Zz10.| 1zo.| 110.| o6€z10. 1zo.| 110.| | 110.| 1zo.| 110.| <PEIIO.| | Ico. | IIo. CLP 
Izo. | IbZzi1o.| 6g10bo. 1z0. | 110. |+ |— SSogfo. | Izo. | I10.| 6Zozro. | | IIo. 1gZ110.| Lzgtfo.] | 110. wZ€110.| 1zo. | 110.| . Z66010.| g6S6z0.] FLF 
Izo. | Oro. ggZzI10. bSzovo. | 1z0. | Ibbzro. | | 110. torzi1o.| | r10. |+ | | I10. ogZ1fo. | I10.| OZOLIO. 1996z0. €) 
1zo.|o10.| obfobo.] 1zo.| r10.| obzio.| Zizgfo.}1zo.| O6zrz10.| 110.| | IIo. giti10.| 1zo.| 110.| 


ificance of the Correlat 


1zo.|or0.| gzbobo.| 1zo.| 110.| €6bz10.| gé6zgto.] 1z0.| 1z0.| I10.| | | TIO. |—¢161£0.] 1zo.| 110.| ggor1o.| 4g46z0-] 
| 
R 1zo.|oro.| zxSobo.| rzo.| r10.| 6rSzro.| og€gfo.] 1zo.| 110.| 641z10.| Lbzgfo.] 1zo.| 110.| 1z0.| ggbr10.| €g6r£o.]} 1z0.| 110.| Ogorro.| I£g6zo-} OLF 
1zo.|oro.| g6Sobo. 1zo. | 110. zgbgfo.; 1z9. | 110. |— Sozz1o. |— 1zo. | r10.| #Sgrro.| 1zo.| 110.| | | TIO. €111r0. |—¢$166z0.] 
1zo.| O10.| rzo.| 110.| 1z0.| 110.| O€zzr0.| Izo.| I10.| gégr1o.| Igzbto. | Izo. 110.| 1zo.| 110.| g€1110.| 6466z0.] goF 
1zo.|oro.| gz6zr0.| $ZZobo.] 1zo.| 110.| Z6$z1o.| Zzggo.| 1zo.| 110.| gSzzro.| 1zo.| 110.| Izo.| 110.| | izo. | TIO. LoOF 
: S 1zo. | o10.|+$S6z10.| oggobo.| 1zo.|110.| zgz10.| orZgfo.} 1zo.| 110.| zgzzro.| O6SSgfo.] Izo.| 110.| 6z6110.| 6obb€o.] Izo.| I10.| gezz£o. | TIO. EgIIIO.| goroto.| 
1zo.| oro.| €g6z10.| | 1Sgzio.| 1z0.| 110.| go€zro.| g€ggfo.} 110.| | | Tro. ZgS1I0. Izo.| 110.| 
1zo.|o1o.| Z€orbo.| 1z0.| 110.| LZgzto.| LZgg€o.| 1zo.| 110.| 1z0.| r10.| 1z0.| 110.| Izo.| 110.| gtzofo.| FOF 
= Izo. | oro. Z£Eo£10. QzIIbo. | | Ig6gto. | | | | I10. Foozi1o. zEgb£o. | 1z0. | 110. | ggbz£o. | | IIo. Lototo. 


zo. | oro. |+ Sgo€10. |— 1zo.| gbob€o.] Izo.| 110.| gg€z10.| gZggfo.] | I10.| OfozrIO. 


Izo.|;010.} €60€r0.| 1zo.| 110.| gSZzro.} O€16€0.] 1zo.| 110.| €1bz10.| 1zo.| 110.| QggITO. 60g9z£o. Izo.| 110.| 


1zo.|oro.| rz1€10.| +6€rbo.| 1zo. |Sor0. |+SgZz10.| gr1z6Eo.] 1zo.| r10.| 6€bzr0.| 1zo.| r10.| Igozro.| 1zo.| I10.| Oggz£o. | Iz. | IIo. Zz€110.| 
1¢Zzfo. 1z0. | I10. 


Izo.| oro.| 1zo.| oro.| EIgzro.| | 110. 


gobzio.| 1z0.| r10.| orzro.| 110.| 9EZTIO. | 39 
1zo.| o1o.| 44110. |-+ | O10. | ObgzI0.| LgEOEO. | | 661Z£0.} 1zo.| 110.| | r9Z110.| €zgz£o. | zo. | 110. |-+ $Z£110. —SEgofo.} 
| O10. |—$ozE10.| Izo.| o10.| Izo. | 1gzZ£o.| 1zo.| 110.| 6S1z10.| ggos€o.] 1z0.| r10.} ggZr110. |— S6gz£o.} 1zo.| 110.| zoZoto.} Lep 
Izo.|o1o.| €€zE10.| 1z0. | oro. | + SOgz10. | Izo. | | 1z0. | 110. |+ Sgrz10. |—Sg1S€o.] 1zo.| 110.| | | ito. tzbiro.| 69Z0f0.] 


Izo.| 910.| zgztr10. 1zo.| oro. | Ezoz10.| gtg6Eo. | | 


IZo. | O10. ro. €vOrbo. | 1zo. | oro. 1C6z10. | + SEZ6£o. | 1z0. | Tro. IO. | 1z0. | gtzzio. Izo. | | 1zo. | 110. |+ 


6garro.| 1zo.|110.| O66br10.| €Z60f0.] 


| 
— Chbéto. | | IIo. | 1zo.| 110.|  Z€gr1o.| obof€o.] 1zo.| 110.| LEgoto.}| 
i 
| 
| 


Tables for asceria 


1ZO. | OIO. 61€€10. | + | | oro. 6Z6z10. | | QzgTZI0. IIgZ€o. | Izo. | 110. |—$gzz10.| gOELEo. | | IIo. | | 
Izo. | Oro. 6z1zbo. | 1Z0. | ro. 1166£0. | 1zo. | 110. |— Cgz10 b6gZ£o. | | TIO. 16zz10.| | | Izo. 10. ztorto.| 
Izo.|o10.| 42€€10.| zzzzbo. 1zo. | O10. |+ Oooobo.} Izo.| I10.| zggzIo.| | zo. | IIo. | gr€zro. | 1zo.| | 
z t 0 azIs 
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T. L. Woo 


1zo.| 110.| ogZgoo0. |+o$Zz10.] 1z0.| o10.| tgzgoo.| G6z6010.] 1z0.| 110.| 401600. | bz1So0.| 9gzZo0.} ozo.| €10.| Ibbboo.| 610.| 110.| Etgfoo.}] 
1zo.|110.| zZZgoo.| +ZZz10.] 1z0. | |+$Zzg00.| 6b6010.] 1z0.| 110.| Izo.| zI0.| ozo. | E10. 610.| r10.| 
1zo.| 110.| +tgZgoo.| 6£z10.] 1zo.| o10.| £gzgo0.| 696010. | Izo. | bbZSoo. 1b1600.] Izo. | z10.| £1€400.] ozo.| 610.) 110.| 
1zo.| 110.| 96Z900.| Izgzr0.] 1z0.| o10.| g6zgo0.| 6g60r0. Izo. | 110. |—$S4$00. | g$1600. } | gz£Zo0.} ozo. | €10.| ggbboo. |— S6bSo0. 610. | 110. |—OS$gEoo.| £gg9£00.} 
1ZO. | 60gg00. | IZO. | O10. 60£go00. 600110. | 1z0. | 110. | + $gZSoo. bZ1600. | 1z0. | Z10. ozo. |! £10. vZbboo. |— 610. | g9$gtoo. OFE 
Ico. | 1zggoo. QOQTIO- | IZO. | OO. Iz£goo. | 1z0. | 161600. IZO. | Z10. 1Z1$00. ozo. | £10. zgbboo. |— | 610. | 110. £gg£oo. 9Z9£00. CFG 
1zo.|110.| +€ggoo.| 16gz10.] 1zo.| oro. | Izo.| Izo. | Z10.| OgI $00. 99£400. | ozo. | €10.| obbboo. |— SzSsoo.} 610.| 110.| O4g£00.| FFG 
| I10. gtggoo. |-+ $16z10. | | O10. brEgoo. | IZ0. | 110. Z6ZSo0. | + $zz600. | 1zo. | Z10. oo1 foo. ogt Zoo. ozo. | £10. | +- SESSoo. | Gro. | r10. Z9£00. 069£00. GEC 
Izo. | II0. 6$ggoo. 6£6z10. 1zo. | gSEgoo. 160110. | 1zo. | T10. Zogsoo. zbz6o0. | 1zo. | ZI0. 66100. ozo. | £10. ZoSvoo. | | Gro. | rr0. L69£00.| 
1zo.| 110.| €96z10.} 1z0.| O10.| 49£QO0.| IIIIIO.] 1Z0.| gIgsoo. 6$z600. | 1zo.| z10.| obZoo. ozo. | E10. |+ 610.| 110.| O69£00.| 
1zo.| 110.| tgggoo.| Zg6zr0.] 1zo.| or0.| 6££g00.| Izo.| OzgSoo. 42600. } | Z10.| 1zbZo0. ozo. | €10.| EzSvoo.| ggS$o0.} 610.| 110.| 469£00.| 11Z£00.] OFg 
1zo.| 110.| Z6ggoo. I10€10. | 16£goo. ZSIII0.} 1z0.| 110.| ObgSoo.| #6z600.} | z10.| gzzSoo. |— S€bLoo.] ozo. | €10.| 610.| r10.| oZ€oo.| Z1Z£00.] 
1zo.| 110.| 606900. |+$€o€10.] 1zo.| oro.| €obgoo.| €Z1110.] 1zo. | 10. |+O$gSoo.| I1£600.] Izo.| z10.| gtzSoo.| ozo. | €10.| ZgSSo0.} 610.| 110., 1Z£00.| 
1zo.| 110.| zz6go0.| 1z0. | o10.|—S1bgoo.| POITIO.| Izo. | IIo. 1ggSoo.| 1zo.| z1o.| €gbLo0.} ozo. | €10.| 6Sboo.| 610.| r10.| 1£Z£00.] Lee 
1zo. | 110. |—$€6g00.| 1zo.| o10.| 1zo.| r10.| z4gSoo. gb£600.| 1z0.| z1o.| ZSz$oo.| ozo. | Log$oo.} 610.| 110.| g€Z£oo.] 
1zo.| 110.| gb6goo.| 6or€10.] 1z0.| or0.| g€zIIO. | | TIO. EggSoo.| 1z0.| z10.| ZgzSoo. 16¢£o0. | ozo. | €10.| ggSboo-| grgSoo. | 610. | r10. I£Z£00. |+StZ£oo.} eee 
1zo. | 110. 196900.| €€1€10.] 1z0. | oro. |+ OSbgoo. | | IIo. bOgSoo. 1g£600. 1zo. | z1o.| 44z$00. |— Sooo. ozo. | €10.| O6zgSo0.} 610.| r10.| g€Z£€oo.| Fee 
1zo.| 110.| +Z6900.| g$r€10.} 1z0.| oro.| £gbgoo.| gZzr10.] | |-+ g6€600. 1zo.| z1o.|  LgzSoo.| 61$400.] ozo. | €10.| 6€gS00.] 610. | 110. |+$¢Z£o0.| 
1zo.|110.| Zg6go0.| 1z0. | oro. |—$Zbgo0.| O66z110.] Iz0.| I10.| | 1zo. | z10.| } ozo. | 16Sto0. |—oSgSo0. 610.| r10.| z$Z£oo.| 99Z£o0.] Zee 
1zo.| 110.} oo0o0Z00.| gozt10.} 1zo.| or0.| Zghgoo. 1z€110.] 1zo.| r10.| Zz6$oo0.| 1z0.| z10.| ozo. | €10.| Oogboo.| OggSo0.] 610.| r10.| 6$Z£00.| 
zo. fo10.| €10Z00.| 1z0.| o10.| 66tgoo.| 1zo.| 110.| g6Soo.| rzo.| z1o.| gI€Soo.| I19$400.] ozo. | €10.| 6ogboo.| 610.| r10.| 994£00.| IgZ€00.] oOge 
1zo.|o10.| gzoZoo.| gSzf10.] rzo.| or0.| I1Sg00.| Iz0.| 110.| ObOS00.| O4F600.} Izo. | z10.| 945400. ozo. | €10.| Zggfoo.] 610.| r10.| +4Z€00.| 
1zo.|o10.| 6€0Z00.| 1zo.| o10.} €zSgoo.|-+- 1zo.| r10.| 196Sv0.| 1zo.| z10.| LEESoo. 06S4o0. | ozo. | €10.| gzgboo.|; €69S00.] 610.| rr0.| gze 
1zo.|o10.| €SoZoo.| rzo. | o10.| g€Sgoo.| Zobr10.] 1zo.| 110.| goS600.} 1zo. | z10.| |— SogZoo. } ozo. | |— $Egvoo.| 610.| r10.| ggZ£oo.| zogtoo.} 
1zo.|o10.| ggoZoo.| 1zo.| or0.| gb$goo.| OzbhrIO. | Tro. £g6S00.| $zS600.] 1z0.| z1o.| 619400.] ozo. | €10.| 610. | 110. |+ $6Z€00. 
1zo.|o10.| 6ZoZoo.| 6S€£€10.] rzo. | oro. | OgSgoo. |+ 1zo. | 110. |— $66$00.| ~bS600.} 1zo. | z16.| ozo. | €10.| zSgboo. |-+ 610.| 110.| zogfoo.| Z1gfoo.] eze 
1zo.|o10.| €60Zo0.| 1zo.| o10.| €2ZSg00.| 1zo.| r10.| 9o0go0.| OgS600.} 1z0.| z1o.| 44€$00.| ozo. | €10.| 610.| r10.| 6ogfoo.| bzgtoo.] 
1zo. | O10. gorZoo. OIb€ro. | rz0. | oro. | + $gSgoo. | | T10. Z10900. 6£6600. | rzo. | z1o.| £99400. | ozo. | €10.| OZgtoo. ZtZSoo. | 610. | r10. L1gfoo. 1fgfoo.] ¢ze 
1zo.|or0.| oz1Zoo.| 1zo. | or0.|. g6Sgoo.| g1¢r10.} 1zo.| r10.| 6zogoo.| £6600.] 1zo.| z10.| gégo0.} ozo. | €10.| 610.| 110.| tzgfoo.| 
1zo.|o10.| €€1Zoo.| zgb€10.] 1zo.| or0.| OIggo0.| 1zo.| | Obogoo. |+- $19600.] | z10.| gobSoo. 769400. ozo. | €10.| gggtoo.| | 610. | r10. Ifgfoo.| gtgfoo.} Tze 
1zo.|o1o.| ZtrZoo.| | oro. | €zggQ0. 1g$r10.; 1zo.| 110.| zSogoo.| +€g600.} 1zo.|z10.| ozo.| €10.| Z6gboo.| OgZSo0.] 610.| r10.| O€g€oo.| Ooze 
1zo.|o10.| og1Zoo.| ozo. | o10.| 9£gQg00. | €gSr10.] 1zo.| r10.| gog00.| €$g600.]} 1zo.| z1o.| OzbSoo.| ozo. | €10.| 610.| r10.| 9bgfoo.| I9gf00.] 
1zo.|o10.| +Z1Zoo.| ob$€10.] ozo. | oro.| O6tgg00. |+ Sogrr0. | 1z0. | | + $40g00.| 149600.] 1zo.| z10.| 6€bSo0.| ozo. | 610.| x10.| gogtoo.] 
1zo.| o10.| ggrZoo.| ozo. | OTO. 199900.| 1zo.| 110.| 069600. | Izo. | ozo. | €10.| | 610. | rro. Iggfoo.| 9Zgfoo.}| 
1zu.|o10.| zozZoo.| z6S€10.] ozo. | oro.| |+0Sgr110.} 1z0.| 110.| 660900.| 604600.} 1zo.| z10.| OogbSoo.| ozo.| €10.| |+ 610.| r10.| gggtoo.| Eggtoo.] 
1zo.|o10.| 91zZoo.|. 619€10.] ozo. | or0.| 4gg900.| €Zg110.]} 1z0.| r10.| O11900.| gzZ600. | Izo. | 1ZtSo0.| ozo. | zbZvoo.| Z€gSoo.] 610.| r10.| 9Zg£oo. 16g£00. 
1zo.| oro.| O€zZoo. |+ | ozo. | oro. 002900. | | zz1go0.| LbZ600.]} 1Zz0. | Ighfoo. ozo. | €10 zSZLtoo. gtgSoo. | 610. | rro. £geCoo. 669£00. FIC 
1zo.| o10.| tbzZoo.| zZg9€10.} ozo. | oro.| €1Z900.| 61Z110.] 1zo.| rr0.| 994600.] Izo.| z10.| z6bSoo.| €1g400.} ozo.| €10.| 610.| r10.| go6£oo. 
1zo.|oro.| g$zZoo.| 669€10.] ozo. | or0.| 9zZgo0.| zbZ110.] 1zo.| 110.| |—$g4600.} | zro.| gzgéo0.} ozo.| E10.| IZgfoo.] 6r10.| r10.| 66g£o0.| +16€00. zie 
1zo.| o10.| zZzZoo. |+$zZ€10.] ozo. | or0.| 1zo.| 110.| g$tg00.| tog6oo.} 1zo.| z10.| E10.| zggfoo.] 610.| 110.| 906€00.| zz6£oo. 
1zo.|oro0.| 9gzZoo.| oro.| z$Zgoo.| 1zo.| 110.| O41900.| €zg600.] 1zo.| zro.| 6£gZo0.} ozo. | €10.| 6gZboo.| 610.| r10.| $16£00.| 6z6£00.] 
1zo.|o10.| Oo€Zo0.| ogZ€10.] ozo. | oro. |+$9Z900.} 1z9.| 110.| ZgIgoo.| 1z0. | ozo.| €10.| go6Soo.} 6r0.| 110.| zz6Eoo.| 
1zo.| o10.| oze.| oro. | 64Z900.| €gr10.] 1zo.| 110.| zgg600.} rzo.| z10.| 06g400.} ozo. | E10.| gogroo.| Z1600.] 610.| r10.| 6z6£€00. |—Sb6E00.] gone 
1zo.|o1o.| 6z€Zoo.| ozo. | oro. z6Zg00.| gfgrro.} 1zo.| r10.| gozgoo. 1gg600. rzo. | zro.| | + 60600. | ozo. | €10.| 6z6S00.] 610.| r10.| Z€6£o0.| Joe 
1zo.|o10.| €b€Zoo.| ozo. | oro. |+ Soggoo.| 1zo.| 110.| 61zg00.| 106600.] zo. | zro.| ggS$oo.| 126L00.] ozo. | €10.| gzghoo.| 610. | 110. |— S¥6E00.| Og6£00.] 90¢ 
1zo.| o10.| gS€Zoo. | ozo. | oro. | 61ggo0. |— | Izo. | Tro. 1£zgoo. 1z6600. | 1zo.| z1o.| ozo. | €10.| 610.| r10.| €S6£00.} 
1zo.|o10.| zZ€Zoo.| Z16€10.] ozo.|oro.| z€ggoo.| gz6r10.] 1zo.| r10.| €bzgo0.| Ob6600.] 1z0.| z10.| ozo. | gbghoo.| 610.| r10.| O96£00.| 926£00. F0¢ 
1zo.|o10.| Zg€Zoo.| ozo. | or0.| 9bggoo.| | r10. |-+ $$zgo00. | 096600. } rzo. | z1o.| gg6Zo0. | ozo. | E10. |+ $Sghoo.| 610.| r10.| 
1zo.|oro.| r0bZoo.| zZ6£10.] ozo. | oro. | 6£ggoo. Z6110.] 1zo.| r10.| 0g6600.] 1z0.| z10o.| z1gS00.| +g6Zoo. ozo. | €10.|—Sggtoo.| gg6Soo.]} 610.| r10.| 9Z6£00.| z66€oo. 
1zo.|o10.! g1bZoo.| ozo. | or0.| £€2Zg900.| ooozro.] 1zo.| 110.| Ogzgoo.| Izo. | z10.| | ozo. |— SZghoo. | O00g900.] 610.| r10.| +g6£o0.| TOC 
| ‘d | | | ‘da | tr | ty Jo 
=A 
zo. .| Logo. 1z0. | zZogto. | | 110. gorLo. | | TIO. tgozfo. | 1zo. | 110.| 6gZ010.| IzO. | ITO. bE toro. 


Tzo. 


oro. OLIZIO. 


€Creto. 


110. | — Sogr10. | — Cr Igto. 


Izo. 


IIo. 


| 
i 
| 
| 
¢ 


| II0. Ig1600.| zzo.| 110.| G6oggoo.| g¢grzo. | | 110. zbbgoo. | g€oozo. 1zo. 110.| €ogoo. |— | 110. 110. ozzZoo.| zZ¢rio. 
1zo.| 110.| zzo. | 110. |+¢zggoo.| gbgrzo. 1z0. | ZEbgoo. | | 110. 1Z0goo.| gbzgio.] 1zo.| 110.| €zbgIo. 110.| €€zZoo.| 
1zO.| 110-| $61600.| g9Z€zo.] zzo.| 110.| Ibggoo.| 1zo.| 110.| €Zbgoo.| 1z0.| 110.| ggogoo.| zZgzgIO.] Izo.| I10.| | | gbzZoo. |+ 
I10-| O1z600.| zzo.| 110.| LEggoo.| gZ61zo.] 1zo.| 110.| ggbgoo.| Izo.| 110.| Torgoo. |+ 1zo.| 110.| z6gZoo.| 110.| 6$zZoo. 
Izo.| 110.| Lzz600.| zzo.| r10.| €Zggoo.| grozzo.} 1z0o.| 110.| €oSgoo.| Egrozo.] 1zo.| 110. |+¢11goo.| O6F€gro.} 1zo.| I10.| goZZoo.| I10.| 7£zZoo. 
Izo.| 110.| tbz600.| zzo.| 110.| O6gggoo.| O6Sozzo.} 1z0.| 110.| 61$goo.| Izzozo.] 1z0.| 110.| o€1goo.| Izo.| I10.| ozZZoo. | 10. | + €gzZoo. 
Izo.| I10.| Ogz600.| Ib6€zo.} zzo. | 110. |+ 660zzo.] 1zo.| 110.| ¥ESgoo.| g¢zozo.] Izo. | |—CbIgoo.| gItgro.] 1zo.| 110.| |— 110. | 66zZoo. | 
1zo.| 110. | 4£z600. |+ $g6Ezo. | zzo. | 110.| zz6goo.| | 110. | — Of Sgoo. |-+ ] | 110. | OgIgoo. |+ Izo.| I10.| | + SoggTo. I10.| z1€Zoo. 
I10.| $6z600.| otobzo.] zzo.| 110.| gf6goo. 1g1zzo. | 1zo. | 110. |+ SgSgoo.| €€£€ozo.] 1zo. | r10.|—¢Z1goo.| +tgbgro.] 1zo.| 110.| zgZZoo.| g£ggI0. 110. |+ €z£Loo. 
Izo.| I10.| I1£600.| zzo.| 110.| czzzzo.} 1zo.| 110.| Iggoo.| OL€ozo.]} | 110.| Obrgoo.| 1zo.| 110.| LgggIo. I10.| 


=> 
Izo.| 110.| gzf6o00.| 61rbzo.] zzo.| 110.| 1Z6go00.| €gzzzo.] 1zo.| 110.| Z6¢goo.| gobozo.] | 110. |—Cozgoo.| 1zo.| r10.| 16£400.| g6ggI0.] Izo.| 110.| 
Izo. | 110. |+$¢€600.| tgrbzo.} zzo.| 110.| Zg6goo. |—Co€zzo.] | 110.| €1gg00.| gtbozo.} Izo.| 110.| ozzgoo.| 1zo.| 110. |+$ogZoo.| 1zo.| 110.| ag€Zoo.| GEG 
1zo.| 110.| zgt600.| 6ozbzo.] zzo.| 110.| too600.| gtf€zzo.]} Izo.| 110.| 6zggoo.| 1z0.| 110.|—¢€zgoo.| zZzggio.] Izo.| 110.| ozgZoo.| OgZgI0.] 110.| 6£€£00 goghio.}| gece 
Izo.| 110.| Ogt600.| zzo.| 110.| Ozo600.| 110.| tbggoo.| zzSozo.} 1z0. | 110. |—oSzgoo.| Zggro.] 1zo.| 110.| £g4oo.| 16Zg910.] 1zo.| 110.| Lec 
Izo-| 110.| 6€600.| 66zbzo. |*1zo.| 110.| €o600.| o€bzzo.} 1zo0. | 110.| Ogggoo. 19Sozo. | 1zo. | |+ Sgzgoo.| z6ggio.}1zo.| 110.| 6tgZoo.| 1zo.| 110.| obZoo.| 
Izo.| 110.| ¥rb600. 1zo.| 110.| +So600.| zZbzzo.] 1zo.| 110.| gZggoo.| 66Cozo.] Izo.| 110.| Igzgoo.| LzZg1o.] 1zo.| 110.| 1z0.| 110.| OzbLoo.| Ig6bIO. 
IZO. | I10. 1z0.| 110.| O£o600.| 1z0. | 110. Z6ggo0. gtgozo. | 1z0. | | g6zgoo. zgZgio.| Izo.| 110.| Izo.| 110.| 
1zo.| 110.| 6bb600.| g€tbzo.} 1zo.| 110.| Zgo0600.| g$Szzo.] 1zo.| 110.| 60Zgoo.| 1zo.| 110.| 1z0.| 110.) z6gZoo.| Z16910.] 1zo.| 110.| gtbZoo.| 


1zo.| 110.| Zgb600.| zgbbzo.} 1zo.| 110.| bor600.| 66¢zzo.] 1z0. | 110. |—$zZgoo.| g1Zozo. Izo.| 1z0.| Lz€goo.| zEggro.} 1zo.| 110.| 406400.| 6b6gI0.} 1zo.| 110.| zgbZo0.| ggoSto. 
1zo.| 110.| 1zo.| r10.} Iz1600.| ztgzzo.] 1zo.| 110.| IbZgoo. |— $SZozo. | 1z0. | zh€goo.| goggro.| 1zo.| 110.| Ig6g10.} 1zo.| 110.| 94bLoo.| 


1zo.| 110.| |—¢ZSbzo.] rzo.| 110.| g€1600.| tggzzo.] 1zo.| 110.| L¢Zgoo.| +6Zozo.] 1zo.| 110.| gS€goo.| tobgro.} 1zo.| L£€6400.| €10210.] 1zo.| 110.| O6bLoo.| 
110.| Oz600.| 1zo. | 110.|+¢¢1600.| LzZzzo.] 1zo.| 110.| €£€gozo.]| 1zo.| r10.| +#ZEgoo.| 6€6grO. 1z0. | I10. 1$6Zoo. |+ | tofLoo.| 
1zo.| 110.| L€$600.| gggbzo.| 1zo.| 110.| 7zZ1600.| oZZzzo.] 1zo.| 110.| O6Zgo0.| €Zgozo.| 1z0. | 6g£goo. | + | 1zo. | r10.| g4oZ10.] 1zo.| 110.| gr¢Zoo.| gze 

110. |— So¥goo.| 1zo. | 110.| 1g6Zoo. | 


IZO. | I10. |-+ |— 1z0. | 110.| 6gr600.| tIgzzo.] 1zo.| 110.| Loggoo.| €160z0. OIILI0. 1Z0. | 110. | z€CLoo.| 
1zo.| I10.| €2£600.| 1zo.| 110.| oz600.| 1zo.| r10.| Ezggoo.| z6ozo.] 1zo.| 110.| Izbgoo.| gtob10.} 1z0.| 110.| 966400.| 1zo.| 110.| 
| 16$600.| 1zo.| 110.| +#zz600. 106Zz0. | 1Z0. | I10.| Obggoo. z660z0. | 1zo. | 110.| LEbgoo.| PgobrIO. | | z1ogoo.| gZ1Z10.] 1zo.| 110.| ZgzS10.} eze 


1zo.| 110.} 609600.| 1zo | 110.| 170. | 110.| ZSggoo.! €€orzo. | 1z0. gozZ10. | 1z0. | 110. |— $Z¢Z00.| 
¢ze 


ficance of the Correlat 


ELbgoo. | OzI610. | | 
IbzZ10.] 1z0. | 110.| 6g¢Zoo. 


1zo.| 110.| 4zg9600.| Izo.| 110.| 6¢z600.| 6g6zzo.] 1zo.| 110.| E€Zggoo.| €Zorzo. | 1z0. | 110.| 69bgoo.| E1610. | TIO. | 
1zo.| 110.| gtg600.| zS6bzo.} 1zo.| 110.| 9Zz600.| €£€o0€zo.] 1zo.| 110.| o6ggoo.| 1z0. | 110. |—Sgtgoo.| 1z0.| 110.| ZSogoo.| +#ZzZ10.] 1zo.| 110.| 
> Izo.| 110.} $gg600.| ooo0fzo. 1zo0. | 110. b6z600.| LLotzo.} 1zo.| t10.| Lo6goo.| | IIo. | 10¢goo. 1€z610. | 1Z0. | €Zogoo. | Izo. | Ti0. g1gZoo. |— 1z¢ 
} 

$ R Izo. | IIo. Zgg600. gbofzo. | 1z0. | 110. z1£600. Iz1€zo. | 1zo. | 110. tz6goo. C611z0. | IZO. | Z1¢goo. ggz610. | Izo. QQOgoo. 1zo. | IIo. £€£gZoo0. 
1zo.| I10.| 60¢ze.} 1zo.| 110.| 6z€600.| gor1€zo.] 1zo.| 110.| Ib6go0.| g€z1z0. | 1Z0. I10.| €€goo. |+ So€6Io. | £orgoo. ¢Z€Z10.] 1zo. | 110.| GTC 
1zo.| I110.| 612600. 1zo.| 110.| Lbe€600.| r1z€zo.} 1zo.| 110.| gS6goo.| ZZz1zo.}| 1z0. | 110. | — goo. | | Izo. 611g00.| gotZ10.] 1zo.|; 110.| zggZoo.| 
1zo.| 110.| g€Z600.| +61¢zo. | 1zo. | 110. |— | 1z0. | 110. |+ $Z6go0.|} gr€1z0. | 1z0. 110-| ggfgoo.| og€6r0. | 1zo. b€1goo.| zbbZ1o.] Iz0. | 110.| +o$¢ro. 
S 1zo.| 110.| 964600.) €bzSzo.]} 1zo.| 110.| €ge600.| 1zo.| 110.| z66goo.| 1zo.| r10.| zgSgoo.| 1zo. of1goo. | gZbZ10. | 1zo. 110.| 7269400. | OTE 
1zo. | 110. |+¢2£600.| z6z$zo. 1z0. | 110. 10b600.| 1zo.| r10.| O10600.| | 110. 66Sgoo. | | 1z0. ggIgoo.| o1fZ10.} 1zo.| r10.| goZZoo.| 
> 1zo.| 110.| $6600. 1zo.| 110.| 61b600.| z6€Ezo.] 1z0.| 110.| Lzo0600. | | + C1ggo0.| €6b6r0. | 1z0. Igigoo. | | 1z0. | 110. 1zZLoo. |—C6¢¢10.] FTE 
1zo.| I10.| €1g600.| 16€¢zo.} 1zo.| 110.| ZE600.| g€b€zo.] 1zo.| 110.| | tgtizo. 1zo.| r10.| z€ggoo.| | 1zo. Z61g00.| 110.| g€ZZo0.| 
1zo.| 110.| 1zo. | 110. |+¢¢b600.| €gbEzo. | 1z0. | 110. zgo600.| 1zo.| 110.| 6bggoo.| | €1zgoo.| 1zo. | 110. 
3 1Zo.| 110.| I€g600.} o6¢fzo.} 1zo.| r10.| zS€zo. 1zo.| 110.| 620600. | 6961z0. | 110. | gogbIO. IzoO. 6zzgoo. | Izo. 110.| 994400. | 
Izo.| 110.| OZg600.| ob¢zo.} 1zo.| 110.| z6b600.| 1z0. | r10.| £60600. IIQIzo. | | 10. ZgQgQQ00. | — | 1z0. 110.| IgZZoo. OTe 
Izo. | IIo. 69600. 16€Czo. | 1z0. | 110. O1f600. | 1zo. | 110. | — ¢1 1600. tCg1zo. | 1zo. | 110. | 66g9g00. |-+ Cgg6r0. Izo. 1gzgoo.| L1ZZ10.] 1z0. | 962Zoo. gtZf10.] 
Izo.| I10.| go6600.| 1zo.| 110.| 6zS600.| 6g99€zo. | z£1600. 969120. | 1z0. | | g1Zgoo.| $zZ6I0. | Izo. Lizgoo.| 1$ZZ10.] 1z0.| 110.| zrgZoo.| soe 
3 1zo.| 110.| £26600. z6gSzo.} zo. | 110.| L600. |+ ¢1Z€zo. | | 110. | -+ OF 1600. | 1zo.| 110.| £94610. | Izo. £6zgoc £gZL10.] 1z0.| r10.| ZzgZoo.| Joe 
1zo. | IIo. €bLSzo. | 1z0. | T10. 996600. zQZEzo. | 1z0. | 991600. | zgZIzo. 110. |+ 0€Zgo00. zOg6r0. | 1zo. orf goo. zzgZ1o.} 1z0.| 110.| zbtgZoo.| ztgro. 90¢ 
A) Izo.| 110-| 996600.| +6Z¢zo.] | 110. |—SgS600.| o1g€zo. 1z0. | | 981600. Czgizo. | 1z0. | Z9Zg00. | rbg610. 1zo. gzfgoo.| 1zo.| r10.| gfgZoo.| 
1zo.| 110.| 9g6600. |— 1z0. | r10. bog6oo.| Z¢g€zo. | 1zo. | 110. toz600. | 69g1zo. 1z0. | r10. | — $gZgoo. | 1zo. | zbhEgoo.| €6gZ10.] 1zo.| 110.| FOE 
Izo. | |-+ T0. g6gSzo. | 1z0. | ZzQ600. bo6tzo. | | 110. | zzz6oo. ZIOIZO. | 1Z0. 110. ZOQQOO. oz6610. | Izo. 6S£goo.| gz6Z10.] | 110. 6ggZo0.| g£6C10.] 
8 1zo. | 110. | — ¢zoo10. | 1z0. | | 1z0. | | obz600. | 1z0. | 110. 61gQo00. 096610. 1zo. CZEgoo.| +t96Z10.] 1zo.| 110.| +06Z00.| 
1zo. | 110. | — 000920. IzO. | TIO. 099600. oootzo. | | 110. | | | 1zo. | TIO. Z£Eggoo. o000z0. | Izo. z6Egoo. | ooagro. | 1z0.| 110.| Oz6Zoo. 
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IZO. | ZIOLIO. gogr£o. | 1Z0. | I10. LgZzto. | 1z0. | 110. | | I10- bEIOIO. bbi6zo. | 1z0. | 110. Zzg600. | IZO. | 110. 1os¢zo. 
1zo.| 110.| z€or10.| zZorfo.] 1zo.| 110.| gbZoro.| Lbgzto.] | |-+ ZZOILO. | IZO. | 110. £616z0. | 1zo. | 110.| 6£g600. zL£Lzo. | 1zo. | 110. |—$1$600.| Lrsszo.] 
1zo.| 110.| 1zo.| r10.| Zg94o10.| Lobzto.] 1z0.| 110.| bZboro.| | I10.| IZ1010. |+ O$z6zo.] 1zo.| 110.| 4$g6o0.| zzbLzo.] 1zo.| 110.| 
Izo. | I10. zZo110.| 66Zr£o.] 1zo.| 110.| ZgZo10.| 1zo.| 110.| €6boro.| I10.| Ogroro.| vot6zo.] 110.|—¢Zg600.| 1z0.| 110.| Obf600. 1bgfzo.] 
1zo.|110.| z6or110.| zogb£o.] 1zo.| 110.| gogoro.| Izo.| 110.| I10.| ozoro.| gkt6zo.} 1zo.| 110.| Izo. | 110. | g9$600.|} 
IZO. | I10. ZIIIIO. gzObto. | Iz0. | QZgO10. | Izo. | IIo. Igforo. | — o€z1£o. | | IIo. Qzzo1o. | | IIo. 010600. | 110.| |-+ CPG 
| 110. 166b£o. | Izo. | 110. | Shgoro. OvItlo. | | I10. | — OF Coro. | Izo. | brzo10. | Iz0. | I10.| gz66o0. bzgZzo. | | 
1zo. | 110. z1110. |+ SSoS€o. | rzo. | |—Sggoro.| orzt€o.] 1zo.| 110.| 6g9Soro0. |+ | | 110. £gzo1o.| OzS6zo.} Izo.| I10.| gb66o00. | 1z0. | 110. ofgszo.| 
1zo. | | 110. bggoro. Izo. | ggsoro. | | 110. zZgzoro. | — 1z0. | 110. | — $g6600. | gzZZzo. | | 110. gégszo.] 
1zo.| 110.| 1z0.| oboro.| 1zo.| 4ogoro.| Igbito.] 1zo.| 110.| OotoI0.| Ofg6zo.} Izo.| I10.| £g6600. | g444z0. | Izo. 110. 
1zo.|110.| 1zo.| 110.| tz6or10. |+S6€EEo.] 1zo.| 110.| gQzgoro.| obfifo.] Izo.| 110.| |— $gg6zo. | 1zo. | 10. 100010. | 6zgZzo. | 1zo. IIo. Ope 
1z0. | 110. €€z11c. IIo. | | gtgoro. Izo.| I10-| otZ6zo. | Iz0. | I10.| 610010. IggZzo. | 1zo. | 110. zzogzo. | GEG 
1zo. | 110. tg6or10.| | IIo. |-+ $ggoro. | 1Z0. | ZS€o10. £626zo. II0.| gtooro. €£6Lzo. | 1zo. | 110. 109z0.] gee 
Izo. | bZerio. | | IIo. bg6oro. | zo. | 110. | — Sggoro. gIZ1fo. | Izo. | 110. | gZtoro. ISg6zo. I10.| g$oo10 £g6Zzo. | 1zo. | 110. 6119z0. Leg 
1zo. | 110. | — S6z110. | | IIo. bvoorto0. |-- Shgf€o. | Izo. | I10. boZLoio. gZL1€o. | | 110. |— £066z0. bZoo10. L£ogzo. | | ggIgzo. 
1zo. | 110. |-+- ¢r€110. IgSS€o. | 170. | IIo. bzo1lo. goZtto. | | 110. |+ SEgr£o. IZo. | IIo. £966zo0. | £60010.| O6o0gzo. 1zo. ! 092600. 4izgzo.| Gee 
1zo.| 110.| g€€110.| 1zo.| 1zo.| 110.| vbLoro. |—SOgrto.] Izo.| 110.| O6100€0. ZI1010.| | | r10.| gZZ600.| ggzgzo.] Fee 
IZO. | ZS€rI0. | | — SgorI0. | — SEQELO. | | toZoro. | — | zfboro. |+ $Zoo0€o. 1zo. | O£IOI0. | + S61gzo. Izo. | 962600. gitgzo. 
Izo.| 110.} gZ€x10.| zgZS€o.]} 1z0. | 110.|+$gorro.| Izo.| I10.| | + S10z£o. | | I10. 1zo.| r10.| Obzgzo.] 110.| Zee 
1zo.| 110.| 66€110.| O6bgS€o.] 1zo.| I10.| gQOIIIO.| Izo.| 110.| vogoro. | + $Zoz£o. | Izo. | 16bor0.| O6gro€o. | | ggiIoro. ZOE | Iz0. | I10.| €£g600. | + ¢1tgzo. 
| 
1zo.| 110-.| ozbiro.| Z16$€o.] 1zo.| 110.| Zzr110.| gzobfo.] 110.| | IIo. Irfo10.| gbzo€o. 1z0. | 110.| | + $SEgzo. | Izo. | ISg600. |+ Sgbgzo.] Oge 
1ZO. | Ibbrio. |— 1zo.| 110.| ZPIIIO. 160bfo. 1zo.| 110.| bbgoro.| | | o€Soro.| €o€o€o. | rzo. I10.| gozoro.| 6otgzo. | | 110.| 69g600.|+$1$gzo.] 
| II0. | IIo. QQIIIO. | Izo. | IIo. bogoro. gSzzto. | 1zo. | 110. | — of foro. Izo. | |— $Zzo10. Egbgzo. | 1zo. | 8982600. | + Sgfgzo. 
1zo.| 110.| tgbrxo.| zz1g€o.] 1zo.| 110.| Ogrr10.| Izo.| I10.| ggoro.| Izv. | I10.| gIvoto.] 1zo.| 110.| ZI$gzo.] 1zo.| 906600.| gIggz0.] Jac 
| 110. | o619£0. | Iz0. | I10. |, OIZIIO. ggzb£o. | Izo. | 110. | — Sobor0. Igfz£o. | 1zo. | 110. 6gSoro. Izo. 110.| £gzoro. 1ZSgzo. | 1zo. | 110. | — $Z6600. Zyg9z0. 
Izo.| I10.| Ogzgto.] | Tio. I€z110. IS€bLo. 1zo. | 110. | — $z6o10. | 1zo. | 609010. | | 1zo. | Zgzo1o0.| 9zggzo.] Iz0. | IIo. bb6600. |* g1Zgzo. 
| IIo. | zo. | I10. | 1zo. | 110. | + | — SoSz£o. | Izo. | 110. 6zgo10.| 1zo. 110.| zotoro. Igggzo. | | 110. 796600. 69Z9z0. 
Izo.| I10.| OZ¢110. | Izo. | ITO. €Zer10. Egrt€o. | | I10. 996010. | | I10. Ifgoto.] 1zo.| 110.| gtLgzo. | Izo. | TIO. 1g6600. Ozggzo. 
1zo. | IIo. ggbgto. | | bOzI10. | Izo. | IIo. 4g6010., O€gz£o. IZo. | IIo. 699010. O1Zo£o. Izo. | 110. Ibforo. 16Zgzo. | Izo. | 110.| O00010. 1Zggzo. 
1zo. | 110. FIQIIO. gtSgfo. | 1zo. | | + SIE1IO. | + | IIo. ZoorI10. | z6gz£o. | | Ilo. 6ggor10. | Izo. | I10. ogforo. gbggzo. | | 110. 610010. €z6gzo. 1Z¢ 
1zo.| 110.} 9€g110.| 6099£0.] Izo.| 110.| ZEEIIO.| IzO.| I10.| gQzorro. | + | 1z0. | 110. | 6zgofo. 1zo. | 110. | ogtoro. zoOgzo. | 1zo.| 110.| gtooro. |—$Z69z0.] 
Izo.| 110.| gfgrro.| Ogggfo.} 1zo.| 110.| gS€r10.| Iz0.| OFOIIO.| OIgz£o. Izo. | 110. ofZo10.| gggofto. 1zo. | 110.| Ooboro.| gS6gzo.} 1zo.| 110.| 4$oor0.| 
Iz0. | II0. oggrto. |+0fZg9£0. Izo. | I10.| QIgb£o. | Izo.| T10.| OZOIIO. | | 110. | + O¢Zoro. | | 110. bi06zo. | 1zo. | 110.| 940010. 6LoLzo. 
1zo.|110.| zoZr1o.| zzggfo.| 1zo.| 110.| Iobr10.| 1zo.| 110.| I6orr0.| 1z0. | 1ZZo1o.| goorto.}| 1zo.| 110.| O6€boro.| Izo.| 110.|+$60010.| zt1Zzo.] JTe 
1zo. | bzLiio. £6go£o. | Izo. | 110. €zb110. IC6b£o. | | IIo. ZIIIIO. OIO€£o. | 1z0. IIo. 16Zo10. ggorto. | | 110. 6Storo. 9z16z0. | 1z0. | 110. | — STIOIO. tgiZzo. 9I¢ 
1zo. | gbZr10. |— | | 110. | — ShPIIO. 6106£o0. | E1110. bLotfo. | | 110. ZIQOIO. | Izo. | 6Lvo10. €gr6zo. | 1zo. | 110. bE 
1zo.|110.| 69Z110.| 1zo.| r10.| ggoS€o.]| Izo.| r10.| f€goro.| Ogrr£o. | 110. 66to10.| obz6zo.]| Izo.| 110.| €€1010.| o6zLz0.] FTE 
1zo. | I16L110. 6o1Z£o. | 1zo. | I10. 6gbri10. } Izo.| 110.| QZIIIO. | | 110. €Cgoro. oCz1£o. 1z0. | IIo. 61Cor0. Z6z6zo. | | 110. €Z1010. 
| II0. | | 110. Ir¢rro. | | 1zo. | IIo. | 1zo. | | | 1zo. | 110. obforo. | 1z0. | 110. z61010. L6€Zzo. ZI¢ 
1zo.| 110.| 1zo.| r10.| 1zo.| 110.| | 1z0. 110. |+S6goro.| 1zo.| 110.| ogforo. z1bG6zo. | Izo. | 110. ZIZOIO. 
1zo.| 110.| 1zo. | | — | €gECCo. | 1zo. | 66€€€o.] 1z0. 110.| 916010.| | 110. | ogSoro.| oZb6zo.} 1zo.| 110.| 
Izo. | IIo. ZQQTIO. Izo. | IIo. | | ZQTIIO. | — SQPELO. | | ITO. 4£6o10. g6br£o. 1z0. | 110. gzf6zo. | 1zo. | 110. 60¢ 
1zo. | 110. |+ So6r10. 1zo. | Oogrro.| 1zo.| 110.| 1zo.| r10.| gS6or0.| 1zo. I10o.| Izgoro.| gg6zo. | I10. €192z0-.] 
Izo.| 110.| gz6r10.| I1zo.| I10.| ELECEo.] Izo.| 110.| gofr10.| 1zo.| 110.| Og6oro. IzgI€o. | 1zo. | 110. ztgo1o.| 1zo.| 110.| z6zor0.| gggZzo.] 
1zo. | 1S6110.| tzgZfo.] 1zo. | 110.|—Stgr10.| brgf€o.] Izo.| 110.} | IOOIIO.| 1z0.| 110.| Eggoro.| €0L6z0.] | 110. 
| IIo. $Z6110. g69Z£0. | Izo. | r10.| | Izo. | 110. |-+ OE 110. | | ZZOIIO. | 1zo. | 110. €ggoro. z9Z6z0. | | 110. gZZZzo.] coe 
Izo.| 110.| g66110.| 1zo.| 110.| Ob6gr10. 110.| 462€€o.]} 1zo.| 110.| 6ogr£o.] 1z0.| r10.| oZoro. 1zg6zo. | Izo. | FOG 
1zo. | IIo. Izoz1o.| 6tgZ€o.} 1zo.| 110.| €1Z110.| Izo. | 110. POEIIO. |— 1zo.| 110.| 1zo.| ogg6zo. | 1zo. | zZEor0.| gee/zo.} 
1zo. |*o10. | — Stozro. tz6Z£o.4 tzo.| 110.| 9QEZIIO.| | 1z0. | TIO. | | 110. Zgorto. | | 110. gtZLoro. ov66z0. | Izo. | £6£or10. 
1zo.| O10.| ooogfo.]} Izo.| 110.| 6€Z110.| Ooogfo.] 1z0.| I10.| | ooorto. | | 601II0.| ooozfo.] 1zo.| 110.| 1zo.| r10.| Ooogzo.] TOE 
| | 
0G 61 LI 9T ST 

1z0- 6L9€zo. | zzo.| 110.| G6oggoo.| gfgrzo. zbbgoo. | g€oo0zo.} | 110. | LOgoo. | — | | TIO. |-+ o$goo. | | 110. | | 

€Loozo. | 1z0. | 1Z0go00. |  ghzZgIo. | Izo. | ITO. | #99400. Ezbgto. 1zo. II0. | | 66S+10. 6FE 


Izo. 


Ig1600. 
110. | ££Z1600. 


€zZtzo. 


IIo. 


+ €zZggoo. 


gOgIzo. 


ZEbgoo. 


IIo. | 
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| | | | | 
1zo.| 110.| oozgoo.| 1z0- | O10. |—SbZSo0.} LIOOTO. | gbzSoo.| 1zo.| z10.| g6gtoo. | gZggoo. | ozo. £10. | zZovoo.| gooSoo. 610. 110. gz£foo: O09 
1zo.| r10.| o1zgoo.| goZ110.} 1z0.| o10.| | I9£goo. 1zo. | z10.| goZtoo. | 69900. ozo. | €10.| 6Zoboo. | Z10S00.| 610.| 110.| €€€€oo.| 66¢ 
1zo. | 0zzg09. | + SZLII0. | | OO. tgZSoo. | + Ofooro. 1z0- gg9zSoo. | + goo. | | tiZtoo.| 00Lg00. ozo. | €10- ggotoo. | + | 610. | 110.| 6€€£€o0. | + 86¢ 
1zo.| 110.| 1zo.| or0.| Lgooro. | —¢LzSo0.| 6gfgoo.] 1z0.| z10.| hoo. 11900. | ozo. | £10. | €60too.| 610.| rr0.| L6G 
Izo. | 110. Ivzgoo. |— SgZII0. 1Z0. | €gZCoo. bgooro. | bgzfoo. €obgoo. | | Z10. ofZtoo.| €zZgo00. ozo. | £10. oortoo. zbofoo. | 610. | rro. | + 96 
1zo. | 1Szgoo. |—¢gZ110.] 1z0. | o10.| £6200. IOIOIO. | z6zfoo. | gIibgoo. 1zo. | z1o.| gtZboo. ozo. | gortoo. | | 610. | r10. | gStfoo.| 
1zo.| 110.| zgzgoo.| bogrio.}] 1zZ0.| O10-| ZOgSoo.| 10fSoo.| 1zo.| z1o.| gbZtoo. | + $bZgoo. | ozo. | €10.| 6So0Coo. | 610. | 110. 1gffoo.| 
1zo.| 110.| zZzgoo.| 1z0.| o10.| ZIgSoo. | + SEIOTO. | | orfSoo.| gtFgoo.| 1zo.| z1o.| ozo. €10.| ggoSoo. | 610.| r10.| 
1zo.| 110.| €gzqoo.| 1z0.| O10.| zzgSoo.| zo. 61£€S00.} ogtgoo.| 1zo.| z1o.| zgZboo.| g94Q00. ozo. | E10. Zervoo.| 9£oSoo.| 610.| 110.| €4E€oo.| 
1zo.| 110.| €6zgoo.| | | z£gloo.| | 1z0. gzfSoo. |— SZrgoo. | 1zo. | zro.| o4Zboo.| OgZgoo. | ozo. | £10. be | — $goSoo. 610. | 110. ZEEoo. | o6€€oo. 16¢ 
1zo.| 110.| 1zo-| o10.; Ibgtoo.| | | | ZEECSoo. | Ogtgoo. 1zo. | gZLboo. | | ozo. | £10. Itiboo.| £60S00.] 610.| 110.| 
1zo. | 110. |— $1€go0. |— So6r10. 1z0. | or0.| ISgSoo.| Izo.| 110.| | €oSgoo. rzo. | zro.| 9gZboo.| ozo. | €10.| cor Coo. 619.| 110. | O6€€00.| 68¢ 
1zo. | 110. | + €z€goo. | + | | Iggsoo. Izzoro. 1zo. | 110. | + $$€Soo. gIfgoo. | 1z0. | Z10- b6Zboo. | | ozo. 111S00.] 610.| r10.| 96€£€00.| Zobftoo.] 
1zo.| 110.| 9£€£€goo. |+ | 1ZO. | 6€zor0. | 110 zESgoo. 1z0. | zogtoo. | 9Zggoo. | zgttoo.| | 610. | 110. 1obfoo. | Lec 
1zo.| 110.| 996110. | 1Z0. | OIO- IggSoo. | | zZESo0.| LbSgoo.] 1zo.| zro.| Orgboo.| gfggoo. ozo. €10.| 691boo.| gz1Soc.} 610.| r10.| 
1zo.| gS€goo.| 9gOIIO. | | O1O 16gSoo.| | 1z0. | 110. | zgfSoo.| zgSgoo.] 1z0. | z1o.| Otggoo.}ozo.|€10.| 941bo0. Z€1s00.| 610. | r10.| 
1zo.| 110.| gg€goo.!| Zoozro.} 1z0.| o10.| 106$00.| z6zor0.} 1zo.| 110.| ZOESo0.| Izo. | z1o.| Zzgtoo.| 19gg00. ozo. €10.| tgrboo.| gb1S00.] 610.| 110.| 
| I10- 6Z£aq00. Zzoz10. | 1Z0. | O10. 116C00. 60£o10. | TIO. robSoo. 16Cgoo. | 1zo. | z10. |— SEgroo. | €Zggo0. | ozo. | £10. 161to00. |— | 610. | rr0. | — 
1zo.| 110.| 06€goo.| gbrozro.} 1z0.| o10.| Iz6S00.| Lzforo.] 1z0.| r10.| goggoo. | zo. | z1o.| €bgkoo. | — $gggoo. | ozo. g6rboo.| 610.| 110.; I€b€oo.| 
1zo.| roFgoo.| 1z0.| or0.| 1zo.| r10.; Izggoo. | |zro.| xSgtoo.| | ozo. | €10. |+ $ozboo.| 610. | r10.| 8¢ 
1zo. | 110. z1bvgoo.| O60zrI0. | 1Z0. | O10. €g£or0. | | 9£gg00. | | Oggroo. | 906900. | ozo. | £10. ziztoo. TgtCoo. | 610. | zhrfoo. 
1zo.| 110.| €zbgoo.| I11z10.] 1zo.| o10.| ZS6Soo.| IgEoro. zo. | 110; ISggoo.] 1zo.| zro.| gggroo.| Oz6g00. ozo. | E10 ozzboo.| o61S00.] 610. | r10.| gtbfoo.| Ogbfoo.] 
1zo. | ZEITIO. IZO- | OIO. zg6Soo0. 66£o10. | 1zo. | 110. 999900. | ZIO- gZgtoo. | z£6g00. ozo. | £10. Lzztoo. 66100. | 610. | 110. gle 
1zo. | r10.|+Sttgoo.| €S1zr0.} 1zo.| oro. | Zrboro.| 1zo.| r10.| Igggoo. rzo. z1o.|—Sggtoo.| ozo. | €10.| PEzhoo.| gozfoo. Gro. | | ogtfoo.| zZbfoo.] 
1zo. | 9S bgoo. bLizio. | 1Z0. | O10. £€g6Soo. |— SEvoro. | | 110. 99¢Soo. | 969900. | Izo. | ZI0. £€6gtoo. Z¢6g00. ozo. | £10. 1bztoo.| 610. | r10. 99bfv0. gZbfoo. 
1zo.| 110.| Zgtgoo. |+$61z10.} 1zo. | oro. | €66S00.| €Sboro. | gZ?Soo.| 11Zg00.] 1zo.| zro.| zobboo. ; 696g900. } ozo. | Ero. 6bzboo. | 610. | 
1zo. | 6Z¥g00. | Q9IZZIO. | OO €o00go0. 1Ztoro. | rzo. | rro. |+ SgbSoo. | gzZgoo. rzo. | zro. o1r6too. 1g6g00. | ozo. | €10. g$ztoo. 9£zSoo. | 6ro. | rro. gZbfoo.| Ob6bfoo. 
1zo.| 110-| O6tgo0.| g€zzro.} 1zo.| o10.| | | IbZgoo. } rzo. | 61600. | €66900.] ozo. | €10.| vgzboo. |— 610. | tgtfoo.| ELC 
1zo.| 110.| 10Sgoo.| 1z0.| o10.| bz0go0.| goforo. | 110 boSSoo.| 1zo. | zro. | 4z6boo. | + $00L00. | ozo. | E10. 1Zzboo.| +$zSoo.} 610.| r10.| 1G 
1zo.|110.| zISgoo.| r1zo. | oro. | — gzSoro. | 1zo. | 110 | zZZgoo. rzo. | z1o.| 9€6boo.| | ozo. | £10. 6Lzvo0.| €9zS00.} 610.| 110.| TLE 
| 
1zo. | I10. bzsgoo. zo€zro. | 1zo. | oro. | + Svogoo. |— | 1z0. | €zCCoo. ZgZg00. | 1z0. | z10. | — $F6boo. | o£0Zoo. | ozo. | £10. ggztoo. z£zCoo. | 610. | 110. OLE 
1zo. | | + S€Sgoo. bz€z10. | 1Z0. | O10. gSogoo. | £gforo. | 110. €ECCoo. | Loggoo. rzo. | €C6too. ztoZoo. | ozo. | £10. t6ztoo. zgzSoo. | 610. | 110. 60C£00. 69¢ 
1zo. | gbEz10. | 1z0. | OTO. 990900. | | Tro. €rCCoo. QIQQOO. | | ZIO. zQ6too. CCoZoo. ozo. | €10. 10£ too. 16zSo0. | 610. | rr0. | $1S£00. | 
1zo.| 110.| gSsgoo.| 1z0. | O10 Togoro. | 1zo. | 110 €CCSoo.| +€ggoo.| rzo. | zro.| £90400-4 ozo. | €10 6o0€too. | 610. | 1zSfoo.| 
1zo.| 110.| OZSgo00.| 6g€zro.} 1zo.| oro. | ggogoo.| 619g0T0. | zgSCoo. 1zo.| z10.| og6too.| ogoZoo.}ozo.| €10.| 610. | 
1zo. | Igfgoo. Irbz10. 1z0. | g60go00.| gfgo10. | zZCCoo. Izo. | z60Zo0. | ozo. | €10. bzftoo. 61€Co0. | 610. | r10. | FESEOO. gtffoo. egg 
1zo. | 110. £6Sgo0. €€bz10. | rzo. | o10. | +601g00. ZEgoro. 1Z0. | ZQCCoo. | | | Z66%oo. | — So1Zoo. | ozo. | €10 It€boo. 6z£€Soo. | 610. | rro. | zSCLoo.] FOC 
1zo.| 110.| oggoo.| 1zo. oro. | 1zo. z6SSoo.| Z6ggoo.} 1z0. | z10.| goofoo. Z11Zo0. | ozo. | €10 6EEboo.| Gro. | | | 
1zo.| 110.| 919900.| gZbzI0.] 1zo. loro. | I€1g00. | + S6gor0. | rzo. | 110 zogfoo. €16g00. zo. | z1o. |— $10S00.| ozo. | €10.| grELoo. | 610. | ro. | Zoe 
1zo.| r10.} gzggoo.| | Oro. | zt1goo.| 1z0.| 110.| z1gSoo.| 6z6goo.} 1z0o.| z10.| vzoSoo. €t1Zo0. | ozo. | €10. |— ZSESoo.] 610. | rr0.| | 
| | | | 
1zo.| 110.| Otggoo.| zzSzro.} 1zo.| oro.| €S1g00.| 1zo0. zzgSoo Cr6goo. rz0. z1o.| €£oCoo. 9$1Zo0. | ozo. | £10 zgoftoo.| | | 110. | gZS€oo. 
1zo.| 110.| I¢ggoo. rzo.| oro.| €SZoro. | rzo. z£gSoo. | 196g00. | ZIO. zbofoo. | gg1Zoo. | ozo. | oZ£too.| | Gro. | r10. tgSfoo. 
1zo.| 110.| £99900.| 1z0. | oro. |— $Z1g00.| | 1zo. ztgfoo.| £2600. 1z0. | Z10. 1S0Soo.| 1g1Z00.] ozo. | €10.| gg€Soo. | | 110. 
1zo. | r10.|-+$Zg900.| rz0. | oro. | 16ZOI0. 1zo. zSgSoo. | €66goo. | ogoSoo.| +61Zo00.} ozo. | €10.| 9gEtoo.| | Gro. | r10. | 
1zo.| rr0.| 4g9900-| £1gzIO. | OTO. | Z61g00. IIgoro. | 1z0. z99So00.| 600600.| rzo.| zro.| 690S00.| ZozZoo.] ozo. | €10.| CotSoo. | 610. | 110. 16S£00. | bogfoo. 
1zo.| 110.| 669900. | + $€gzr10. | oro gO0zg00. O€gOTO. rz0. zZgSoo. | + ¢zo6oo. | 1z0. | Z10. gZoSoo. | ozzZoo. ozo. | £10. zottoo. | + | 610. | 110 Z6S€00. | o1g£oo. 
1zo. | 110. 11Zgoo. rzo. | oro. | |— ofgoro. 1zo. ZgQQC00. zbo6oo. | 1z0. | ZI0. ZgoSoo. | €€zLoo. | ozo. | | 60btoo. |— SztCoo. | | 110. togfoo. Z19£00. 
1zo. | ITO. | €zZgoo. IggzIo. rzo. | oro o£zgo0. oZgoro. | 1z0. z6gSoo.| gfo6oo. rz0. | g0So0. | 9tzZoo. | ozo. | €10. | Zrttoo. |— S£#Soo. | Gro. | r10. o1gfoo. | €zgloo. 
1zo. | 110. $€Zg00.| 1zo.| oro.| IbzgQ00.| 6ggoro. rzo. £02600. | +ZLo6oo. | r1zo. | z10. |-+ SOTSoo. 09zZoo. | ozo. | €10. Czttoo. |— | 610. | r10.| 419€00.| 
1zo. | I10- ZtZgoo. | 1Z0. | OTO. | €Czgo0. | 606010. | 1zo. | €1ZG00.| 160600. 1zo. z1o. |—¢11S00.| €2z200. ozo. | £10. | |— | G10. | 110. €zgfoo.| 
| zo.€ | go-€ | €o.z .2| | o.€ | +6.z | 
tr | ty | | | | tr | ty tr | ty — 
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1zo.| 110.| gobgoo.| II0.| £€gogoo.| e€oozo. | 1z0. + $bZ£Loo.| tgofgio.] 1zo.| 110.] 16€Z00.| 110.| groZoo. | + €zo¢ro. zzggoo.| O09 

110.| oztgoo.| 6€Z1z0. I10.| g6ogoo.| Lgo0zo. | Izo. |— S6£g10. 1zo.| 110.| f€obZLoo.| zzZgIo. I10.| 6z0Z00. | + ££€ggoo.| G6G 

Izo.| 110.| €E€bgoo.| I10.| OIIgoO.| | 1££Lo0. |+ Szbgio. | 110.| | + 0$Zgro. 110.| rboLoo. | + ¢Zo¢10. beggoo.| 

Izo.| 110.| ZIgIZo. I10.| €z1goo.| £€10Z0. | bgZZo0.| 1zo.| 110.| gzbvZoo.| 62Zg10. 110.| +$ggoo.| 

| II0. Igbgoo. Ovgizo. 110. 1goo. QQIOZO. | Zgbgio. | Izo. | rro. obblLoo.| Loggro. 110. bgoLoo. QzIsio. 999900. |+ YEG 

Izo. | gggrzo. |—OS1goo.| zozozo. 1z0. o1gZoo.| 1zo. | 110.| €¢bZoo. |-+ SEggro. 110.| gZoZoo.| ggbtre 

| 110.| O6bgoo. ZZO1ZO. bgIgoo.| g£€zozo. | 1z0. €zgoo.| o€fgro.| | 110. €gggr0O. 110. | ggoZoo.| 899900. 

1zo. | II0. bvoSgoo.| 110.| LZ1go0.| OZzozo. 1z0. IgSgro. | 1zo. | 110 gZbZoo. ZOQQIO- 110. | oorZoo.| 00900. | 26G 

Izo. | SISgoo. 4061z0. 110. 161g00. Sotozo. | 1z0. €1QgIO. | | II0. o6¢Zoo.| 110. Z11Z00. 11Zg00.| 

Izo.| 110.| zZ€$goo.| 110. |—$ozgoo.}| zgg400.| Izo.| 110.| 110. tz1loo.| zzZgoo.| [6G 

zo.| 110.| 120220. | zz IIo. gIzgoo.| +Z€ozo.] 1z0. + $£gZo00.| + gZ6gr0. ogz¢10. €€Zgo0.| z 06¢ 

Izo. | I10. 19$goo. OO1ZZO. | zz IIo. gobozo. 1zo. 699400. ZoZgI0. gz¢Zoo. IIo. gbrZoo. got Cro. | — SbLgoo. | + 10. 

1zo. | 110. |+¢Z¢goo.| Lbrzzo. | zz I10.| 9Qbzgoo.| ttbozo.] 1z0. IbfLoo.| TIO, | og1Zoo. | g$Zgoc.| 

IZO. | 06S goo. bgizzo. | zz IIo. Ogzgo0. gZbvozo. | 1zo. + $16Zo0.| IZZgro. €¢CZoo. CgoZ10. 110.| 7Z1Z00. gSECro. 892900. Lee 

IzO.| I10.| boggoo. | 110. bZzgoo.| €1Sozo. 6z6Lo0. | g9$Loo.| 110.| tgrZoo. |— |+ 

Izo.| 110.| 61ggo00.| Ogzzzo. zz II0-| §§zgoo. gbSozo. | 1zo. zb6Loo0.| | €z1L10. 110.| r1b¢10. 16£900. 669£10.] 

1zo.| 110.| €£€ggoo0.| gbozzzo. | zzo. | r10. | cotgoo.| £gozo. 1z0. + zO$Zoo.| 110.| 60zZoo. Io. ZOggCo. | FRE 

1z0.| I10.| ghggoo. L£E€zzo. | zzo. | | | O1g0zo. | Iz0. 696400. | 006310. — £ogZoo. | ZgIZI0. 110.| Izzloo.| | viggoo.| Ege 

Izo.| 110.| £€gggoo. | + $ZEzzo. | zzo. | | O£€goo.| | 1z0. zg6Zoo.| €€6gro. gIgZoo.| 110.| €€zZoo. 10. +$zggoo.| 69Z€10.} Zge 

Izo.| 110.| 449g00.| zzo.| 110.| Oob6gozo. | 1zo. 906L00. | 996gro. IfgZoo. | IbzZio. 110. |+¢bzLoo.| Z£ggoo.| [ge 

| | | 
1zo.! 110.| z6ggoo.| €bzzo. zzo. I10.| O$€goo. |-+ $zLozo. } 1z0. g66gTo. ttgZoo. 110.| | 6bggoo.| Oge¢ 
Izo. | 110. 40£g00. 16bzzo. | zz TIO. | €ZEgoo.| 19Z0z0.] €z0goo. 1£o0610. I0€ZI0. II0. o£zZoo. | 09g900.| Ibgfro. 
IzO.| 110.; O€¢zzo.] zzo.| 110.| Zg€goo.| Z6Lozo. | 1zo. L€ogoo. | ofgZoo.| I€€ZL10. 110.| £gzZoo.| g6CC10. zZggo00. |— gig 
1zo.| 110.| £€Zgo00.| 69$zzo.] zzo. | zobgoo.| £€£€gozo. | 1z0. 1fogoo. | 60610. IIo. €6zZLoo. | — 10. | bggooo.| 6ggfro. Lic 
1zo. | 110. z$Zg00.| 6ogzzo.| zzo.| r10.| 91bgoo.| OoZgozo. | —gogoo.| of16r0. g6gZoo. 16€ZI0. 110.| gofZoo.! | g6ggo0.| Oe 
1z0. | T10. Z9Zg00.| gtgzzo. | zzo. | Of 906020. Izo. 6Z0g00.| o1ZZoo. oz£Zoo. | g06go0. | * 
Izo.| 110.| zZgZgoo.| gggzzo.} zzo. | r10.'—Stbgoo.| zb6ozo. | 1zo. £60goo0. | 61610. €zLLoo.| 0z6900.| 
| £0Zg00. | 4¢Lzz0. 110. Ogbgoo. 6£60Z0. | ZOIgoo. I€z610. 9£ZZoo. €gbZro. gb£Zoo. PELCIO. z£6g00. Io. 
1zo. | 110. ZIQQOO. LoLzzo. 110. bZbgoo. QIOIzO. | IZIgoo. tgz610. —ofZfoo.| €1¢Z10. 110. | tt6goo.| 
| Logzzo. IIo. Ogtgoo. £Co1zo. | 1z0. — SEIgoOo. g6z610. £94L00.| 110.| IZ€Zoo. g£6go0. | + Ile 
| | 
Izo. | Etggoo.| Ltgzzo. r10.| o6orzo. | 1z0. OF | 1z II0. | LLLLoo. |— $Z¢Z10. tgfZoo.| g96900.| ogobio.| OLE 
Izo. | r10. gSggoc. gIfgoo. LZ11Z0. 1zo. €gIgoo. | gg€610.} 1z0. | 110.| 064200. 909210. Z6¢Zoo. Crecro. og6g00. | — 69¢ 
Izo.| 110.| $bZggoo.| gzbzzo. 110.| £€€goo.| 1z0. 4Z1go0.| 1zo.| 110.| vogZoo.| orbZoo.| €ZgCro. z669g00.| 
1zo.| 110.| Ogggoo.| gg6zzo. 110. goo. I1OZIZO. | |— 1zo. | r10.| ZIgZoo0.| gggZto. €ztLoo.| 106C10. — CooZoo. 
Izo. | 110. |— $O6go0. | 6o00€zo. 110. Egfgoo.| O6€z1z0.] 69h610. | Izo. | 110. 669210. 9fbZoo. 6z6C10. | Z10L00.| 6€rtI0. 
Izo.| 110.| Oz6goo. | — Ofo€zo. 110.| gé$goo.| ZZz1zo. | ozzgoo.| 1zo. | 110. of€ZZ10. 110.| O6tbZoo.| | 6zoloo.| 
1zo.| 110.| Q9£€6goo. 160€Zo. £6Cgoo. PIEZO. | | — S€zgoo. 1z0. | r10.| 6$gZoo. 110.| zgbZoo.| gg6Sr0. | tboLoo.| orzbio. 
Izo. | I10. 110. | 1z0. 6bzgoo. €ZC610. | 1zo. | 110. | zZgZoo. 110. trogto. | | |— 
1zo.| 110.| 496goo0.| €Z1£€zo. 110.| €zggoo.| O6€1zo. | 1z0. bozgoo. | gog6I0.} 1zo. | 110. |; 9gg4oo. | + SzgZro. | 110.| ggbZoo.| €ogro. Z90L00.| 
1zo.| r10.|  €g6goo.| rz€zo. 110.| 6€ggoo.| rzo. | g4zgoo. | 1zo.| r10.| O06L00.| Z¢gZro. 11o.| zofloo.| | 6£o0L00.| ggztio. 
| | 
110.| 666go0.| 110-| rzo. £6zgoo.| g/9610.} 1zo.| r10.| +16Z00.| 6ggZr0. | |— $1$Zo0. OOIgIO. z6oLoo.| ONE 
1zo. | 110.|—$10600.| L6z€zo. 110.| | + | rzo. gofgoo.| £12610. rz0. | 9z6Zoo. Iz6L10. | 110.| gzSZoo.| | torZoo.| 
IZO- | I10. 1£0600. O£EEzo. Pgggoo. beCizo. | 1z0. 6¢Z610. | 1zo. | r10. zb6Zoo. €C6Z10. Z11Zo0. 
1zo.| 110.| Zbo6o0.| Igf€zo. 110.| 00Zgoo. Egerzo. | 1z0. ZE€€goo.| 1zo.| 110.| 9$6400.| gg6Z10. Lgrgro. 6z1Zco.| Joe 
1zo.| r10.| €go0600.| €zbEzo. 110. |+¢1Zgo0.| | 1z0. zSEgoo.| ozg610.] 1zo0. | 110. | 1Z6Zo0. gIogio. 69$Z00.| gIzgIo. 
1zo.| 110.| 6£0600.| 9ggb€zo. I€Zgoo.} | Z9£g00.| 1z0. | 110. |-- $g6Z00.| r1ogro. zgtZLoo. | + | obbbio.] ecg 
1zo. | 110. |+ $60600.; goc¢zo. 110.| 9bZgoo.| | rzo. zgtgoo.| z6g6r10.] 1z0. 110.| 666400.| €gogro. | r10.| |— | gg1Zoo.| Lobbio.| 
1zo.| 110.| I11600.| 110.| zgZgoo.| L6€goo.| gz6610.] 1z0.| 110.| €10goo.| gIIgIO. | 110.| 609£00.| tof€grto. Ig1Zoo.| €6bbro. 20G 
1zo.| 110.| gzr600.| €6¢€zo. 110.| 6£Z1z0.]| 1z0. zIbgoo.| +96610.] 1zo.| 110.| gzogoo.| 110.| €zgfo00.| | v61Zoo.| 
1zo.| 110.| g£€9€zo. 110.| gigrzo. rzo. Lzbgoo. | oo00zo. | 1zo. | r10.| zbogoo. ZTQIQIO. | t10.| Z£€9Zo0.| ZozZoo. Tee g 
6£.z | 62.2 0g-z bb.z | | 76.2 
| 
él It or 6 
| | | | | 
1zo.| 110-| | O10. |—CbZS00.| Zrooro. 1z0. gbhzSoo. LPEQOO. z10.| g6gboo. 929900. | | zZoboo. | gooSoo. 610. | 110. | gzffoo.| O09 
| 110. | 9O0ZII0. o1o. £Loor10. | I9£e00. | rzo. | zro.| 90/too. 6eq900. 6/o¥00. | ZIoCOO. | tro. | loo. 
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1zo.|110.} OIIOIO.| | ZO. | 6+ g600. | -+ | | TIO. | 6£$600. Igfgzo- | | I10- 10€600. | 114gzo- | | 110. | 10600. zboSzo. | 1z0-| 110.| zZetzo-} 009 
1zo.| 110.| £4410. | TIO. |— Cgg6oo0. | OOLOLO. | ¢6$600.| gzbgzo. | Izo. | 110.| L1€600.| | | I10- gzo600.| bgoszo. | | o€Zgoo.| 66S 
1zo.|110.| €bro10.| gzgIto. | 1gg600.| 110.) 1 19600.| 9Ztgzo. | | z€€6oo. | IZO. | | | trZgoo.| 
1zo.| 110.| ogror0.| | 1z0. | Z6g600. | 10zoto. | | Lzg600.| €zSgzo. | | gbggzo. | 1z0. | | gSo600. | Ico. | 6SZgoo.| L6G 
1zo.| 110.| ZZ1o10.| | $16600.| zS$zoto.} 1zo.| 110.| £hg6o0. LSgzo. | 1zo. 110.| €9€600.| 16ggzO. | IIo. €0600.| €44goo. 6zSEzo-} 96¢ 
1zo.| 110.| €6ro010.| 4g61£0. | 120. | o£6600. | | IIo. 6Sg600. | Ozggzo. | | ITO. | 9Z£600. g€6gzo. | 1zo. | 110. ggo6oo.| | | ggZgoo.| 
1zo.| 110.| Ovozto. | | IIo. L¥6600.; | ggggzo- | | | 6600. | 1g6gzo. +or600. |+ $6z$zo. | 170. | TIO. | 
~ 1zo.| 110.| zzoxo. | — $60z£o. | €g6600. | + | | I10. 169600. | 914gzo. | | 110. o1t600.| 4z0Lz0. | 1z0- | 110.| 6r1600.| | Ziggoo.| Obgtzo-} 
izo.|110.| | 170. | TIO. og6600.| LS | ZoZ6o0. | — $9Zgzo- | | 110. |-+ | €Zoézo.] 1zo.| 110.| £1600. IgEEzo. | | T10- zEggoo.| 
1zo., 110.| 1gzo10.| | 1z0. | 966600. | goSoto. | | IIo. €zZ600.| vIggzo. 1ZO. | ILO. | 611Zzo. | 1zo. | 110.| 6b1600.| | | TIO. Lyggoo.| T6¢ 
= 1zo.| 110.} gZzoro.| gSzzto. +70. | €roo10. | | 6£Z600. | zgggzo. IzO. | IIO- Z+600. —g1Zzo.| 1zo-| t10-| #91600. ZgvSzo. I10-| I9ggoo- O6¢ 
1zo. | $6zor0.| €1EzEO. | | ofooro. | Izo. | g$Z600.| | €Zt6oo. | 11zzo. 110. 0g1600. ors$zo. | 110. | 94ggoo. 68¢ 
~ 1zo.|110.| ggezto. | | gbooro. | vggoto. | | TIO. zZZ600.| 196gz0- | ggb600.| 110. |+ $61600.| I10.| I6ggoo. |+o0Sgtzo-} 
1zo.| 110.| o€€o10.| €zbvzto. | TIO. €goo1o.| 41400. | ggZ600.| O106z0. | oS600.| | 110.| 112600. | 1z0- | | gO6goo. 
1zo.| 110.| Zb€oro.| | | ogooro.| | ILO. |— Sog600. | ogo6zo. ozS600. | + | gzz600.| IbvgSzo. | | Iz6goo.| 98g 
= Izu. | VvESzEo. | | ZOo0010. | ZzZgoto. | | 1zg600. | OL16z0. g£S600.| 1z0. | 110. zbz600. |— $ggSzo. Ico. | 110. | g£6goo. €Z6Ezo.} 
1zo.|110.| zggoro.| O6SzEo. | | TIO. brroro. | — $Zgoto. | gfg6oo. | og16zo. €CC600.| | | | ZSz6o00.| 6zZ$zo. 1zo 110.| I$6goo.| F8¢ 
1zo.| 110.| oobvoro.| ggzto. | 170. | 1€1010.| gz6o€o. | 1zo. | 110. |— $$g6oo. O1z6z0. 69S600. | | €z600.| 1z0.| 110.| 496goo. |— ¢Cobzo.] 
1zo.| 110.| | 120. | Ig60to. | | IIo. 1Zg600. | ogz6zo. SgS600.| | | 6gzhoo. | gigszo. | | zg6goo.| 
= 1zo. | | ggioio.| | ; ggg6oo. | Or€6zo. | | TIO. | 109600. | 9g$Zzo. | | IIo. | zggezo. | | r10.| 466goo. gtibzo.]| [8¢ 
| | 
1zo.| 110.| zSvoro. |-+ SIgzto. | | €groro.| ggor£o. | | 110. |— 06600. | I9¢6zo. Izo- 110.| gig600.| | 110.| oOz€600.| 406£zo. Ico. | 110.| O8¢ 
3 1zo.|110.| oZboro.| 1z0-| 110. | OOZOTO- 1zo. | 110.| 2%26600.| z1b6zo. | 10. | TIO. | bEg600. | zggZzo. | | r10.| 9€€600.| } 110.| gzo600.| 
1zo.| 110.| ggvore.| 6z6z£o. | | Zizo1o.| 9611€0.] 1z0.| 110.| gt66oo. €gv6zo. | 1zo. | 110. | + OSQ600. | otZZzo. | zS€6oo0.| 466¢zo. Ico. | €to600.| SL¢ 
8 1zo.| 110.| goSoro.| g9g6zto. | | — CEzoro. |—oSz1£o. 1zo. | 110. | + $$6600. +1S6zo. | 1zo.| 110.| 499600.| g442zo. | T10- | czbrogzo. | 1c0- 6S0600.| LL¢ 
= 1zo.| 110-.| ¥zSoro.| voto. | | zzoro.| 1zo.| 110.| 246600. |+ CgS6zo. | | r10.| £gg600. | gzgZzo.| 1zo.| 110.| Zgogzo. 1z0. | II0- tZo600.| 
1zo.|110.| zbSoro.| | | oZzoro.| 6S€x£0.] 1zo.| r10.| 066600.| 4196z0. | Izo. | TIO. 002600. |— $ZgZzo. 1zo. | 110. | o0b600. | | 060600.| O6€tzo.} 
1zo.|110.| ogSor10.| | | TIO. ggzoro.| | Zoooro.| ggg6zo. | | £12600. €z6Zzo. | | 110. | gIt600. | g41gzo. | | tro. |+Sor600.| FLE 
1zo.| 110.| gZ$oro.| | | +Soforo.| 1zo.| 110.| 0zZ6zo. | 1zo. | 110.| €££600. | zZ6Zzo. | 1z0. | 110. | bzzgzo. | 1zo. | 1z1600.| 
= 1zo.| 110.| g6Sor0. |— | | €zEo10.| 1zo.| 110.| Ivoor0. zZ£Z6zo. | 1zo. | 110. |+ 02600. | IZOgzo. | lrr0.| 6bt600.| OLzgz0. | | TIO. Z€1600.| 
1zo.|110.| | 1zo.| r10.| gSooro. |— $zg6zo. | 1zo. | IIo. Z9£600. | 040gz0. | 110. |+Sgb600.| | | TIO. €S1600.| TLE 
| 
R 1zo.| 110.| €€goro.| cOEEEO. | | 6SEor10.| | Izo. | IIo. gLooro.| | +gZ600. | OzI1gzo. Izo. | rro.| zgt6oo.| zg€gzo. | | TIO. gg91600. |— Segrzo.} OLE 
1zo.| 110.} ISgo10o.| | ZEo10. | | | IIo. €6oo10. | o€66z0. 1zo.| 110.| Tog6oo.| SgI1gzo. | | 110.| g6t600.| govgzo. | 69¢ 
1zo.| 110.| 699010.) | 1zo.| 1z0.| IILOIO.| 1zo. | gtg6o0.| 61zgzo. | 1zo. | |— $1S600. | + $S¥gzo. | Izo. | 110. | 007600. 169bzo. 89¢ 
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1zo.| 110.| zIIgoo.| | TIO. oogZoo. | IIo. tZvZoo.| €1ZZ10.} 1zo.| 110.| z€xZoo.} €orgro.] 1zo.| 110.| 12Z900.| 1zo.| I10.| 
1zo.| 110.| ¥zIgoo.| gg6ozo. | TIO. z1gZoo. | — SSE6I0. }| Izo. | IIo. ggtZoo.| 1zo.| 1t0.| O6zIgI0.] 1z0.| I10.| 1zo.| 110.| Oobgoo.| 
1zo.| 110.| Z€1goo.| zoorzo. | | TIO. |— CzgZoo.| g6tZoo.| 1ZLL10.] 1z0. | rro. |— |+ 1zo. | t10.| £64g00.| Izo.| I10.| tz6z10. 
1zo. | 110. |+ 0S1goo. | g£orzo. | Z€gZoo.| o1fZoo.| 662210. 1z0. 110. | 991400. 110.| +toggoo.| 1zo.| 110.| Ozbgoo. |— Cr6z10. 
1zo.| 110.| €91goo.} OZO1ZO. | | I10. —oSgZoo.| zzfLoo.| | IZ0. | 110.| | | IIo. |— C1ggoo.| 1zo.| 110.| O€bgoo.| 9g6zI0. 
1zo.|110.| ZZ1goo.| +or1zo.} zzo.| T10.| 298400. | Igv6ro. bESLoo.| 1zo.| 110.| O6grZoo.| Izo.| 10. | Yzggoo. o1gtio.} 1zo.| 110.| Ibbgoo.| Zg6zI0. 
1zo.| 110.| O61goo.| | | | — gbSLoo.| | 1ozZoo.| ogzg10.} 1zo.| 110.; Z€ggoo.| 1zo.| r10.| goo€ro. 
1zo.|110.| €ozgoo.| | | IIo. gggZoo.| trs6r0. | + $16Z10. } Izo. | 110.| zizZoo.| 1zo.| r10.| grggoo.| 1z0.| 110.| zgtgoo.| 
1zo.| 110.| 91zgoo.| | | TIO. o006f00. | o£¢ZLoo. Cb6LZ10. 1zo.| 110.| 1zo.| 110.| 6$ggoo. zggbro. | 1zo. | r10.| zZtgoo. 1So€10. 
1zo. | I10. 6zzgoo. | | €16Zoo. gog6Io. €gCLoo. | Izo. | 9£zZoo. ob€g10. 1zo. | x110.| OZggoo. | 1Z0. | TIO. €gbgoo. Io. 
1zo.| 110.| €rzgoo.| | TIO. gz6Loo. | oFg6r0. —$6¢Loo.| €oogro.} 1zo.| 110.| Izo.| I10.| Igggoo. | 1zo. | 110.| €6tgoo.| 
1zo.| 110.| 9$zgoo.| IIEIZO. | | 6€6Zo00. | Zogfoo. | €€ogIo. | 1zo. r10.| 1z0.| 110.| zOggoo.| | TIO. tofgoo. |— 10. 
1zo.|110.| 69zgo00.| 9FEIzZO. | | TIO. 619£00. | ZQOgIO. | T10. 1ZzLoo. | Ozbgto. 1Z0. | TIO. | +o6goo.| gZZt10.] 1zo.| 110.| 9£€1£10. 
1zo.| 110.| €gzgoo.| | | TIO. |— Sg6400.| LEL6I0. z6ogio.| 1zo.| 110.| €gzZoo.; | 1zo. | |— C16g00.| fogrro. 1zo. | 110. 
1zo.| 110.| 96zgoo.| | IIo. gZ6Z00.| 694610. ZZIQIO. 110. |—S6zZoo.| 1z0. | 110. | gz6g00.; Lzgrro.} 1z0. | 110. |+S€goo.| 
1zo. | 110. OI£goo. zCrizo. | | TIO. 166200. Zog6I0- ZSIQIO. | | Lo€Zoo. zoSgio. } 1zo. | r10.| Z€6goo. | | gtfgoo. 
tzo.|110.| €z€goo.| ggrIzo. | | toogoo. | — S€g6r0. TQIQIO. IZO. | TIO 61€L00.| 6zSgro.} 1zo.| 110.| 6b6g00.| 9Zghro.| 1zo.| rr0.| €zz€io. 
1zo.|110.| Z&€goo.| zzo.| ZTogoo. ZIZQIO. IZO. 1€€Zoo.} 1z0. | rro. 096900.| 106¢10.] 1zo.| 110.| gg$goo. |-+ 
Izo. | 110. IS€goo.| 6¢¢1zo. | | ofogoo. | 006610. zbzgro.| 1zo.| r10.| tgSgro.] 1zo.| r10.| 24600. | + Cz6br0. | 1zo.| 110.| gZSgoo.| 
1zo.| 110.|} |— $6¢1z0. | | €togoo.| £6610. zLzgio. | 1zo. | 110. I1ggIO. €g6goo. |+ 1zo.| 110.| 6gfgoo.| 
Izo. | 110. gZ£goo. | | 110. gSogoo. 296610. €o€gro. | | 110.| 6£ggI0. | |— 66900. | + | rzo. | r10. 009900. 
1zo.| 110.| Z6€goo.| Zggrzo.] zzo.| 110.} 69Ogoo.| 000070. | | 110.| 6Z€£o00.| 99910. | IZO. | gooZo0.| oo0f10.] 1zo.| 110.| I1ggoo.| 
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| | TIO. zo1600. | — 1ZO- | 110. | | — SO$goo. €Cgbzo. | 1z0. | 110. 6z£ goo. ZIIETZO. | | 110. | zfogoo. 
1zo.| 110.| gS€600.| Iz€6zo.} 1zo.| 110.| gr1600.| gZZ4z0.] Iz0.| I10.| goggoo. | Izo. | 110. gh1€zo. | 1zo. | 110. |— $g0goo. |—Sog1zo.]} 
1zo.| 110.| zZ€600.| gg€6zo.] 1zo.| r10.| O€1600.| Izgézo.] 1z0.| £10.| O£ggoo.|+ IzO.| II0.| Ieggoo. 1zo.| 110.| S$Egoo.| 1zo.| 110.| LZogoo.| gfgrzo.] gpg 
1zo.| 110.| 1z0.| 110.| €bx1600.| 1z0.| 110.| €6ggoo.| QIEQTO- IZO. | TIO. bEggoo.| goébzo.} 1zo.| 110.| Zgtgoo.| ozz£zo.} 1zo.| 110.| 6gogoo.| J #9 
Izo. | 110. 1ob600.| Z¢v6zo.} 1zo.| 110.| 21600. Lo6Zzo.} 1zo.| 110.| Lo6goo.| 1zo.| r10.| Lggoo.| 1z0.| 110.| Ogtgoo.| 1z0. | 110. zorgoo.|+ SoZ1zo-| 
Izo. | 110.|+$1b600.} 1z0. | 110. 121600. |+0$62z0.] 1zo. | 110.| Oz6go0.| | IIo. |—Sbghzo.] 1zo.| 110.| zOEgoo.| 1zo.| 110.| 
1zo.| 110.| o€b600.| 6%$6zo.} 1z0. | 10. |+ $g1600.| 1zo.| 110.| €6goo.| 110.| bLggoo.| Egghzo.} Izo. | IIo. | Sobgoo. | 110-| Lz1goo.| 
1zo.| 110.| |+ $6S6z0.] 1zo.| 110.| Ooz600.| L€ogzo.] 1zo.| 110.| gh6goo.| ogtgzo.} 1zo.| 110.| Lgggoo.| Izo.| It0.| gIbgoo.| tgt€zo.} 110.| 6£1goo.| 
1zo.| 110.| 6600. 1vg6zo. 1z0.| 110.| 1z600. Igogzo, | | Ig6goo. IzSgzo.- | | 10Zg00. 196bzo. 1ZO. | Ifbgoo. 1z0.| 110.| Itgizo.| 
1zo.| 110.| €Zb600.| ggg6zo.} 1zo.| 110.] gzz600.| $zigzo.] 1z0. | 110. |+ $46goo.| Izo.| I10.| OOO$zO.} I”0.| 110.| 110.| gIgoo.| SZLgizo.] 
1zo.|110.| +€Z6zo.] 1zo.| 110.| zbz600.| 1z0.| 110.| 6g6goo.| boggzo.} I10.| 4zZgoo.| O£o$zo.} 1zo.| 110.| 1z0.| 110.| LZ1go0.| 6o61z0.] 
1zo.| 110.| zoS600.| 1g46z0.] 1z0.| 110.| 9$z600.| €1zgzo.] 1zo.| 110.| £€00600.| gbggzo.} I10.| Ib4goo.| géoSzo.} Izo.| I10.| 1z0.| 110.| O61goo.| 
1zo.| 110.| Z1$600.| zg6zo.| 1z0.| 110.| I4z600.| L¢zgzo.} 1zo.| 410600.| ggggzo-] Izo. | 110. |—$$Zgoo.| Izo.| 110.| fEgrgoo.| grstzo.} 1z0.| 110.| zozgoo.| g/61z0.] geg 
1zo.| 110.| z€$600.| +Z£g6zo. 1z0.| 110. |—Sgz6o0.| zo€gzo.} 1zo.| 110.| If0600.| Izo.| I10.| ggégoo.| Iz0.| 110.| gObgoo. |— SgSEzo.} 1z0. | 110.|—$1zgoo.| f€10zz0.] Jeg 
| Iz66zo. | | 66z600. gb£gzo. | 1z0. | 110. | — $Fo600. ZLLgzO. | 1ZO. | 110. zgZgoo.| I10.| ZZQEzO. | 1z0. | 110. gzzgoo.| Ltozzo.] ogg 
1zo.| 110.| 19$600.| gg966zo.} 1z0.| 110.| 1€600.| I6£€gzo.] 1zo.| 110.| O6So600.| Iggzo.]} Izo. | 110. |+$OLgoo.| LEz$zo.]} Izo.| 110.| €z$goo.| O$gEzo. |} | 110. Ibzgoo.| zgozzo.] 
1zo.| 110.| 9Z$600.| groo€o.] 1zo.| 110.| gz€600.| g€tgzo.]} 1zo.| 110.| €4o600.| gSggzo.] Izo.| I10.| Ooggoo.| géz$zo.] Izo.| 110.| g€$goo.| 6g€zo.] Izo.| 110.| €Szgoo.| L11zzo.] 
1zo.| 110.| 16$600.} €goofo.] 1z0.| 110.| £€b€600.| Igkgzo.} 1zo.| 110.| Lgo600.| 66ggz0.] Izo.| I10.| €zggoo.| Izo. | 110.|—OSSgoo.| Izo.| 110.| ggzgoo.| 
1zo.| 110.| gog600.; 1z0.| 110.| Z§€600.| gz$gzo.] 1zo.| 110.| 101600.| rhOgzo.} Izo.| I10.| 4Eggoo.| 1zo.| I10.| fEgSgoo.| 1zo.| 110.| O4zgoo.| Lgizzo.] Zeg 
1zo.| 110.] Izg600.| 1z0.| r10.| zZ£€600.| I4$gzo. | 1zo. | 110. |+$11600.| | | 10. |+O$ggoo.| LOESzo.]} Izo.| I10.| OIgtzo.} 110.| zO6zgoo.| zzzzzo.] TE9 
1zo.| 110.| 9£€9600.} Zozofo.] 1z0.| 110.| Zg€6o0.| Z1ggzo.] 1zo.| 110.| O€1600.| 1zo.| 110.) bgggoo.| Izo.| 110.| O6Sgoo.| 1z0.| 110.|+Sofgoo.| gSzzzo.] ogg 
1zo.| 110.| 19600. |—¢Szofo.] 1zo.| r10.| 10b600.| zgggzo.] 1zo.| 110.| Iz0.| I10.| géggoo.| géb$zo.} 1z0.| 110.| Loggoo. |+ Sggtzo.] 1zo.| r10.| €6zzzo.] 
1zo.| 110.] 999600.| 1z0.| 110.| 91b600.| goZgzo.} 1zo.| gS1600.| Izo.| I10.| ZOggoo.| 1zo.| 110.| LIggoo.| | 110. Iffgoo.| 6zEzzo.]} 
1zo.| 110.| “Igg6oo. | 1z0. | I10. | 1z0. | 110. ¢£Z1600. | | IIo. g06goo. | 1z0. | 110. O£ggoo. | | 110. | — goo. to€zzo. 1z9 
1zo.| 110.| 969600.| ootofo.| 1z0.| 110.| Ooggzo.} 1zo.| 110.| 4g1600.| oozZzo.] I10.| OZ6goo.| | | trggoo.| oootzo.| 1z0.! 110.| gS€goo.| oobzzo. 929 
Izo. | 110. z1Z600.| 6bbofo. | | TIO. I9t600.| 1zo.| 110.| zoz6o0.| tbzLzo.] 1zo.| 110.| €6goo. 1bgSzo. | 1zo. | 110. | gSggoo. €obzo. | 1z0. | 110. 1Z£goo.| g€tzzo. 
1zo.|110.| 47£600.| g6rofo.} 1z0. | 110.|+$Zb600.| czOggzo.} Izo.| I10.| 1zo.| I10.| ghOgoo.| zggSzo.} 1zo.| 110.| I4ggoo.| 1zo.| 110.| tgEgoo.| zLbzzo. $29 
Izo.| 110.| zbZ6o00.| 1zo.| 110.| O6b600.| 6£6gzo. | Izo. | 110 1€z600.| 1zo.| 110.| zg6goo.| 1zo. | 110. |+ $gggoo.| g11bzo.] 1zo.| 110.| Z6€goo.| gosz 
1zo.| 110.} g$Z600.| 1zo. | |-+ SoS600. | gg6gzo. | 110. |-+ $bz600. |+ 1zo. | 110. | 446go0. |— Izo.| I10.| 66ggoo. |— | 1zo. | 110. 11bgoo.| +bSzzo. 229 
1zo.| 110.| £44600. |+Stgofo.} 1zo.| 110.| IzS600.| ztobzo.] 1zo.| 110.| Ogz600.| 1z0.| I10.| I66goo.| gogSzo.} Izo.| 110.| £€14goo.| 1z0.| 110.| bzbgoo.| IgSzzo.] 
1zo.| 110.| 6g4600. |— S6g0€o. 1zo.| 110.| 9€S600.| 6406z0.} 1zo. | r10. |—$4z600.| bgbZzo.} 1z0. | 110. $00600.] 1zo.| 110.| 4zZgoo.| 1z0.| r10.| g€tgoo.| L1gzz0.] 
1zo. | IIO. tog6oo. | 1z0. | Qgz16z0. | 1zo. | 110.| 06z600. gogZzo. 1zo.| 110. | Ozo600.| O6g¢zo.} | obZgoo. zLzvzo. | | I¢bgoo. 6I9 
1zo.| 110.| Ozg600.| 1z0.| 110.| 99600. €Z16z0. 1zo. | 110. | €CCZzo.| rzo.| r10.| +£o600.| z£€6Szo.] 1zo. | rr0. | I1€¢zo. | 1z0. | 110. |—Sgbgoo.| o6gzzo.] 
1zo.| 110.| 9£€g600.| I10.| Ig6oo. | Izz6zo. | 1zo. | r10.| 61£600. 1zo.| 110.| 1zo.| r10.| gg4goo.| IS€bzo.] 1zo.| r10.| gZvgoo.| LzZzzo.} J T9 
Izo.| 110.| I¢g600.| +6gofo.] 1z0.| 110.| 468600.) ggz6zo. FEEGO0. | 1zo.| 110.| €90600.} Izo. | £gZgoo.| 1zo.| 110.| z6bgoo.| 9T9 
1zo.| 110.| 499600. |— | | I10. €19600. g1£6zo. 6b£600.| LggZzo.] | 6Sogzo. | | 46£g00.| o€tbzo.} 1zo. | | + So¢goo. 1ogezo. 
1zo.| 110.| €gg6o0. |+ 1zo. | 110.| 479600. tgf6zo.} zo. | r10.| | 110. 760600 IOIgzo.] 1z0.| 110.| IIggoo.| 1zo.| 110.| O1$goo.| gfgzzo.] 
1zo.| 110.| 66g600.| gborfo.] 1zo.| 110.| €bg600.| zrb6zo.]} 1zo.| 110.| 64£€600.| 1zo.| 110.| 401600.|; | 110. |—$zggoo.| 1zo.| 110.| gZLgzzo. €19 
1zo.! 110. |—$16600.| Z6or£o.] 1zo.| 110.| g$g600.| ogb6zo.| 1zo.| 110.| €zgézo.] 1zo.| 110.| Iz1600.| 4grgzo.] 1zo.| 110.| O£€ggoo. 1zo.| 110.| LeSgoo.| €16zz0.] 
1zo.| 110.} I€6600.| gtrr€o.] rzo.| r10.| goS6zo.] 1zo.| 110.| 60b600.| 6gg4zo.] 1zo.| 110.| 9£1600.| Ofzgzo.} Izo.| I10.| 1z0.| I10.| Og$goo.| 19 
1zo.| 110.| Z6600.| 1zo.| r10.| 069600. | | 110. | — $zb6o0. 1zo.| 110.| I£1600.| 1zo.| r10.| ggggoo.| I€gtzo.} 1zo.| 110.| +ZSgoo.| 6g6zzo.] OT9 
1zo.| 110.| £96600. |— oSz1£o. | 1z0. | 110. |+ $0Z600. | + $0g6zo. 1zo. | 110.| OFb600.| I964z0.]} 1zo.| I10.| 99I600.| Izo.| I10.| Zgggoo.| 1zo.| 110.| ggSgoo.| gzofzo.} 
1zo.| 110.| 626600.| 1z0. | 110 1zZ600.| +$g6zo.] 1z0. | 110. |+ Loogzo.} 1zo.| 110.| Igrt600.| 6S€gzo. | | tro. Z6gg00.| cziZbzo.} 1z0.| 110.| zoggoo.| +g0€zo. 809 
1zo. | 110. |+$66600.| €S€1¢€o.] rzo.| 110.| €046zo.} 1zo.| r10.| I4b600.| €Sogzo.] 1zo.| 110.| 961600.| fobgzo.} 1zo.| 110.| I16goo.| 1zo.| 110.| gIggoo.| zorfzo.] J09 
1zo.| 110.| |— Sotr€o. rzo.| r10.| €$Z600.| z¢Z6zo.} 1zo.| r10.| 660gzo0.} 1zo.| 110.| 11Z600. | gbbgzo. | | | gz6goo.| 1zo.| 110.| O€ggoo.| 909 
1zo. | II0. QZOOI0. | 1z0. | 992600. 10g6z0. | rzo. | 10600. | QbIgzo.] Izo. | IIo. 9zz600. | O6bgzo. | | | oF6goo. tEgtzo. | | 110. 6Z1€zo. C09 
Izo. | tbrooro. | 1zo. | 110. tgZ600.| I¢g6zo. 1z0. | TIO. £16600. Izo. | Itz6oo0. | be | IIo. | — $£6goo. gZgbzo. | 1zo. | 110. 
Izo. | Ogooro. rz0. | 110. | OOg6o0. | 0066zo. | 1zo. | rro. 6€zgzo. | 1zo. | 9Sz600. | 1z0. | 696g00.| 1zo. | 110. £2900. ¢09 
1zo.| 110.| Zoo10.| 1z0.| 110.| 9Ig6o00. rzo.| 110.| grS600.| ggzgzo. | Izo. 1£z600. 229920. Izo. 110.| +g6goo.| g6bzo.] 1zo.| 110.| 
1zo.| 110.| €600r0.|} | | OO00£O. Izo. | |_§ _ 1zo.| 110.| 9gz600.| | IIo. 666300. | Oo00¢zo. | 1oZgoo.| 
| | 
| | 

0Z 61 LT cI 
Izo. | 110. 992200. 1L00ZO. | TZO. | ZotLoo.| Izo. | — | 110. | Lzggoo. 1zo.! r10.| zgbgoo- ZQgEIO. | | T10. QI1go0. 
| attinn | gannen. 2z20.| o/?/oo.| 6rCoro. | | |+- Sazr/oo. |+ | Izo. | rr0.| Z£€eaqoo.| rz0o.| r10.| z6taoo. | rzo. | Czr900.| 


: 
45 
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1zo.|110.| g1€Soo.| | | O10. Lz6too.| 1z0.| 110.| rofboo. €C1Z00. | rzo. | z1o.| 6zoboo.| zzZSoo.] ozo. | €ro.| z6b£oo. z6zboo. | 610.| 110.| €Sgzoo.| I9gz00-} OOL 
Iz 110.| gz€Soo.| O6zooro. | | O10. +€6too.| g6Sgoo.]} 1zo.| 110.| goshoo.| | | 710. |— r€ZS00.} ozo. | €10.| | 610. | 110. ZSgzoo. |+ 669 
1z0.| O10.| | | TIO. | 1zo.| | | ozo. | Exo. zocfoo.| 610.| r10.| =9gz00-| 69gz00.} 869 
1zo.|110.| 1z0.| or0.| } | TIO. 1zStoo.| +grZoo.| 1zo.| gtoboo.| ozo. €10.| ZoS€oo.| or1€too. 610. | rr0. |+ $ggzoo.| +Zgzoo-} 169 
1zo.| 110.| 6b€Soo.| zZooro.} 1z0.| oro. | gS6Foo. €Eggoo. 1zo. | 110.| LzSvoo. +61Z00.| 1zo. | zro.| zSoboo. |+ $$ZSoo. ozo. | Ero. z1¢foo.| 610.| r10.| 69gzoo.| gZgzoo.| 969 
1zo.| 110.} ggooro.] 1z0. | or0.| €g6boo. gtggoo. | 1zo. | 110.| bbSvoo. |— SozZoo- | | ZIO. gSotoo.| ozo. | €10.| | 6ro.| r10.| +%Zgzoo.| zZggzoo-]| 

$9€Soo.| 1zo.| o10.| gSggoo. 1zo. | 110.| obStoo. |+ } | tgotoo.| ozo. | €10.| zz$€oo. | 610. | 110.| g4gz00-.| F69 
1zo.| 110.| zZ€Soo.| grroro.| 1zo.| o10.| 129300. } | II. L¥Stoo. |-++- SzzZoo.| 1zo. | | OZ0boo.| OgZSoo. | ozo. | LzS€oo. |+ | 610. | r10.| Zggzoo.| 
1zo.| 110.| ogf$oo.| | bg6hoo. | €gggoo. | Izo. | TIO. €SCStoo.| g€zZoo. 1zo. | zro. | + $Zoboo. 6gZS00. ozo. | €r0.| zESEoo.| 610.| r10.| ‘9ggzoo.| 
Lg€Soo. | — SPIOIO. | OTO. 166¢00.| g69g00.} 1z0.| r10.| | | 1gotoo. | 462600. | ozo. | gt€too. 610.| 110.| O6gzoo.| 66gzo0.} 169 


vo 
4 
a 
4 


Rat 


g9stoo.| ZSzZoo.} 1zo.| 4goboo. gogSoo. | ozo. | €10.} | 610. | r10. t6gzoo.| €06z00.} 069 
€orSoo.| 1zo.| oro. | Qoofoo.| | | €ZStoo.| LgzZoo.| 1zo.| | ozo. | €10.| | 610. | 66gzoo.| 406z00-} 689 
1zo.|110.} 11¢So0.| 6groro.]} 1zo.| or0.| €x0S00.| | TIO. ogstoo.| gZzLoo.] 1zo.| z10.| zzgSoo.}ozo.| €10.| Lg€voo. | Gro. | €06zo00.} I16z00-.] ggg 
1zo.| 110.| tozoro.} 1zo. | | gbZgoo. | 1z0. | 110.| gg$Foo. 6gzZoo. | 1zo. | z10. | + Sorvoo. I€gSoo. | ozo. | €x10.| gS$foo.} | 610. | Zo6zoo. |+ $16z00.] 189 
1zo.| 110.| gzbSoo.| 6izor0.] 1zo.| oro.| gzoSoo. 1zo.| 110.| £€6$boo.| 66zZo0. | 11100. | 6£gSo0.| ozo. | €10.| E9SE0o.| 6r0. | Ito. I16zo00.| Oz6z00.} 989 
1zo.| 110.| +Ezoro.} | oro. | Izo. | TIO. oogtoo.| or€Zoo.} 1z0.| zro.| gtgsoo. | ozo. | €x0.} ggSEoo. } 610. | 110. +C¢16zoo.| 
1zo.|110.| zbbSoo.| 6bzoro.} 1zo.| oro.| zboSoo. |— $gZgoo. | | IIo. gogtoo.| 1zo.| z10.| €zrboo. ZSgSoo. | ozo. | €10.| z6€+00.| 610.| 110.| Oz6z00.| gz6zoo.| 
1zo. | |+0$¢Soo.| vgzoro. | oro. |— g6Zgo0.} | 110.| 1€€Zo0.| rz0. | zo. | 6zrtoo. |+ ozo. | €10.| 66£+o00. | 610. | r10.| €€6z00.] ¢89 
1zo.|110.| g$bSoo.| 6Zzor0.] tzo.| or0.| ZSoSoo.| I1ggoo. } Izo. | ITO. ozgtoo.| zb€Zoo.} 1zo. | zro. |+ | | ozo. | Ero. |-+ Sotboo.| Gro. | r10.| gz6zoo.| 4£6z00.} B89 
1zo.| 1zo.| or0.| bzggoo.| rzo.| r10.| gzgboo.| 1zo.| trtoo.| zggSoo.] ozo. | €10.| OgS€o0o.| | 610. | €€6zoo.| Iv6z00.} 39 


zloSoo.| Z€ggoo.| rzo.| r10.| €€gboo.| Izo. | Lbrboo.| 16gS00.] ozo. | €10.| | 610. | Z£6zo0.| 9b6zo0.] 089 
obgtoo. |—$ZEZoo0.] 1zo. | zro.| | | ozo. | Ero. |— Szbboo. 610. | r10.} I¥6z00. |— 619 
1zo.| 110.| O6¢Soo.| obfor0.} rz0.| oro.| ZgoSoo. Egggoo. | rzo. | r10.| ggZoo. | 1zo.| zro.| ozo. | E10. |— Sogfoo. | | 610. | r10. | 
1zo.| 110.| g6bSoo. |+ Izo. | oro. +60S00.| 9Zggoo.] 1zo.| r10.| | Izo. | zI10. ggttoo.| Z16S00.} ozo. | €10. | gfttoo. | 6ro. | r1r0. | — 0$6z00. 6S6z00.} JLO 
1zo.| 110.| go0SSoo.| oZ€or0.} 1zo.| oro. | 6gggoo. | rzo. | rr0.| Iggvoo.| | Izo. | zZ1v00.| 9z6S00. | ozo. | €10. |+ $19£00. | | 610. | +C6zoo.; €96z00.] 919 
1zo.|110.| #rSSo0.| 1z0.| or0.| 60r1S00.| zo6goo. | Izo. | TIO. Zg9boo. | gibZoo.} 1zo.| |— CE6Co0. | ozo. | €10.| IStboo.| 610. | r10.| 6$6z00 L96z00.{ ¢L9 
1zo.| 110.| zzSSoo.| r0bor0.} rzo.| oro. | 411S00. |-+ | Izo. | TIO. tZotoo.| O6zbZoo.] 170. | z10.| +b6So0. | ozo. | €10.| azgfoo.| gSbboo. 610. | Tro. €96zo0.| F19 
Izo. | I10. rzo.| oro.| 6z6goo. | Izo. | Iggtoo. | oObFbZoo. | | ZI0. o61boo.| ozo. | | 610. | 946z00.} E19 


1zo.|110.| 6€SSoo.| z€voro.} 1zo.| oro.| zh6goo. | | IIo. gggtoo.| zStZoo.] 1z0. | z10.| 196S00. | ozo. | €10.| 4€9€00.| | 610. | 110. zZ6zo0.| Ig6z00.} ZL19 
ztofoo.| 610. | Z6z00. |-+ $g6zoo.} TL9 


1zo. | $6£So0.| ogroro.} 1zo. | o10.| 666bo00.} goZgoo. | ITO. 


ion 
$ 


G6o€or0. | | 
1zo.|110.| zgvSoo.| +#z€or0.} 1zo. | oro. | | — OSggoo. Izo. | TIO. 


ificance of the Correlat 


& 1zo.| 110.| Z¥SSoo.| gtbroro.} rzo. | oro.| 6€1S00. + $S6goo. | 1zo. | rro. | + €gbZoo. | rzo. | zro. | €Ozboo. ozo. | €10. 
tzo.| 110. |+§SSSo0.| €gtoro.} izo.| oro.| 696goo. | | Tro. zoLtoo.| +ZtZoo.| 1z0.| zro.| 6ozbvoo.| 646S00. | ozo. | gbofoo.| 6r0.| rr0.| Ig6z00. 066z00. 
1zo.| 11r0.| +g9SSoo.| 6Z¥or0. 1zo. | oro. |— $$1S00. zg6go0-.} 1zo.| r10.| 60Zoo. | + SgbZoo. | Izo. | +C1ztoo.| gg6Soo0.} ozo. | €10.| | 610. | rro0. | + $g6zoo0.| 
= 1zo.| r10.| zZSSoo0. |— S6¢or0.] zo. | oro. zgxS00.| 966goo.} 1zo. | r10.| Foo. 96¢Zoo.| z1o.| I2zboo.| 46600. | ozo. | 6S9f00.| g6ttoo.| 6ro.| | 066z00.| 666z00. 
1zo.| 110.| OgSSoo.| r1S010.} | oro. | O4TS00. 600600. | 1zo. | r10.| €zZtoo.| goSZoo.]} rzo. | gzzboo. | ozo. | |— So¢too. | 610. | ¥%66z00.| €00€oo. 
| 110.| 966zoo.| goofoo. 


€zo600.| rzo.| r10.| O€Zboo.| rzo. | zro.| | + ozo. | E10. | | 610. 


> 1zo.| 110.| ggSSoo.| 9zSoro.} rzo.| or0.| gZ1S00. 
IZO. | 110. zvSoro. | 1zo. | O10 gg1Soo. | 9€0600. | | IIo. ZELtoo. o£¢Zoo. rzo. | zro. obztoo. bzogo0. | ozo. | €10. |+ gIStoo. 610. | r10. 
1zo. | gSSoro.]} 1zo.| oro.| €61S00. —oCo600.| 1zo.| r10.| rz0. | z1o.| | €£ogoo. } ozo. | Igg€oo. |— Gro. | Tro. goofoo.| 
1zo.| 110.| | 1ozSoo.| £g90600.} rzo.| rro.| | rzo. | €Sztoo.; ztogoo.| ozo. | €10.| z€Stoo. | Gro. | | ZIO€oo. 1zofoo. 
1zo.| 110.| zzg$oo.| O6Soro.} zo. | oro. | 60zSo0. |° ZZo600.| tzo.| 110.| 6$Ztoo.| rz0. | z10. 1Sogoo. ozo. | €10.| | 610. | 110. Zr10£00.| 9gzofoo. 
1zo.|110.} 1€9S00.| gogoro.| rzo.| oro. | 41zS00.| 160600. 1zo. | t10.| 994Fo0. 9ZSZoo.| rzo. | zro. 90900. ozo. | €10.| 469E00. |+ StStoo. | 6x0. | | o£0£00. 

1zo.| 110.| 6£€g9S00.| zzgoro. 1zo. | oro. | — $zzSoo. |— $o1600. | €ZLt00.| LgSLoo.}izo.| z1o.| | ozo. €10.| | 610. r10.| 9zofoo. |— 099 

1zo.| 110.| gtgSoo.| rzo.| oro.| 611600. } Io. | ogZtoo.| 66$Z00.]} 1zo. | zto.| 64zboo. | 6Zo0900. | ozo. €10.| | 6SCtoo. | 610. | r10.| otofoo.] 

1zo.| 110.} 9$9$00.| #$gor0.] 1zo. | oro.| 1z0.| rr0.| ggZtoo-| or9400. | zo. z1o. |+Sgztoo. | ggogoo. ¢ t1Z£00.| 99Sboo. | 6ro. | r10. |— $€0£00.| gcy 

—g9So00.| 1z0. | o10.| ghzSoo. gb1600. | rzo. | r10. |— | zzgZoo. | rzo. | ZI0. z6ztoo. 60900. ozZ£oo.| | 610. | t10.| 6£€0€00.| 

| | €ofoo.] 


+€zZfoo.| | 610. | rro. 
1€Z€oo. ZgStoo. | 610. | gsofoo. ecg 
+6Stoo.| 610.| rro.| FCO 
ztlfoo. rogtoo. | 610. | rr0.| gSofoo. 
gtZ£oo.| gogtoo.} 6ro.| rr0.| £90Eoo. | zZofoo.]| 
|+ Crgboo. | Gro. 110.| 490£00. | LLo€oo.] Te9 


€Z9So00.| Lggoto.| rzo. | oro. | 9SzSo0.| 091600. | | IIo. zogtoo.| 1z0.| zro.| g6zboo.| 
zggsoo.| rzo.| oro.| £1600. Izo. | Tro. 6ogtoo. |-+ | rzo. | z10. |— SOEFOO. | 
06900.| ozZoro.} 1zo.| o10.| Izo. | Li1gtoo.| rzo. | zro.| zI€Foo.| 9zIQOO. 
669$00.| rz0.| o10.| OgzSoo.| zoz6o0. | | tzgboo. | 699400. | 1zo. | zro.| gt€too. |— 
goZSoo.| €$Zoro.} rzo. | oro.| 6gzSoo.| 21z600. | Iz0. | I€gtoo. | OggZoo. | 1zo. | | 

Z1Z$00.| 69Zor10.| 1zo. | or0.| 46zS00.| I1£€z600. | | r10. 6£gtoo. | z69Zoo. | | | 


zIO. | 


Tables for ascerta 
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T. L. Woo 


1zo.| 110.| g1zZoo.| g6Sgro.} zzo.| r10.| gf6g00.| Izo.| 110.| gtggoo.| 1zo.| r10.| €b£goo.| gofF10. zzogoo.| Izo.| 110.| Qo) 
1zo.| 110.| gzzZoo.|—Szggro.| zzo.| r10.| gb6goo.| z61Z10.] Izo.| 110.| L$ggoo.| 1zo.| 110.| zS€goo.| Lz€r10. 1z0. | rro. ofogoo.| 1z0.| r10.| 069S00.| r9t110.] 
1zo.| 110.| Z€zZoo.| zzo.| 110.| g$6g00.| Z1zZ10-} 1zo.| 110.| Zgggo0.| 1zo.| 110.| Ig£g00.| Izo.| 110.| 6£o0goo.| zr6zI0.] 1zo.| 110.| g6gSoo.| ggg 
1zo.| 110.| Zbz£oo.| gZogro.| zzo.| r10.| gg6g00.| rbzZ10.] 1zo.| 110.| 949900. |—SogS10.] 1zo.| tr0.| OZ€goo.| 1z0.| 110.| gbogoo.| 1€6z10.] 1zo.| 110.| go0Z$oo.| 169 
1zo.| 110.| Z$zZoo.|+SoZgro.| zzo.| 110.| 9Z6900.| g9zZ10.] 1z0.| 110.| ggggo0.| LzgS10.] 1z0.| 110.| 6Z£g00.| 1zo.| r10.| gSogoo. |—o$6z10.] 1zo.| 110-| +#1ZS00.| I1S110.] 969 
1zo.| 110.| ggzZoo.| zzo.| r10.| gg6go0.| 16z210.] | 110. | + $6gg00. |+ 1zo.| 110.| ggfgoo.| 6obbr0.] 1z0.| 110.|—¢gogoo.| gg6z10.] Izo.| 110.| zzZSoo.| Lz$r10.] 
1zo.|110.| gZzZoo.| 6¢Zg10.] zzo.| 110.| g66g00.| | 110. |—$o4go0.| 1zo.| 110.| LO€goo.| 1zo.| 110.| +Zogoo.| 1zo.| 110.| 
1zo.| 110.| ggzZoo.| ggégro.] zzo.| r10.| gooZoo.| Izo.| 110.| 1zo.| r10.| Zobgoo.| 1z0.| 110.| Zgogoo.| goof1o.} 1z0.| 110.| 
1zo.| 110.| 66zZo0.| €1ggro.] zzo.| r10.| groZoo.| 1zo.| 110.| zZgo00.| 616$10.} 1zo.| r10.| g1bgoo.| 1z0.| 110.| 160900.|—Szof10.} 1zo.| 110.| 
1zo.| 110.| 60€400.| rbggro.} zzo.| 110.| gzofoo.| 1zo.| 110.| 1z0.| r10.|—Szbgoo.| €6rbr0.] 1z0.| 110.| Oo1g00.| 1zo. | F6S110.] 169 
1zo.|110.| oz€Zoo.| goggro.| zzo.| 110.| gfofoo.| 1zo.| 110.| $96S10.] 1zo.| r10.| 1z0.| 110.| goIgoo.| 110.| £92£00.| 
1zo.| 110.| O€€Zo00. |+ S6ggro.| zzo.| rr0.| zbbZ10.} 1zo.| 110.} £€$Z900.| gg6S10.] 1z0.| r10.| €bbgoo. |—SEStr0.] 1zo.| r10.| Z11g900.| Igof10.] 1z0.| 110.| 
1zo.| 110.| €zOgrO. | Zzo. | I10. ZobZ10.| 1zo.| 110.} £€9£900.| 1zo.| 110.| €Sbgoo.| 1zo.| 110.| 9zIgo0.| Oorf10.] 1zo.| I10.| gag 
1zo.| 110.| | + O86gro. zzo. | r10. €6bZ10.| 1zo.| 110.| 1zo.| 110.| zgbgoo.| 1zo.| 110.|—$€1g00.| Ozr€10.] 1zo.| 110.| ggZSoo.| ZggIIO.| Jag 
Iz0.| I10.; gZ6gro. | zzo. | 110. 1zo.| 110.| z%gZgoo.| gSogro.] 1zo.| r10.| 66Sb10.] 1zo.| 110.| O6€1€10.] 1zo.| 110.| 46Z$00.| 9gg 
1zo.| 110.| £€Z€Zo0.| goo6r10. zzo. | 110. 1zo.| 110.| zgogro.] rzo.| r10.| Igbgoo.| ozgbro.} 1z0.| 110.| €$1go0.| zo. | r10.|+SogSoo.| egg 
1zo.| 110.| €g€Zo0.| | zzo. | o£SZ10.| 1z0. | r10.| zoggoo. |+ 1zo.| r10.| o6bgoo.| 1zo.| 110.| zg1goo.| ZZ1€10.] 1zo.| 110.| 1gSoo.| 
1zo.| 110.| | zzo. | IIo. +6¢ZL10.] 1zo.| 110.| Z1ggoo.| 1z0. | rzo.| 110.| IZ1go0.| 961£10.] 1zo.| zZzgSoo.| ggg 
1zo. | rr0. | — SobZoo. 060610. | zzo. | IZQLI0. | | ZZQg900. €¢1g10. Izo. | 60900. bggrto. | 1z0. | 110. OgIgoo. QIzf10. | | 110. TEgCoo. 
1zo.| 110.| 9IbZoo. | QII610. zzo. | O€r1Zoo. Izo.| r10.| 941910.] 1z0.| r10.| 61Sg00.| 1z0.| 110.| O6gIgo0. 1zo.| r10.| 
Izo.| 110.| gzbsoo.| 9b1610.] zzo.| r10.| £49410.] Izo.| I10.| Zbggoo.| OOzgIO.} Izo.| r10.| gzSgoo.| | Izo. g61900. |— rzo.| r10.| gkgSoo.| zgZr10.] 
1zo.|110.| Z€bZoo.| zzo.| r10.| I$1Zoo.| 669410.] 1zo.| r10.| ZSggoo.| bzzgr0.] 1zo.| r10.| g€Sgoo.| O6bZbr0. | Lozgoo.| 1zo.| 110.| 9SgSoo.| 66Z110.] 619 
1zo.| 110.| gbbZoo.| zzo.| 110.| |+$zZZ10.] tzo.| r10.| zgggoo.| grzgro.} Izo.| 110.| gizgoo.| 1zo.| 110.|—$g9gSoo.| g/g 
1zo.| 110.| 6$¢Zoo.| 1€z610.] zzo.| r10.| zZ1Zoo.| 1z0.| 110.| 7Zggoo. 1zo.| r10.| Z¢Sgoo.| 1z0. Gzzgoo.| 1zo.| 110.| €ZgSoo.| 
1zo.| 110.| 6$z610.} zzo.| 110.| zgrZoo. 1zo. | 110.! z%gggoo.| 96zgI0.] 1z0.| r10.| |— SIgtro. | 1zo. bEzgoo.| 1zo.| 110.| zZggSoo.| 
1zo.| 110.| IgkZoo.| ggz610.} zzo.| 110.| €61Zo0.| togZ10.} 1zo.| r10.| ZOggoo. OzEQIO. | 1zo.| r1q.| 92Sgo0.| rzo. 1zo.| 110.| T6gSoo. |" 
1zo.|110.| zObZoo.| 91€6r0. zzo. | 110. €ozloo.| 1zo.| r10.| rzo.| r10.| 9g$go0.| 6Sgrro. zSzgoo.| 1zo.| r10.| 66gSo0.| 
1zo.| t10.| £0400. |+ zzo.| r10.| £Sgé10.] tzo.| r10.| z16900.| 69£ 910. | 1zo. | r10. |+ $6Sg00. | IggPro. | zgzgoo.| 1zo.| r10.| go6Soo. |—Sob6r10.} 
1zo.| 110.| zzo. | r10. |—SzzZo0.| bggZ10.] 1zo.| %z6900.| | rr0. |-+ $oggo0. €06Fro. | t£zgoo.| €1b€10.} 1zo.| 110.| Z16S00.| €z6r10.} ZI9 
1zo. | Tro. | + | £ov6r0. | | 110. |-+$€zZoo.| O16L10.] 1zo.| r10.| €£6g00.| rzo. | |— $1ggo0. | + Sz6r0. €€bE10.| 1zo.| 110.| 9z6Soo.| ob6r10.] 
1zo.| 110.| | gbzloo.| 1zo.| 110.| czbbgro.} rz0.| r10.|—S$zggoo.| rzo.| rro.| gS6r10.] 
1zo.| t10.| Zt$Zoo.| 19¢6r0. rzo.| r10.| rz0.| 046bx0. €Zv€10.] rzo.| r10.| €%6So0.| 9Z6110.] 899 
1zo.|110.| o6F6r0. g9zZoo. | 166410.] 1zo. | 110.| £96900.| 1z0. | r10 £6610. rzo.| r10.| zS6Soo0.| +66110.] gag 
1zo.| 110.| 0Z$Z00.| oOzS6ro. Z4zLoo.| 1zo.| r10.| +Z6g00.| Z1€g10.] 1z0.| r10.| +$ggoo. | | gIfgoo.| | 110. 196S00.| 
1z0.| IgSZoo.| O6FS6r0. 6gzZoo. |+ Stogro.| rzo.| r10.| +g6900.| rz0.| r10.| +99900.| | rzo. Zz€goo.| 1zo.| r10.| 0Z6S00.} 999 
1zo.| 110.| z6SLoo.| gZS610.] zzo.| r10.| O0€4o0.| rzo. | 110. |— $66900.| 1zo.| r10.| OgoSro. | ZEEgoo.| 1zo.| 110.| 6£6S00.| grozro.} 
1zo.| 110.| gog610.] zzo.| r10.| oorgro.| rzo.| rzo.| rr0.| €goSro. | rzo. gbEgoo. |—SZSE10.] rzo.| r10.| gg6Soo.| F99 
1zo.| 4£€9610.] zzo.| 110.| ZzIgto.] rzo.| r10.| 9Q10L00.| 1zo.| r10.| 1zo. | gSEgoo. |+ 1zo.| r10.| 466S00. |—Sgozro.] 
1zo.| 110.| g99610.] zzo.| 110.| | rzo.| r10.| 9zoZoo.| Ibggto.] 1zo.| 110.| 6z1S10. 1zo. Izo.| 110.| 9OOgoo.| |} 
1zo.| 11r0.| g€9Zoo.| 69610.} zzo.| r10.| | 4£of00.| 499910.] 1zo.| r10.| rZg00.| rzo.| r10.|—£10go0.| IzIzI0.] [99 
1zo.| 110.| 6bgloo.| zzo. | G6ozgro.}| 1z0.| r10.| LboZoo. | | rr0. bzZgoo. 1zo. tgfgoo.| 1zo.| tr0.| %zogoo.| oFrzro.] 
1zo.| 110.| 199400.| 4$Z610.| zzo.| rro.| 99€Zo0.| Z€zgro.} 1zo.| r10.| 1z0.| r10.| +€Zq00.} 1zo. | bOEgoo.| 1zo.| r10.| €£o0goo.| 
| ITO. z£9Loo. £9610. zzo. | 110. LLELoo. |— | rzo. | rro. 99000. | rzo. | rro. | — S¢Zgov. | 1zo. | £obgoo. 669£10. | 1zo. | zbogoo. gcg 
1zo.| 110.| zzo.| 110.| ggtZoo.| €6zgro.} 1zo.| r10.| 640400.| 1z0. | r10.|—$SZg00.| | rz0. €1bgoo.| 1zo.| r10.| jeg 
1zo. | 110. | + $69Zo00. Z¥g610. | zzo. | 110. 66€Zoo. IZEgrO. | rzo. | 110. 060L00.| +%6Zg10.] | 110. | + $9Zgo00. Z9zS10. | €zbgoo. | 1z0. | r1r0. 090900. FIZZIO. 9¢9 
1zo.| 110.| 4ofZo0.| zzo.| r10.| OrbZoo.| rzo.| r10.| OorZoo.| Ozggro.}| rzo.| 16z$10.] rzo. | 1zo.| r10.| 690900.| 
1zo. | IIo. 612Loo. go066r0. | zzo. | 110. zzbloo.| LZ€gro.| rzo. | rro. 111Zoo. | + $tggro. 1zo. IIo. 992900. t1€Cro. | z €gZEr0. | 1z0. | 6Z0900. 
1zo.| 110.| 6£6610.| zzo.| rr0.| |—Sobgro.} zo. | 110.| zztZoo.| | rzo. 110.| 964g00.| zStgoo.| 1zo.| 110.| ggogoo.| 
1zo.| 110.| 696610.] zzo.| 110.| tbbLoo.| rzo.| r10.| L6ggto.]} 1z0.| rr0.| goggoo.| zgtgoo. |— 1zo.| 110.| 460900.| 
Izo. | I10. 000020. zzo. | 110. 9SbZoo. | 1z0. | tt1Zoo. | €z69g10. | rzo. | ZIggoo. |— zZbgoo. | | rr0. 901900. go€zIo. Te9 
| 64.2 | OF.z | 0g.z | $9.2 tt.z | 99.2 0S.z | 96.z 
ial IT or 6 
Izo.| 110.| 1zo.| o10.| Lz6boo.| tglgoo. | rzo. 1ofboo.| 1zo.| z1o.| O6zoboo.| zzZCoo. ozo. | £10. | z6bfoo.| z6zboo.| 610.| 110.| €Sgzoo. OOL 
IIo. Soo. 6zo010. | | OIO. 96Sg00. | 1z0. | TIO. £€o1Zoo. | 1zo. | zro. | — S£oroo. 1€ZCoo. | €10. | e6ztroo. | 6ro. | rro. 1Cozo00. | + Ca0z00. 


Izo. 


ok 
: 
ia 
— 


1zo. | zso6zo. 
Izo. | 997600. 9606zo0. 


Lto6oo. | 1z0. | 66Zg00. | | TIO. | 


190600. | ogZzo.] | ZIQgOO. tZogzo. | rzo. | r10.| | 10. I10.| Q10g00.| 


| | €b€goo. zoStzo. rzo. | gZzgoo. 1£6zzo. 1zo. | Foogoo. obtizo. 
gzogoo. |-+ Sof 1zo. 


16zZg00. Qoo€zo. 
€o£goo. | 


1zo.| 110.| ggggoo.| zgrZzo.] 1zo.| 110.| ogbgoo. | 1zo. | 110.| gzzgoo.| oz€bzo.] 1zo.| 110.| gg6Z00.| O6gzzo. Izo. | obZZoo.| 1zo.| 110.| QOL 
IzO.| I10.| g6ggoo. 1zzZzo.| rzo.| 110.| zZbgoo.| ggZozo. | I10.| Obzgoo. 1zo. | 110.| OO0gO0O.| | 1¢ZZoo.| ob6bizo.} 1zo.| 110.| 669 
1zo. | O1Zgoo. OgzZzo. | IZO. | I10- bgtgoo. |— Szgzo. | IIo. o6£bzo. | | I1O0goo. | Iz0. zgZLoo. IZCIZO. | | I10. ggoozo. 869 
1zo.| 110.| €zZgoo.| I10.| gOvgoo.| Iz0. | TIO. €gzgoo. |+ 1zo.| 110.| Ogbzzo. | Izo. €ZZLoo.| 1zo. | |+ |—S110z0.} 
1zo.| 110.|+S€Zgoo.| g€€Zzo.} 1zo.| 110.} goSgoo.| zo. | I10. | — ¢Zzgoo.| ogbbzo.] 1zo.| 110.| vEogoo. | bgZZoo.| 1zo.| 110.| gzSZoo.| 
1zo.| 110.| ZbZgoo.| gZ€Zzo.] 1z0.| I10.| Oz$goo. Z£6Szo.| 1z0. | 110.| 9gzgoo.| g6tbzo. | Izo. | 110. | + S¥ogoo. |— SSo€zo. | Izo. tigizo.} 1zo.| 110.| g€$Zoo.| €Z10z0.] 
1zo.| 110.| ogZgoo.| 1z0.| 110.| €€Sgoo.| | IIo. gozgoo.| 1zo.| 110.| gSogoo.| ggotzo.] I10.| 9OgZoo. |-+ Crgizo.} 1zo.| 110.| zozozo.] F69 
~ 1zo.| 110.| zZZgoo.| 1z0. | 110. |— S¥Sgoo. | ZIOgzZO. | IIo. OI£goo.| ggSbzo.} | I10.| ggogoo. Iz1fzo.] 1zo.| 110.| g1gZoo.| gZgizo.} Izo.| 110.| 
1zo. | r10.|—$gZgoo0.| 96bZzo.]} Izo. | 110.| 6bogzo. | I10.| zzEgoo. zogtzo.| 1zo.| 110.| 6Zogoo. |— | 110. | 6zgZo0. goLizo.| 1zo.| 110.| 69¢Z00.| Ogzoz0-.| Z69 
RS 1zo.| 110.| Z6£go0.| g9€$Zzo.] 110.) OgSgoo. | | 110.| gtgrzo. | | TIO. 160goo.| ggifzo.} 1zo.| 110.] ObgZoo.| Izo.| I10.| o6z0z0. 169 
~ 1zo.| 110.| Orggoo.| 94¢Zzo. 1gSgoo. |—Sz1gzo.] 1z0.| 110.| 9bEgoo.| | Izo. | IIo. €o1goo. 1Sg/oo.| 1zo.| 110.| 16¢Zo00.| 069 
- Izo.| I10.| €zggoo.| FOSgoo.| Izo.| 110.| gStgoo.| | Izo. | IIo. FIIgOO. 799400. | ZOQIZO. 1ogZoo.| 
~ Izo. | 110. |+S€ggoo.| goggoo.| 10zgzo.} 1zo.| 110. | OZEgoo. |+ Izo. | | | tZgZoo.| 110. z1gZoo.| gZfozo.] gag 
8 1zo.|110.! gtggoo.}| 4694z0. gIggoo.| 6£€zgzo.] Izo.| T10.| ZgEgoo. 1z0. | I10.| gtIgoo. | gg9gIzo. 110.| €zgZoo.| gotozo.| Jeg 
> Izo. | IIo. Igggoo.| 1f€ggoo. | Izo. | IIo. | giIghzo. Izo. | 110.| Obrgoo. | 96gZ00. | g6gIzo. 110. | gttozo.] 
1zo. | IIo. €Zggoo. Ebggoo. | 1zo.| 110.| gotgoo.| | 110. | gobLoo. | of6rzo. 110. | + $¢gZoo. egg 
3S | II0. | 98ggoo: | QSggoo. bSEgzo. | Izo. | TIO. | o6gbzo. | Izo. | 110. 616400. 110. ; 9$9Zoo. | 
© 1zo.| 110.| O6ggoo.| O&gZzo. ggggoo. | Izo. | IIo. | oftgoo. | Lz6bzo. | Izo. | 110. | — S$gIgoo. | ogb€zo. 1zo.| I10.} I£6400.| 110-| g99Zoo. | €89 
Izo. | IIo. 006Zz0. Igggoo. 1z0. | t10.| IZO. | ITO. | 1zo.| I10.| ckOL00.| gzozzo. 110.{ 629200. 
Izo. | 110. | — $Z6goo. €Oggoo.| 1Ztgzo.| 1zo. | 110. |—$Sbgoo. | Ooo0Szo. | Izo. | T10.| gOzgoo. OzCEzo. | 1z0. | TIO. O6fozzo. 110. 069400. 
~ | | | | | 
Izo.| 110.| g€6goo. zg6Lz0. g0Zgoo. | o1fgzo.} 1zo.| r10.| | | | | 1z0. 110. |+$96Zoo0.| r160zzo. 110.| 61g0z0.] 
> Izo.| 110.| I6goo.|} bzogzo. giZgoo. |} | 110. | 6Ztgoo.| 1zo.| 110.| z€zgoo.| 66¢€zo.} 1zo.| t10.| 446400.| 110.| 6bgozo. 
IZO. | bgbgoo. | — Sgogzo. I€Zgoo. | 1zo. | IIo. | I11¢zo. | 1z0. | brzgoo. | 1zo.| 110.| 6g6Z00.| 110.| 6£g0z0. 
| IIo. £L6g00. | OIgzo. bbZ goo. | Izo. | I10. FoSgoo. Izo.| 110.| 9$zgoo.| | | O0OgOd. | OgIzZzo. 110. € £¢€ZZoo. o1Zozo. 
Izo.| 110. | O66g00. gbigzo. £99970. | IZ0. | IIo. gI¢goo. | + | | 110. ggzgoo.| toZl€zo.] 1zo0. | 110. ZIOgOO. 110. gbZLoo.| IbZozo. 
8 1zo. | £00600. | 692g00. | | T10. OzSgoo. €zzSzo. | 1zo. | 110. OgzZgoo. 6€LEzO. | 1Z0. | ITO. | - 110. zLlozo. 
DL 1zo.| x10.| 910600.| c£zgzo. zgZgoo.| gbZgzo.] 1zo.| 110.| IbSgoo.| ogzSzo.] 1z0. | T10. | €6zgoo.| +%ZZ€zo.] | 110. | 110.| 692400. zogozo. 
Izo.| 110.| 6zo600.| tZzgzo. + $6Zg00.| 9gZgzo.] | 110.| PEEgoo.| Izo. | |— Co€goo.| orgfzo.] 1z0. | 110. | | €zzo. 110.| OgZZo0.| €€gozo. 
> Izo. IIo. zho6oo. | QIEgzo. | IzO. | I10.| | +> Izo. | | goo. Sbgtzo. 1zo. | € 0. | | z6LLo0. | tggozo. 
D> | ITO. | gSo6oo0. SSfgzo. IZggoo. | IZO. | TIO. | 6£¢go0. €ZECzo. | | IIo. | 6z£goo. | Iggtzo. | | 1ZOgoo. | €zzo. | | | g6gozo. 
| | 
Izo. IIo. 690600. | lobgzo. FE QQo0. | go6g9z0. | | 110. | | 1z0. | 110. g16€zo. | 1z0. 110.| £gogoo. 0. | |— $1gZoo. Lz60Z0. OL9 
Izo.| 110.| zgo60o0.| Z¥ggo0.| gt6gzo.} 1zo.| r10.| bvoggoo.| zo. Izo. | IIo. goo. | rzo. | | — $60goo. 1zo.| 110.| 9zgZoo. gs6ozo. 
tzo.| 960600.|; 9ghgzo. ogggoo.! Zg6gzo.} tzo.| r10.| 41ggoo.| Lgtzo.} | IIo. 99£goo. 1zo. | | ZOTgoo. 1zo.| r10.| g€gZoo. | 0660z0.] 
Izo.| 110.| 601600. 6z¢gzo. €Zggoo.| 1zo.| 110.| O€ggo0.| | ITO. | 6Z£go00. tzotzo. | 1zo. | 110. | ». | rz0. | 6teZoo.| IzZorzo. 
dS Izo. | €z1600. IZgzo. | ggOZZO. | | r10.| €Fggoo.| tglSzo.] | r10. goo. ogotzo. | 1z0. | T10. IfTgoo. » | Izo.| 110.| I9gZo0. €Corzo. 
1zo.| I10.| 9€1600. Piggzo. 6Oggoo. gorZzo. | rzo. | rr0. | + $S$ggoo.| zogSzo.]} 1zo.| rr0.| €Otgoo.| Izo. | €FIgOO. 1zo.| r10.| 
> Izo. | I10. — o£ 1600. gSQgzo. €16goo. | ObIZz0.] Izo. | g99g00. | | QIbgoo. ¢€€rbzo. | | | + Q7ZO. | | 
Izo. | €g1600. | I10Zgzo. gz6goo. | | Tro. | Tg_ggoo. OggSzo. | 1zo. | TIO. 6g1tzo. | 1zo. | 110.| goo. Qzzo. | | IFO. | 969400. Qbrizo. 
8 1zo. | ££1600. thZezo. 6€6goo. | 1zo. | FO6ggoo. 612720. 1z0. | Tro. Ib bgoo. gozbzo. | rz0o. | 110. | 621goo. | 170. | 110. | OgIIZzo. 
1zo. | I10. 161600. ggZgzo. €S6goo.| 1zo. | r10.| 40Zgo0. | 1z0. | 110. bo tgoo. ztztzo. | 110. | Z61goo. | zo. | | 110. oz6Zoo0. | TIZIZO. 
| | 
= 1zo.| 110.| oz600.| ZzEggzo. 996g00.| rzo.| r10.| OzZgoo.| 462¢zo.] 1zo. | r10.| 99Fgoo.| | Izo. | 110. | tozgon. zgZzzo. | 1zo.| 110.| z€6Loo0.| 
= 1zo. | IIo. g1z600. 62600. | zo. | 110. £€£Zg00. 9£gSzo. | | gifbzo. | | 110. | 9IZgOO. 96Zzz0. | 1z0. 110. tr6Zoo.| LZz1z0. 
e 1zo. | z£z600. 616gz0. £66g00. Z6€Zz0. | | I10. gbZgoo. |+ $£gzo. | T10. | 1z0. | IIo. | gzzgoo. 1€gzzo. } 1zo.| 110.| 9$6400.| 
S 1zo.| 110.| 9tz600.| €96gzo. goo600.| 1zo.| 110. | O$Zgoo. |— €16Szo. | 1zo. | 110. o6¢bz0. | | 110. Ibzgoo. | 9ggzzo. | Izo. | Tio. | g96Zoo. It€1zo. 
1zo. | 0972600. g006zo. 020600. | 1zo.| r10.| | Lzbbzo. | 1z0. | | €Szgoo. 106zz0. | | 110. | 096200. tZ€1z0. 
£€€o600.| €zoLzo.} 1zo.| 110. | 9gZgoo. +66Szo. 1z0. | —Cottzo.} 1zo.| r10.| 99zg00.| g€6zzo0.] 1zo.| r10.| 766200. Lotizo. 
~ 
N 


| 
1zo.| 110.| 91€600.| 9316zo. bZ0600. | — | 110.| 9% tr19z0.] rzo.| r10.| 69$goo0.| 
1zo. | I10. o£€600. It 6zo. ggo6oo. | | 1z0. | TIO. 6Eggoo. rgzo. | | | zgSgoo. | + Srgtzo. gi£goo.| ZZo€zo. Oobogoo. 
| | | 
| bL.z | | | | 9Z-z | 
rd | J | 
d|‘d | | ‘d | | | 
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1zo.| 110.| gb€600.]} 1z0.| O10.| TIOgOO. | zozboo.| | 1z0. 1900. | ozo. | £10. | 6£z£00. | + Sooboo. I10.| €99z00.| OZL9z00. 
1zo. | I10. zZ6boo.! gS€600.] 1z0.| o10.| gogroo. IZOgOO. gozboo.| tgggoo. ozo. | €10.| tgz£oo. I10boo. 110.| ggzo0.| 
1zo.| 110.| 1Z€600.] 1zo.| o10.| €IQkoO.| TZEOgOO. £1zboo. | €6gg00. | 1ZZ£00. |— ozo. | €10.| ggzfoo.| groboo. 110.| 
1zo. | 110. |-+ $g6voo.| €gE600.] 1z0.| o10.| 61gboo.| €bvogoo. 61zboo. | 7z0Lg00. | Izo. zgt$oo.fozo.| €10.| r1zoboo. 110.| Iggzoo. 
1zo.| 110.| z66boo.| g6£600.] 1z0. | o10. |—Szgboo.| %Sogoo. — Szzboo. 11Zg00. ozo.| €10.| ZZz£oo.| Lzoboo. 110.| 42g9z00. | — $ggzoo. 
1zo.| 110.| 666bo00.| Got600.} | o10.| I€gboo. | — Sgogoo. ofzboo. | ggZtoo.| ozo. | £10. Igzfoo.| z£oboo. 110. Iggzoo.| gggzoo. 
1zo. | 110. |+ $00S00.; 1zb600.} 1z0.| o10.| ZE€gboo. | + $Zogoo. gtztoo.| 6zZgoo. | 16Z£00.| ozo. | €10.| ggzfoo.| g£oboo. 110. |— $ggzoo.| z6gzoo. 
1zo. | I10. Z10S00. bE 1z0. | €bgtoo. Qgogoo. zbzboo. 6£Zg00. | 96Z£00. 16€S00. | ozo. | €10.| ob6z£00. 110. gg9z00. | + S6gz00. 
Izo. | 110. 610S00. 1z0. | O10. | — OSghoo. Z60g00. gbZgoo. 1z0. Zogtoo. gOESoo. | ozo. | £10. |—6z£o0.| 6boboo. 110. z6gzo0.| 66g9z00. 
1zo.| 110.| gzofoo.| | 1z0. | OT. gSgboo. | gorgoo. €¢zboo.| 1z0. Zogtoo. |+ Sobfoo. ozo. | €10.| 66z£00.| 110. |+ $6gz00.| £0£zoo. 
| ITO. zfoSoo.| 1z0. | oro. zggboo.| 6Szboo.| 992900. ] ziIgtoo.| €1bf00.} ozo. | E10.| ogotoo. 110.| 669z00.| 90Zzo0. 
| T10. | + | 1z0. | Oro. O£ Igoo. — Cgzboo. | Izo. ZIgtoo. ozbSoo. | ozo. | £10. goffoo. | + S<govoo. €oZzoo.| o1Zzoo. 
IZO. | 110. gboSoo. | 1z0. | o10. | — $Zgboo. oZzboo. bgZ900. zzgtoo. LzbSoo. | ozo. | £10. | 1Zovoo. 90z00. t1Zzoo. 
1zo.|} t10.| €$ofoo.| 118600. | oro. igghoo.| zS1goo. gZzbvoo.| £6900. Lzgtoo. |— ozo. | €10.| gLotoo. I10.| OIZzoo.; 
1zo.| 110.| Ogofoo.| 1z0.| o10.| €gIgoo. Zgzboo. €Oggoo. | | zbbSoo. | ozo. | £10. | zgovoo. IIo. brZzoo. 1zZzoo. 
| I10. 990S00. ZE600. | 1z0. | bOgtoo. bZ1g00. ggczboo. ZIQQOO. IZO. | g£gtoo. ofbloo. ozo. | £10. gztLoo. Zgo0too. Z1Zzo0. | — $zZzoo. 
1zo.| 110.| | o10.| OoZtoo.| 9gTgOoO. bozboo. IZQgoo. | Izo. L¢bloo.} ozo. | €10.; O€€£00.| €60boo. 110. 1zZzoo.| 6zZzoo. 
1zo. | 110. ogoSoo. £96600. | 1zo. | O10. LoZtvoo. Z61g00. 66zbo0. 1£ggoo. | 1zo. ghgtoo. | — g6o0too. | — $ZZzoo. z£Lzoo. 
1zo. | Zg0Soo0. | 92600. rzo. | oro. €1Zboo. gozgoo. +otboo.| ObFggoo. 1zo. zZbSoo. 6£€£€£00. tortoo. 110. 6zLzo0. 9£Lz00. 
1zo.| 110.| 6gS600.] 1zo. | oro. | 61Zboo.| O1zZgoo. IIfboo.| | 1Zo. | | . orrboo. 110.| obZLzoo. 
| II0. | c0g600.] 1z0. | oro.| 9zZboo. | Of£zZgoo. Z1€too. | O€ggoo. | 1z0. vggtoo.| Lgbfoo. ObELOo. | 110.| 9€Zzoo0.| €+Zzoo. 
1zo. | r1ro. gorsoo. | + $19600. | rzo. | oro. zbzgoo. €z£boo. 899900. | 69gf00. Iz1too. TIO. otZzoo.| ZtZzoo. 
| 6zg600. | oro.| 6€Zoo.| €€zgoo. 6zEvoo.| gZggoo. 1z0. zoSCoo. ozo. | | gcftoo.| Lzrvoo. 110.| €+Zzoo. 1¢Zzoo. 
IZO. | IIo. zz1Soo0.| zbg600.]} 1zo. | oro. | + boo. bgzgoo. — 299900. Izo. oggtoo. orcCoo. | ozo. | €10. 110. |— ¢SZzoo. 
1zo. | r10. 6z1S00. | + $Sg600. | rzo. | oxo. zoLboo. gZzgoo. Ibfboo. ZL6gg00. | Cggtoo. Z1¢Coo. | ozo. | €10. ZQ£foo. gf rtoo. II0. 1¢Zzo0. 6CZz00. 
| 9£1S00. 699600. | 1zo. | oro. ZgzQo00. 906900. | 1zo. o6g£oo. ozo. | £10. zZ€€oo. brrtoo. t10. | — $¢Zzoo. zgZzoo. 
Izo. | I10. zgg600. rzo. | oro. | — $9Z boo. 66zg00. ECEboo. 916900. | 96g£00. £€LCoo. ozo. | 9Z££00. IIo. 6CZz00. 99£z00. 
1zo. | rro. | + OF | + $6g600. rz0. | oro. 1ZZboo. OI£goo. £z6goo. | 1zo. ozo. | £10. Igffoo. | + IIo. zgLzo0. 0£Zz00. 
1zo.| rr0o.| Z§1S00. 602600. | 1zo. | oro. 9ZZtoo. ZzEgoo. — £L6goo. Zo6£oo. gbSCoo. ozo. | £10. 9gtfoo. boo. IIo. 992z00. 
1zo.| r10.| 1z0. | |—$gZboo.| €€Egoo. | | 1z0. z16t00.| | ozo. £10.| O6€€00.| Lgrtboo. 110.| g4Zzoo. 
1zo.| 110.| IZ1S00.| 9€2600.] rzo.| o10.| | $t€goo. +%£6g00. rzo. Z16£00.| | ozo. | £10. |—S$6€£00.| zZrtoo. 110.| zgZzoo. 
1zo.| 110.| 6Z1S00.| O6bZ600.] rzo.| or0.| g6Zboo.| ZE€goo. | bg6goo0. | rzo. 1Z¢Coo. ozo. | €10.| ootfoo.| IIo. gZZzoo.| 99Zzoo. 
1zo.| 110.| 9gISoo.| £92600.] rzo. | bogtoo. | ggfgoo. OgEboo. | +Z6g00. gz6£oo.| ozo.|€10.| tgrboo. 110.| 7zgZzoo.| 
Izo. | T10. £61C00. £24600. | | oro. IIgtoo. goo. -+ S6£boo. £Q6go0. | ZgSSoo.] ozo. | €10.| 6obfoo. 110. 992Zz00. €6Zz00. 
Izo. | oo0zSoo. 06600. | 1zo. | Oro. SIgtoo. ZOEgoo. £66g00. | 1z0. 6£6£00. b6SCoo. | ozo. 96100. IIo. 6gZz00. £6Zz00 
Izo. IIo. ZozSoo. bog6oo. | 1zo. | oro. | — $zgroo. £orgoo. Lottoo. | ozo. | £10. 61b£00. zoztoo. €£6Zzo0. I0gzoo. 
Izo. | 110. |— gIg6oo. | oro. Ifgboo. | + €1bboo. |} €10L00.] rzo. of6£00. | orgSoo. | ozo. | £10. €zbLoo. goztoo. 110.| 46Zz00. | + Sogzoo. 
1zo. IIo. I£Q600. | rz0. | Oro. gf Lzbgoo. ozbboo. zzoZoo. | 1z0. gIgfoo.} ozo. | gzbtoo. €1zboo. 110. 60gz00. 
1zo. | 6zzSoo. | + rzo. | oro. | — gzbboo. z£oZLoo. | 1z0. 196£00. 9z9S00. | ozo. | €10. 61ztoo. 110. | + $Ogzoo. £1gz00. 
Izo. | 110. Z€zCoo. 6£g600. | | oro. ISbgoo. zbtoZoo. | 1z0. Z96£00. | FEQSoo. ozo. | £10. | + Szzboo. IIo. 60gz00. ZIgzoo. 
zo. | rro. | bbzCoo. £2600. rz0. | oro. ,boo. | gtbboo. zfoZLoo. | | zZ6£oo. zbgSoo. ozo. | 1€ztoo. IIo. £€1gzoo. IZQzO0. 
IZO. | IIo. 1¢zSoo. £99600. | rzo. | oro. | + $9gtoo. i= ¢ZPgoo. ttrtoo. 9Z6£00. ofgfoo. ozo. | gtt£oo. Z£€ztoo. IIo. L1gzoo. |— Szgzoo. 
Izo. | I10. 6¢zSoo. 106600. | rzo. | Oro. zZgboo. Zgbgoo. | zZLoLoo. 1Zo. | gSgfoo. | ozo. | €10. IIo. IZQz00. 6zgz00. 
1zo.| 110.| 99zS00. |+$16600.} rzo. | oro.| 6Zgboo. | 66bgoo. zgoZoo.] rzo. | 6g6£00.| 999f00-] ozo. | €10.| 6tzboo. 110. |— $zgzoo.| €£€gzoo. 
Izo. €ZzSo00.| 6z6600.]} 1z0.| or0.| 9ggboo.| TISeer. z60Lo00. | C6vt 00. | | ozo. | £10. zgt£oo. | + $Sztoo. 110o.| 6zgzoo.| Z£€gzoo. 
1zo. | IgzSoo. £6600. | rzo. | oro. £6eboo. | oLbboo. | zorZoo. | | 100boo.| zggloo.] ozo. | €ro. Zgt£oo. 1g9zboo. | Ibgzoo. 
| IIo. ggzfoo. £66600. 1zo. | — SECgoo. too. zZ11Zoo. | 1z0. gootoo. 069600. | ozo. | €10. Zgztoo. IIo. Z£€gzoo. | — Stgzoo. 
Izo. I10. 96zSoo0. 2£6600. | tzo. | oro. 906%o0. Z¥Sgoo. | zgtboo. €z1ZLoo. | rzo. Z10too. g69S00. | ozo. | £10. tZztoo. 110. Ibgzoo. 6bgzoo. 
1zo. | 996600. | rzo. | oro. €16boo. | 6SCgoo. Ogttoo. €£€1Zoo. 1zo. g1otoo. 9OZC00. | E10. zgtfoo. ogzboo. 110. | — 
1zo. | 110. ooooro0. | rzo. | oxo. oz6too. 1ZCgoo. — CObtoo. €b1Zoo. | rz0. €zotoo.| +1ZSoo. | ozo. £10. } Zgtfoo. 9gztoo. 110.| Otgzoo. Z¢Qzoo. 
| zo.€ | QS-z | 99-2 
8 L 9 € 
| | | | | 
1zo.| 110.| ggggoo.| zgrZzo.] 1z0.| I10.| Ogbgoo. gzzgoo. | gg6Zo00. | ob6gzzo. | | | obZZoo.| 110. | 6z0070. i 
1SZ/oo. | o6tIzo. rro.!| +t6t/oo.!| /Coozo. 


Tzo. | ITO. 


Izo.- 


IIo. 


zZteoo. 


obzeoo. 
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Izo. | 


OOOROO. | 


€z6z7zzo. 


Izo. | 


= 
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| | 
1zo.| 110-| 6€Zg00. | QSELI0. | | | IZOQIO. | | I10- | | £z6So0. | IS€E10. | | | €zgSoo- | g10zI0- —CofSoo.| OGL 
rzo.| 110.| gbZgoo.| OgtZ10. | | ggrgoo.| zz0-| I10.| | | ILO. z£ozI0. |+ 6FL 
1zo.| r10.! Z$Zgo0.| | TIO. | Zovgoo0- | 110.| $zzgoo gzZ¥1o- | | 00. gbozio. 
1zo.| r10.| | | TIO. + | 110.| €€zZgoo. + L¥6So0. |— 10. | 1z0. | 110. | + bgozIo. gzfSoo.| 
1zo. | |-+ $ZZgo0. | — OS 10. | | Zorgto. | | 110. | | + CgZPI0. #66Co0.| 1zo.| 110.| 110.| €€€Soo.| 9FL 
1zo.| 110.| vgZgoo.| | TIO. €zSgoo.| G6z1gIO. | | — zg6Soo | 1z0. | r10.| OggSoo.| 460710. | | ITO. oveSoo.| CFL 
1zo.| 110.| €64g00.| | TIO. | 110. | |— 0Z6S00.| 1zo.| 110.| gggSoo- | 1ZO. | 110. LyeSoo.| FFL 
~ 1zo.| 110.| zoggoo.| | ZO. | ITO. obSgoo.| €Z1gIO.}| ZZO. | TIO. | |— gZ6Soo.| 120. | 110. |-+ 6z1z10.| 1zo.| 110.} SESoo.| zgZoro-] EFL 
1zo.| 110.| I1ggoo.| | ZzO. | TIO. 6rSgoo. | FOIQgIO. | | tZzgoo. |— gg6Soo. |-+ S6vETO. | | TIO. €ggsoo. IZO. | TIO. zgffoo.| g964010-] 
RS 1zo.| 110.| Izggoo.| | | TIO. | | | IIo. €gzgoo. | — Sggr1o. $66S00.| 1zo.| 110.| I6gS00.| ZgIZIO. | | TIO. 69£So0.| TFL 
1zo.| 110.| O€ggoo.| 16210. } | ITO. g9Sgo0. | gtzgIo. | ITO. 16zg00. | — Izo. | | rzo.| 110.| g6gSoo.| Iz0. | gZESoo. |+ Szgoro-} OFL 
1zo.| 110.| 6€ggoo. | + SIQZIO. | | +ZSg00.| | oo€goo. |+ | TIO. | OTOgOO- +o66€10.} 1z0. | 110.| goZ$oo. |+ | TIO. €gESoo.| 6§L 
3 1zo.| 110.| gvggoo.| | TIO. tgSgoo. | | 110. gotgoo. | + | | 610900. | | TIO. $1ZSo0.| zizz1o.] 1zo.| 110.| 
1zo.| r10.| 4Sggo00.| £99210. TIO. €6Sgoo. | | | gitgoo. | | Zzogoo.| LgS€10. | 1zZSoo.| gzzz1o.] 1z0.| 110.| g6ESoo. oZgoro-} LEL 
1zo.| r10.| 99g900.| | Zz0. | ITO. zoggoo. | LZEQIO. | | | — Sz€goo.| | TIO. |— C£ogoo. | + SOGEIO. IZO. | I10- 6zZSoo. |— $bzz10. | 1z0. | 110. | + SovSoo. 
1zo.| 110.| 94gg00. 11ZZ10. 7ZO. | ITO. 119900. | O6¥EgIO. | ITO. | I10- | zgzz10.| 1zo.| 110-| 66gor10.} 
1zo. | |+ $gggoo. | + S€ZZ10. | I10. | iZ€gro. | zzo. | r10.| ZooS1o. | 1zo.| 110.| | 1ZO. | ITO. |— ¢ZSoo. /zz10.| 1zc.| 110.| ozb$oo.| FEL 
© 1zo.| 110.| ¥v6ggoo.| | gzggoo.; f6EgIO. ZO. | ITO. IS€goo.| | TIO. IQQEIO. | | TIO. zSZSoo. |+ $6zz10.} | 110.| 6z6o10.] 
1zo.| 110.| ¥vo6goo.| | ITO. Z£€ggoo. | QIbgIO. | | 10. 6SEgo0.| 1z0.| ggOgod- 1z0. | 110-] OgZ$o0.|} 1€z10. | rzo. | |~- SEFS90.; ZEL 
1zo.|.110.! €16go0.| gogZto. | | ITO. gtggoo. | gtrgto. | Zzo. | I10. ggfgoo. | | gZogoo. | | | TIO. ggZSoo.| | zbrSoo.| TEL 
1zo.| 110.| zz6g00.| €€gZr0. zzo. | Tro. |-+ SCggoo. | IgbgIO. | ZZO. | TIO. 6goS10.| 1zo.| | Z1Z£10. | 1z0. | 110 9ZZSo0.| 9b€zI0. | | TIO. 6bbSoo.| +Z6or0. 
> tzo.| 110.| z6go0.| 4SgZIo. | TIO. |— Cgggoo. | | | ITO. | + Cgfgoo. | OIIS10. | 110. z6ogoo. | | ¥gZSoo.| | TIO. 62) 
1zo.|110.| Iv6goo0.| | TIO. bZgg00. | | TIO. bOEgoo. | | rzo. | | Torgoo. |-+ SSZEIO. | z6ZSoo.| og€z10.] 1zo.| 110.| vgbSoo. 
1zo.| 110.| I$6go00.| 90610. zzo. | TIO. Egggoo.| | Zzo. | IIo. €orgoo.| 10. Ico. | TIO. 601g00.| | TIO. oogsoo.| Z6€z10. 1zo. | zZvSoo.| LZ) 
1zo.| r10.| O96g900.| I1£€6210.} zzo. | TIO. z6ggoo. | | 10. I1tgoo. | zZ1S10.| 1zo.| 110.| | €6Z£10.| 1zo.| r10.| Zogsoo.| | | 110. 6Z¢Soo.| 9ZL 
8 1zo.| 110.| 0Z6g900.| 9$6Z10. | zzo. | TIO. 1o0Zgoo. | — 1zo. | IIo. ozbgoo.| €61$10.] 1z0. | | | | + 1€¢z10. | rzo.| 110.| 
1zo.| 110.| 646900.| 1g6Z10. } | o1Zgoo. | gOSgto. | 6z¢goo. trzS10.| rzo.| 110.| ¥EIgoO.| IEgETO. | IZO. | TIO. | EzgSoo. | | | TIO. |+ FZL 
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1zo.| 110.| gIgtoo.| 1zo. | o10.| vgbboo.| | ZZ¥goo. | | z10.|—OSg£00. | ozo. | €x0.| gggtoo. | 610. | rr0.| tgSzoo.| 
= 1zo. | 110. |— $zgtoo.| 6Zo600.] 1z0. | 015. | zgZZoo. | Izo. | + Sgtgoo. 1zo. | | ggrSoo.] ozo.| €10.| 610. Zg¢zoo.| ZLL 
> 1zo.| 110.| Ifgboo.| 160600. | 1zo. | o10. |+ | | IIo. t6tgoo. | | ozo. | €10.| 1Z1€00. 96g£00.] 610. | r10.| Z6¢zoo.} TLL 
| | | 
1zo.| 110.| 4£gtoo.| €or600. | rzo. | oro. zogZoo. | 1zo. | zoCgoo. zo. z1o.| zozSoo.] ozo. | €10. | — $41£00. 106£00. | 610. | r10.| Togzoo.] OLL 
1zo.| 110.| |— ¢11600. 1z0. | £19400. | 1z0. | orSgoo. rzo. | zro.| gggfoo.| gozSoo.} ozo.| €10.| 641£00.| | 610. | Z6Szoo0.| 69L 
1zo. | 110. |— OSgtoo. gz1600. | | oro. €zgZoo.| 1zo.| r10.| 61¢ 1zo.| z10.} £Z9€oo. |+S1zS00. | ozo. | €10.| 116£00.]} 610. | gogzoo-| 
> 1zo.| 110.| 9$gtoo.| g€1600. | rzo. | oro. €£g/oo.| 1zo.| r10.| 60rboo.| LzSgo0.] 1z0.| z10.| zzzSoo. | ozo. | E10. Zgtfoo.| g16£oo. | 610. | z10.| ‘+ogzoo.| Jo) 
= Izo. | 110. zggtoo. | + Of1600. | 1zo. | €tgZoo. | rzo. | 110. | — SI 9 1zo.| €ggfoo. 6zzSoo. | ozo. | 161¢00.| zz6€oo. | | r10. gogzoo. tigzoo.]| 99) 
1zo.| 110.| 69gboo.| zgI600. zo. | €Cg/on. | 1zo. | OzIboo. |— 1zo.| z1o.| ggggoo.| g€zSoo.]} ozo. | €10.| 4z6£00.] 610.| 110.| 
= 1zo.| 110. |— $Zgtoo.| 21600. 1zo. | Oro. togZov. tzo.| t10.| gzIvoo.| {zo. | ZIO. z6gtoo. | ozo. | €10. | 00z£oo. | | Gro. | r10.| +#rgz00.| Izgz00.] FOL 
Izo. | Iggtoo. 9g1600. | 1zo. | OTO. bZgZoo. | 1z0. | T10. Izo. | Z10. Z69£00.| ozo. | £10. toz£oo.| L€6£oo. Gro. | Tro. gIgzoo. |—Czgzo00.} 
IZO. | IIo. gggroo. g61600. 1zo. | O10. 1zo. | r10.| | | zoZ£oo.| ozo. | €10. gozfoo. | 610. | IzZgzoo. Qzgz00. zoL 
> 1zo.| 110.| zo. | oro. — $6g400. 1zo. | 110. | | 1z0. | | 40Z£oo. €gzSoo. ozo. | €10. | | Zb6€oo. | 610. | |— $zgzoo.| z€gzoo-} TOL 
S | | | 
006too. €zz600. | 1z0. | oro. + Co6Zoo. | 1z0. | rr0. Lt1too. ggSgoo. z1Zfoo. ozo. £10 z | €€6€oo. | 6ro. | rro. gzgzoo. |+ 
S Lo6too. |— €z600. 1z0. | oro. 916Z00.| 1zo. | r10.| €S1boo.| 96Sgoo. | Z1Z€00.| ZZzSoo. | ozo. | £10 z | 610. | rro.| G6£gz00-] GCL” 
€16too. Ztz600. | 1z0. | O10. | 1zo. | gf r1too. | + Soggoo. +bgzloo. ozo. | z£oo.| | |+¢€gzoo.| gel 
oz6too. | 6€z600.] 1zo. | oro. Z£6Zo00.| 1zo.| 110.| +tgItoo.| gzZ£oo. | ozo. | £10 g96£00. | 610. | x10. |. 6€gz00.| 
gz6too. | 1zo. | Oro. 1zo.| 110.| 691boo.| Ezggoo. | 1€Z€00.| g6zSoo. } ozo. | £10 | 610. | r10.| Zbgzoo.| 
€€6too. | tgz6oo. | rzo. | oro. g$6Zoo. | rzo. | |— | 1£ggoo. 9£Z£00. | + So€Soo. ozo. | g€z£oo.| 626€o0. Gro. | r10. | + $¥gzoo. €Cgzoo.] 
6£6too. | 96z600. | oro. 996Lo0. 1z0. | r10.| OgItoo.| OFggoo. | 1bZ€oo0.| ozo. | tz£oo. tg6£oo. | 610. | r10.| O6tgzoo.| Fel 
60600. rzo. | oro. 6£6Zoo0. | 1zo. | 9gItoo. | 6tggoo0. | otZ£€oo. 61£C00. | ozo. | £10 gtz£oo.| Gro. | rro. €Cgzoo0. oggzo0. Ee) 
zS6too. 1z£600. 1z0. | Oro. 696400.} 1zo.| 110.| | glggoo. gz€Soo.] ozo. | €10. | |— 610. | rr0.| | Ze} 
6C6too. | €£€600. rzo0. | 000g00. | | Z61¥00. £99900. | €LECoo. ozo. | €10. | oootoo. | 6ro. | 110. og99700.| 
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1z0. gZogoo.| 610610. zzo. €zgfoo.| £€ZzSoo. | 110. | $Z6too. 
o££ goo. 16zg10. + $gogoo.| | zzo. O£gsoo.| | Iz0. ogzsoo. 1zo. | 10. 1g6b00. 
Izo. ZEEgoo. IIfg10. €60g00. QSOSi0. | ZOQETIO. | 1ZO. 69S$So0. 1zo. | I10. Zg6boo. 
Izo. + | zz OO1g00. 10. Zzo. brgcoo. 9Z¢Soo. £6zSo00. Izo. | IIo. | 4+ OSooro. 
1zo. | zz gOrgoo. 10. | zzo. zfgSoo.| ofgtro. | 6ZSz10. Soo. 1zo. | 110. | — OOOSO0. 
1z0. 1gfgoo. | | ez + €11900.| | Zzo. 6SgSoo.| vEgtro. | got Soo. Izo.| 110.| goofoo. 
1z0. 69£g00.| | €z1goo.| zzo. gagsoo. £10. | O1gz10. I10.| 
4Z£goo. brbgro. 1£€1g00. zS1C10. | 2zo. bZgCoo. £10. | 1zo. bogSoo. ozeSoo. Izo. | 610S00. | 
Izo. + $g£€goo. | — SErgrIO. | g£1goo. IZ1C10. Tggsoo. 10. 1z0. IIgSoo. 1zo. | 110. | — $zoSoo. 
£6£goo. | zzo. gbi1goo. | gggsoo. bz6£10. gIgsoo. ££ECoo. | 110. 1£0Soo. 
Izo. 1obgoo.| zzo. bE 1900. 10. zzo. y6gSoo. | €zgSoo. bZozto. 1zo. | g£ofoo. 
1z0. 6obgoo. | | zzo ZQIQOO.| | ZzO. £06So0.| | Izo. ztgs$oo.| O6gzI10. QgbESoo. | 110. brofoo. 
1zo. Z1bgoo.| grsgro. 691900.| gbzS10. zzo. 116S00.| 426€10. Izo. £SECoo. 1zo. | 110. |-+ | + Sgror0. 
1z0. + $zkgoo.| | Zzo. 4L£1900.| | 1600. | — SO6E | Izo. gbgSoo. OgE Soo. 1zo.| 110.| 
Izo. ZO. —Sgigoo.| + €z6Soo.| €1obro. | Z9£Soo. zo. | £go0Soo. 
1z0. Ibbgoo. ZQCQIO. | £61900. | | ££66o0. | 19900. | + $SZz10. bZECoo. 1zo.| 110.| 690S00. 
Izo. — OS Fgoo. £oggr0. | 10zg00. QzECi10. | 1b6Soo0. Ovobio. | g99S00. 1Zz10. ogt Soo. 1zo. | 9Z0S00. 
Izo. gStgoo.| | zz gozgoo. | gbh6Soo.| 99010. Izo. ggZzro. Zg£Soo. 1zo. | 110. zgoSoo. 
1zo. | + QgIzgoo. | — IO. Sgobro. Izo. zggSoo.|; bvogzto. vOECoo. 1zo.| 110.| 6g0So0. 
1zo. bZtgoo. | zz bzzgoo. | — zzo. £96So0.| €orb1o. | 6g9So0. IZQZI10. 10bSoo. | 110. | -+ $6000. 
1z0. Zgbooo.| ggggIo. zfzgoo.| z Izibro. 1z0. Z€gzro. gobfoo. 1zo.| 110.| Zorsoo. 
16¥goo. | obzgoo.| z O€rbro. | 1z0. boZSoo.| 1zo.| 110.| gOrsoo. 
66¢g00. IfZg10. gbzgoo.| z 9gg6Soo.| | rzo. 11ZGoo.| OZgzio. 1zo. | 110. |— $11S00. LL 
IZO. Zo$goo.| €SZgro. Szgoo.| z | + $ZIbI0. giZSoo.| Lggzro. 6zbSoo. 1zo.| 110.| IzZ1$oo. LLL 
1z0. 91Sgoo.| bgzgoo.| z 100900. | | Izo. gzZSoo.| €o6z10. + SEbSoo. 1zo.| 110.| OL) 
8 1z0. tzfgoo.| 96910. zZzgoo.| z 600900. | | 1zo. | oz6z10. zbbSoo. 1zo. | 110. |— 
ZECgoo.| gIggro: ogzgoo.| z Z10go00.| | 1z0. ovZfoo.| L€6z10. ObbSoo. 1zo. | IbrCoo. PLL 
Ibfgoo. | ggzgoo.| z bzogoo.| Obzbro. | 1z0. gbZfoo.| €6z10. 9S 1zo.| 110.| gbrSoo. 
6bSgoo. IQggIO. g6zgo0.| z z£ogoo. | Lgzbro. | o£6z10. 1zo.| 110.| 
Z£8Cgoo.| €gggro. bofgoo.| z obogoo.| | Izo. £92S00.| 1zo.| 110.| WL 
| 
~ 1zo. 99900. | + ZI€goo. to. zzo. gtogoo. bo€tro. | 0ZZSo00.| 9ZbCoo. 1zo.| 110.| 
1zo. Zz6gr0. Iz£goo.| zzo. gSogoo.| €z€tro. | g4ZSoo.| Izof10 SgbSoo. 1zo.| 110.| $2100. 
1z0. Egfgoo. | Ob6grI0. 6z£goo. to. | zzo. €gogoo0. | | £gZCoo.| zObloo. 1zo.| 110.| Igtsoo. 
1zo. 16$goo. | 146910. | zz ZEEgoo. | zzo. 1Zogoo.| | | — 10. Izo.| 110.| 
1z0. OOyyoo. 66gr0. zz + SbEgoo.| 9ggf10. Izzo. 6Zog900.| 1z0. oogsoo.|} 1zo. | — $6100. 
1z0. 809900. | 9IOZLIO. | zz £Egoo. | ZOLCI0. | zzo. Zgo0900.| g6€tro. 1z0. gogfoo.| 6gofro0. €1¢Coo. 1zo.| 110.| 
Z1gg00.| gtoZro. zgfgoo.| | zzo. —{60900.| Zrbbro. | sreCoo. | gor€ro. oz¢Coo. 1zo.| 110.| gozSoo. |— Sgtoro. 
Izo. g9zg9900.| OgoZI0. oZ£goo. | zzo. £o1go0.| | 1z0. €zgSoa.| gzSCoo. 1zo. | | — $1zSoo. 
1zo. €goZro. gZ€goo.| 692610. zzo. IIIgoo. | — 1z0. ofgfoo.| SECCoo. 1zo.| 110.| 
€bggoo. | SorZ1o0. Zg€goo.| | zzo. 611900.| gEgSoo.| zbcCoo. 1zo.| 110.| 6zzSoo. 
1z0. zfggoo.| gzrZro. — 6£goo. | OIgCI0. | zzo. Zz1900.| 9bgSoo. ¢Z1€10. 6bSCoo. 1zo. | 110. | + $€zSoo. 
Izo. 099900. | + OS 1ZT0. £€obgoo. | zzo. — SE1g00. | | €6r€10. g£SCoo. 1zo. | 110. zbzSoo. 
1zo. 699900. | zibtgoo.| zzo. | 1Z0. I9gS00.| bgSSoo. 1zo.| 110.| O6btzSoo. 
Izo. 9Z9900.| 961210. oztgoo.| zzo. I¢1g00. | + | 1z0. 69gS00.| gzz£ro. 1Z¢Coo. Izo.| 110.| 9€zSoo. 
1z0. 989900. | gzbgoo.| | zzo. 6S1g00.| 1Z0. 9ZgSoo. | 1zo.| 110.| £9zSoo. 
Izo. +69900.| | zzo. ZEbgoo. |-+ IO. zzo. Z91900.| 1z0. tggfoo.| €gz£10. ggSSoo. 1zo.| 110.| 
Izo. boZgoo. bgzZLio. | zzo. + $¢bgoo. 10. zzo. + SZIgoo. gogrio. | 1z0. z6QC00. ogz£ 10. £6SSoo. 1zo. | 
Izo. €1Zgo0.| zzo. bStgoo.| L610. zzo. Eg1goo.| gzgbrro. | 1z0. 66gS00. | g6z€ro. 1zo.| 110.| 
Izo. zzZgoo. zgbgoo. 626610. | zzo. 161900. Lbotro. | 1z0. Zo06Soo0. gogfoo. 1zo. | 110. 16zSoo. 
1zo. I€Zgoo.| €€€Zro. | zzo. 1Ztgoo. | | zzo. o00zgo0. | | 1zo. €16C00.| €€€€r10. + 1zo.| 110.| g6zSoo. 
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| | 

IzO.| I10.| €19400.| Ogé€zo. 1zo. | 110. | ¢1bZoo. | QzSczo. | 1z0. | 11zZoo.| ZZz1zo.] 1z0.| 110. | O000Zo00. €zoozo. | zgZgoo. | | g$$goo. | 10-| 008 
1z0.| 110.| €zgou.| 1z0.| 110.| zbZoo. | 1zo.| 110.| ozzZoo.| 1z0.| 110.} | -+ oSoozo. | 062900. | | | tosgoo.| 
Izo.| 110.| z€gZoo.| O6€gtzo.]| 1zo.| r10.| €€bLoo. |—¢gSzzo.} 1zo.| r10.| 6zzZoo. | of€€1zo. | 1z0. | 110. | £1000. | + ¢£00ZO. | ZO. | 66£900.| Izggto. | z£$go0.| 
Iz0.| 110.| Oggtzo.} Izo.| 110.| 1zo.| 110.| I10.| | Zogg00. | brggro. | Igsgoo. 
IzO.| 110.| 66gEzo.} Izo.| 110.| zbgzzo.] 1zo.| 110.| | 10. | —S$€oLo0.| | 1zo. | | | 6gSgo0. | 96) 
Izo.| 110.| 199400.| O6z6€zo.] Izo.| I10.| IgbZo0.| OZgzzo. | | g$zLoo.| I1bIzo. | £voLoo. | | | bzggoo.| cOggto. | Izo. 110.| 46£goo.| 
1zo.| 110.| OZg9400.| og6€zo.} Izo.| 110.| oZbZoo.| 66gzzo. | Izo. | 110. | — $gzZoo. | gthizo. | Izo. zfoLoo.| LZ£10zZ0. | 1z0. | | ££ggo0. | | 110. |+ $ogg00.| 
1z0.| I10.| OggZoo.| 066€zo.} Izo.| 110.| ogbZoo.| LzZzzo.| 1zo.| 110.| |— Sgbrzo. | Izo. 190L00. | zozozo.| 1z0.| 110.| O€6grO. | Izo. | TIO. | ¥19900. | §6L 
Iz0.| 110.; 6g9400.| Ozobzo.] Iz0.| 110.| O6gbZo0.| | | 110. €gzZoo. | z6bizo. | 1z0. 0£0Z00. | gzzozo. | IIO. | — OS ggoo. | | I10.| 669210. 
1zo.| 110.| 669400.| 1Sobzo.} 1zo.| t10.| g6bZoo. |—Sgézzo. 1zo.| 110.| z6zZoo.| 61$1z0. | 6LoLo0. €Szozo. | 1zo. | II0. gsggoo. | 4g6gro.} I10.| ofggoo. | 
1zo.| 60Z4o0.| r1gobzo.] 1zo.| 110.} goSZoo.| 1zo.| r10.| 10€Z00.| | 1zo. gg0Zoo. | 6Zzozo. | 110. | Zgggoo. 110610. | 120. | I10.| 
1zo.| 110.| 1zo.| 110.| Z1SZo0.| 110.| | — | I10.| 9£g900.| | ITO. | 4¥ggo0. | 994410-} 68) 
110.| gzZoo.| Izo.| 110.| zLgzzo.] | 110.| 61£400.| | | | + SorZoo. | | IIo. bgggoo. | | | | +$£gg00.| OgéZ10.} 
110.} gtZ4oo.| Izo.| 110.| Izo. | 110.| gzgrzo. | 1zo.| 110.| €6ggoo.| | | | £gg900.' 
1zo.| 110.| vozbzo.] 1z0. | 110 gbSLoo.| o€6zzo.} Izo.| 110.| g€grzo. | €z1Zoo. | zgtozo. II0.| zo6goo.| gor6r0. | 1zo | 110. zZgg00. 98h 
1zo.| 110.| |— S€zbzo. 1z0. | 110. Izo.| 110.| tggrzo. z€rZoo.| gotozo.} 1z0.| 110.| O16g00.| TIO. Ogggoo. Gg) 
1zo-| 110.| 9ggzbzo.} | 110. 6g6zzo.]} | r10.| g$€Zoo. 11Z1zo. | 1v1Zoo.| | | 616900. | 1610. | 6gg9900. Ogg4I0.} 
1zo.| 110.| 6zbzo.] 1zo.| 110.| 170.| 110.| gg€Zo00.| | 110. |+O0$1Z00.| ogtozo. | | gz6go0.| zgi610.] 1zo.| 110.| L6ggoo.| 
1zo.| 110.| 9g4Zoo.| 1zo.| 110.| Zbo€zo.] 1z0. | 110.|—SZEZo0.| LgZ1zo.] 1zo.| 110.| 6S1Z00.| Lgbvozo. | 110.| Z£€6g00.| goz610.} 1z0-| 110.| 90Zg00.| gz6Z10.} 
1zo.| 110.| 1zo.| 110.| ZZo€zo. 1z0. | 110 bgfZoo. |— 1zo. | 110.| ggrZoo. | €1Sozo. | 1zo. | 110. |+ 1z0.| 110.| F1Zgo0. 6F6L10.] Tg) 
1zo.| 110.| gogZoo.| o6€bzo.} 1zo.| 110.| 1zo.| 110.| +6€Zo0.| €zgrzo.] 1zo.| 110.| gZ1Zoo0.| 6€Sozo.} 1zo. | I10.| v$6goo. |-+ | | IIo. €zLgoo.| Og) 
1zo.| 110.| g1gZo0.| zzbbzo.]} Izo.| 110.| €19Z00.| g€1€zo.] 1z0.| 110.| €obZoo.| rSgrzo.] Izo.| 110.| ZgrZoo.| ggSozo. €g6g900. | Ogz6r0. 1z0. | IIo. 1€Zgoo0. |— $66Z10.] 6) 
1zo.| 110.| 9zgZoo.| 1zo. | zzgZoo.| ggifzo.} 1zo.| 110.| zrbZoo.| 1zo.| 110.| 961400. z6Sozo. zZ6goo. |+ So€610.} 1zo.| 110.| OFLgo0.| gL) 
1zo.| 110.} 9€gZoo. |—Sgrbzo.] 1zo.| 110.| z€gZoo.| g6r€zo.} 1z0.| 110.| zzbZoo.| Lo6r1zo.| 1z0. | 110. |—SozZoo.| 61g0z0. 1g6900.| 1z0- | 110. | ghZgoo. LLL 
1zo.| 110.| 9tgZoo.| g1Stzo.] 1z0.| r10.| ztgZoo.| gzz€zo.| 1z0. | 110.| | + | 1z0.| 110.| |+ Sbgozo. | 1z0. | 110. | 066900. | — 1zo. | 110. | LSZgo0. |— Sgogro.} LL 
Izo.| 110.| 9fgZoo.| gbSbzo.} 1z0.| 110.| gSzEzo.} 1zo.| 110.| IbbZoo.| tg6r1z0. | zzLoo.| 1zo.| 110.| 666g00.| 1z0. | I10.| 994Q00.| ggogIoO.}| CL) 
1zo.| 110.| gggZoo.| ogSbzo.| 1zo.| 110.| x99400.| ggz€zo.} 1zo.| z66rzo.] 1zo.| 110.| €€zLoo.| 66gozo.] 1zo.| 110.| gooLoo. |— Sob6ro.] 1Z0. | 110.| FLL 
1zo.| 110.| 9ZgZoo.| 119bzo.| 1z0.| r10.| 1ZgZ00.| gr€€zo.} 1zo.| 110.| ogbZoo.| rzozzo.| 1zo.| 110.| zbzZoo. |+SzZozo.] 1z0.| 110.| 1z0.| 110.| €gZgoo. |— SEIgTO. LL 
1zo.| 110.| 9ggZoo.| €bgbzo.| 1z0.| r10.| rggZ00.| gb€€zo.} 1zo.| 110.| 69bZ00.| 6bozzo.| 1zo.| 110.| r$zZoo.| zSZozo.] 1zo.| 110.| gzoLoo. |+ 1zo0.| 110.| gSIgIo.} LL 
1zo.| 110.| 96gZo00. |+ 1zo.| 110.| 169400.| ZZ€€zo.] 1zo.| 110.| gZozzo.] 1z0.| 110.| ogzZoo.| 64Lozo.] 1z0. | 110. |— OOggod.| zgIgIO.} TLL 
1zo.| 906L00.| 1zo.| 110.| oo0ZZo00.| 1z0.| 110.| 6gbZoo.| Zorzzo.| 1zo.| 110.| oZzZoo.| gogozo.] 1zo.| 110.| goS610.] 1z0.| 110.| G60ggo0. |-+ Sozgro.} OLL 
1zo.| 110.} 916400.| obZbzo.] 1z0.| 110.| o1ZZoo.| 1z0.| 110.| g6bZoo. |+ 1zo.| 110.| €€gozo.] 1zo.; 110.| I€L610.] 1z0-| gIggoo.| YzzgIO.} 69L 
1zo.| 110.| zZZbzo.| 1z0.| 110.} ozZZoo.| ggb€zo.] 1z0.| 110.} goSZoo.| 1z0.| 110.| ggzZoo.| oggozo.} 1zo.| 110.| zgoLoo.| 1z0.| 110.| 
1zo.| 110.| Z€64o0.| ogbzo.| 1zo.| 110.| O€ZZo0.| 66b€zo.} 1zo.| r10.| €61zzo.| 1zo.| 110.| g6zZoo.| gggozo.| 110.| 140400.' zgS6I0. | | ITO. gfggoo.| 19) 
1zo.| 110.| Zb6Zo0.| Z€gbrzo.| 1zo.| 110.| obZZoo.| 6zS€zo.}1z0.| 110.| ZzSZoo.| zzzzzo.] 1zo.| 110.| Zo€Zoo. | + $160z0.| 1zo.| 110.| ogoZoo.| gog6ro.| 1z0.| r10.| t¥ggoo.| rofgro.] 99) 
1zo.| 110.| | | 110. ogS€zo.] 1zo.| r10.| ZE¢Zoo. 1Szzzo. | | IIo. Z1€ZLoo. zb6ozo. | Izo. | I10. 6g0Lo0. | 1Z0. | €Lggoo. | — coL 
1zo.| 110.| g96400.| zo6bzo.} 1zo.| 110.| 16$€zo.} 1zo.| 110.| LSLoo.| ogzzzo.] 1z0.| 110.| gzfZoo.| 1z0.| 110.| g60Z00.| | II0.| Zgggod. FOL 
1zo.| 110.| gZ6£00.| +£6bzo.] 1zo.| 110.| zzg€zo.} 1zo.| 110.| 9S¢Zoo.| or€zzo.| 1zo.| 110.} 9€€Zo0.| Z660zo0.] 1z0.| gorZoo. |+ Sgg6r0. | 110. | 12ggoo. 
1zo.| 110.| gg6Z00.| 1z0.| 110.| ogZZoo.| 1zo.| 110.| g9SZoo0.| Izo. | |+ |—Czorzo.} | I10.| I1Z610.] | Ogggoo- ZOL 
1zo.| 110.| 666400.| 1zo.| 110.| 064£00.| tggfzo.]} 1zo.| 110.| go€zzo. | €Sorzo. | 1zo.| t10.| gz1Zoo.| LEL610.] 1z0.| 110.| O6gggoo.| 
Izo.| 110.| 600go0.| 1zo.| r10.| r0gZoo. |+ ¢1Z€zo. } 1zo.| r10.| ggSZoo.| g6Ezzo. | 1z0. OgorIzo. C€1Lo0.| €9Z610.] 1zo.| 110.| g6ggoo. ONL 
1zo.| 110.| 610go00.| 1zo.| 110.| I1gZoo.| 1zo.| 110.| 96$400.| Lzbzzo. | 1z0. QOI1zo. 6gZ610.] 1zo.| 110.| 4o06900.| 
Iz0.| 110.| O€o0goo.| 660$zo.] 1z0.| 110.| IzgZoo.| gZZEzo.] 1zo.| 110.| gogZoo.| Lbzzo. | 1zo. g€11z0. |-+ $1g610.} 1zo. | r10.| g16g00.| 
1zo.| 110.| Obogoo.| 1zo.| r10.| I€gZoo.| org€zo.} 1zo.| 110.| 919Z00.| Lgtzzo. | 120. | €g1Zo0.| | 110. |+ $z6go0.| 
1zo.| 110.| 1$0goo.| gg1$zo.| 1zo.| 110.| rbg€zo.} 1zo.| 110.| 9zgZo0.| Z1Szzo. | 120. | z611z0. ggg6ro.] 1z0.| 110.| +FE6goo.| 
Izo.| 110.| Igogoo 661Szo.| 1zo.| r10.| z$gZoo.| €ZgEzo.} 1zo.| 110.| gtSzzo. | zgtZoo.| 1z0.| 110.| 
1zo.| 110.| 7zZogoo. z€zSzo.} 1zo.| 110.| zggZoo.| to6€zo.| 1zo.| 110.| gbaZoo.| gZ¢zzo. | | gbzizo. z61Zoo.| oz6610.| 1zo.| 110.| zS6goo.| Fe) 
1zo.| 110.| Zgogoo.| 1zo.| r10.| z7ZgZo0.| g€6€zo.} 1zo.| r10.| gogzzo. | ZLz1z0. 1ozZoo.| L6610.] 1z0.| 110.| zg6goo.| 
Izo. | £60g00. OOESzZO. | 1Z0. | £99490. 996€zo. | Izo. | 999400. 9€gzzo. | 1ZO. | | — Co£1zo. o1zZoo. €Z6610. | 1Z0. | TIO. 16900. zhggio. 
1zo.| 110.| rzo.| 110.| €6g400.| ooobzo.| 1z0. | r10.| 949200 | Zg99zzo. | 1z0. | I10. | ozzloo. | O000Z0. TZO. | 110. og6goo. Zg9gTo. 
| €4.2 | | $2.2 | 92-2 | 
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14 | 
1zo.| 110.| bgboo. |— Shzgoo. | oro. 1goboo. | £9000. | | 60Z£00. | 6ggsoo. | 1z0. z10.| ozt£oo. | 11Zboo. ozo.| €10.| £Zgzoo. | 610. | 110 
1zO.| I10.| |—¢$zgoo.} | O10. | ggoboo. |-+ $4000. Izo.| r10.| bIZ£o00.| g6gSoo. | Z1Zboo. | ozo. | €10.| Ooggzoo.| | 610. | r10. gStzoo.] 
1zo.| 110.| I1zo.| oro.| IZoboo.| bgooo.} 1zo.| r10.| yrZ£€oo.| €o6Soo. | | gzffoo.| €zLboo.] ozo.| €10.| €ggzoo.| 610.| 110.| gS€z00.| I9€zo0.] gpg 
Izo.| 110.| bézgoo. | | O10. |+ $4obvo0.| z60400.] Izo.| I10.| o16$00.] 1z0.| z1o.| I€€€00.| gzZboo.] ozo.| €10.| Lggzoo.| gbS€oo.} 6r0.| 110.| g€zoo.| t9€zoo. LER 
1zo.|110.| tobboo.| 1zo.|or10.| ogovoo.| 1z0.| 110.| ZzZ€oo.| Z16S00.} 1z0. | zro. |-+ | VELbOO. | Oz. | EXO. | Obgzo0. |-+ OSSEo0. | 610. | I10.| I9€z00.| Lofzoo.] HFg 
1zo.| 110.] orbboo.| ¥6zgoo.]| 1zo. | o10.|—Sgotoo.| 6orZo0.| 1z0.| 110.| 1€Z£00.| +z6So0.] 1zo.| z1o.| 6EZtoo. | ozo. | E10. b6gzoo. 610. | r10.| OZ£zoo.] epg 
Izo. | 110.|—S1bboo.| bofgoo.] 1z0.|or0.| Obo0bo00.| ZIIZoo.} Izo.| 110.| r1£€6S00. 1zo. | z1o.| €b€€oo. | ozo. | £10.| 6gzoo.| 610.| 110.| Lo€zoo.| zZEzoo.| 
Iz0.| I10.| ozbboo.| 1z0. | O10. |—60h00.| 9gzIZ00.} 1zo.| 110.| g£6So0.} zro.| ZbEEoo. | 1SZboo. o70. | €10.| 106z00.| 610.| I10.| 
1zo. | I10.|-+- Szhboo. | €zEgoo.] 1zo.| o10.| Izo.| 110.| | z10.| x€£00.| 9g$Zboo. | ozo. £10.| vo6zoo.| 610.| 110.| zZEzoo.| 
Izo.| 110.| Oof€bboo.| 1z0.|oro.| ‘borboo.! 1z0.| 110.| | zro. |+ SS€Eo0.| zgZboo. ozo. | £10.| 406z00.| 610. | Igfzoo.] Tp 
Izo.| 110.| 9€bboo.| €bEgoo.] 1zo.| Gorboo.| 1zo.| 110.| 1z0.| z1o.| gogZboo.| ozo. | €10.| 116zo0. | | 610.| 110.| gZ€zoo.| OFg 
Izo.| I10.| Ibvbboo.| ESEgoo.| 1z0.| bIIbOO.| OgrZoo.] Izo.| 110.| g$Z£oo.| L96So00.] 1z0.| z10.| ozo. | €10.| 16z00.| Og€oo.] 610.| I10.| Ig€zoo.| 
1zo.| 110.| 9gbbboo.| 1z0.| ggrZoo.] IZ0. | ITO. zgZ£o0.| 1zo.| z10o.| 6£Lboo.] ozo.| €10.| g16z00. | 610.| I10.| tgEzoo.| geg 
1zo.|110.| €4€goo.] 1zo.| o10.; 1zo.| 110.; 494€00.| 1g6S00.] 1z0.| zro.| ozo. | €10.| 6gS£o0.| 610. | 110. Jeg 
1zo.| 110.| ZSbboo.| €gfgoo.] 1z0.| or0.| O6z1bo0o.| 9grZoo. 1Zo. | | 1ZZ£€00. 8g6S00. | Izo. | z10. |+SZEEo0.| ozo. | |— $z6zo0.| 610.| 110.| 6g£zoo. 
1zo.| 110.| zgbboo.| €6€goo.} O10.| 1zo.| I10.| 944€00. |+ £6600. 1zo.| z1o.| 6ZE€o0.| 96Zbo00. ozo. | €10.| gz6zoo.| Z6S€oo.] 610.| 110.| z6€zoo. g6£zo0.] Gee 
Izo.| 110.| ggbboo.| 1zo.| o10.| 1zo. | 110.| OgZ£o0.| zoogoo.}| 1zo.| z1o.| €gEEoo.| zogtoo.| ozo.| €10.| z€6zoo. 10g£co. | 610. | 110. |+ $6€zoo.| robzoo.} 
Izo.| 110.| €Ibgoo.] 1z0.| o10.| | 1Z0. | 110. |— | Izo.| z1o.| Lgf€oo.| gogboo. | ozo. | |+S£6z00.| gogfoo.}6r0.| 110.| g6€zoo.| tobzoo. 
Izo.| 110.| gébboo.| bzbgoo.] 1zo.| oro.| 1z0.| 110.| Lrogoo.} 1z0.| z10.| 16€£00.| E€rgboo.]ozo.| €10.| 6€6z00.| 610.| r10.| Io0bzoo.| Zobzoo. ZER 
1zo.| 110.| O10.| 6zzZoo.] 1z0.| 110.| | bzogo0. 1zo. | z10. |+ 61gboo.}ozo.| €10.| zb6zo0.| b19£00.] 610.| 110.| Orbzoo.| Teg 
Izo.| 110.| Ogbboo.| tbbgoo.] 1zo.| gSrboo.| 1z0.| 110.| g6Z£o0.| | rzo. | oob£oo. | gb6zo0.| 619£00.] 610.| 110.| Lobzoo.| €1bz00.] Ogg 
1zo.| 110.| Izo.| I10.| 6£ogoo.] 1zo.| z10.| tob€oo.| ozo. | €10.| O6b6z00.| 610.| I10.| 6zg 
| | | O10.| ggIhoo. |+$Szfoo.} 1zo.| 110.| gogtoo.| gbogoo.] 1zo.| z10.| gobfoo.| Z Egboo. | ozo. | €10.| €S6z00.| gzgfoo.| 610.| 110.| €xbzoo.| gIbzoo.} gze 
zo. | 110. | + SoSvoo. S£bgoo. | | o10.| Izo.| I10.| ZIgfoo.| €Sogoo.] 1zo.| z10.| Evgboo. ozo. | €10.| 610. | Izbzoo.] 
1zo.| 110.| I1boo. |—Sgrgoo. 1zo.| o10.| £4z400.]} 1zo.| r10.| 190900. 1zo. | zro. gbgboo.}ozo.| €10.| o96z00.| 9£€9£00.] 610.| 110.| grbzoo.| tzbzoo.] 
IZO.| Ifu.| S6tgoo. 1zo. |} or0.| PgIboo.| ZgzZoo.] Izgfan 990900. | Izo. | z10.| ozb€oo.| groo. | ozo. £10.| Ivgfoo. | 610.| 110.| Izbzoo.| 
= 1z0.| 110.| |+SoSgoo.| 1zo. | or0.| 6grtoo.| 06zZ00.] 1z0.| 110.| 9zg€oo. |-+ $Zogoo. | rzo. | z10.| | Oggboo. ozo. | £10. | 496z00. |+ 610. | 110.| tzbzoo.| Fzg 
Izo.|110.| 4zSboo.| 1zo.| 66zZ00.] 1z0o.| r10.| £go900. | Izo. | z10.| gzb£oo.| ozo. | £10.| 126z00. |—oSgfoo.| 610.| 110.| Lzbzoo.| €€bzoo.] 
1zo.| 110.| z€$boo.| gzSgoo.] 1z0.| 010.| O61b00.| go€Zoo. 1zo. | 110. | + SEgE00.| O60g00.] | z10.| zZgboo.} ozo. | €10.| +Z6zo0. 610.| 110.| o€bzoo.| Zzg 
1zo.|110.| g€Svoo.| ZESgoo.} 1zo.| o10.| bozboo.| Z1€400.] 1zo.| 110.| Obgfoo.| g6ogoo.] 1zo. | zro.| ZEbEo0.| gZgboo.| ozo. | €10.| 9Z6z00. 6S9£00. | 610. | 110.| €€bzoo.| 6£€bzoo.] 
1zo./ 110.| €bStoo.| LbSgoo.]} 1zo. | o10.| G6oztoo.| 9gz£Zoo. | 110. |— Shg£oo. |+ Sorgoo. | 1zo. | z1o. bgghoo. | ozo. | €10.| zg6zoo.| 610.| 110.| 9€bzoo.| 
1zo.| 110.} Izv. | or0.| b1zboo. |—SEEL00.] 1z0. | 110.| zrxQg00.] 1zo. | | + o6gtoo. | ozo. | E10. |+ $g6zoo.| 610.| r10.| 6Ig 
zo. | 110.|—SSStoo.| ggSgoo.] 1zo.| oro.| 61zbvoo.| 1zo.| 110.| ozrgo0.] 1z0.| z1o.| g6gtoo. | ozo. £10.| 6g6zo0.| 610.| 110.| zbbzoo.| gbbzoo.]} gig 
1zo.| 110.| OgSboo.| gZSgoo.} 1zo.| o10.| bezboo.| ESELo00.] 1zo.| 110.| Lzrgoo.} 1zo.| z1o.| €Sb€oo.| Zobboo.| ozo. €10.| €66z00. 9Z9£00. | 610. | 110.|—bbzoo.| LIS 
Izo.| 110.| g9$boo.| O6gSgoo.} 1zo.| o10.| Ofzboo.| 1z0.| I10.| | go6boo. | ozo. | €10.| g66z00.| 610.| 110.| gtbzoo.| 9Ig 
1zo.| 110.| I4S¥00.| O0ggoo. | Izo. | O10. |—SEzboo.| 1z0.| 110.| gogfoo.| 1zo.| z1o.| zgbfoo.| ozo. | £19. | o00€00. aggfoo. 610.| 110.| r¢bzoo.| 
1zo.| 110.| O1ggoo.| 1z0.| O10.| ObzboO.| Izo.| r10.| 1z0. | z10.| ggtfoo.| oz6boo.| ozo. | €10.| 069£00. 610.| 110.| $tzoo.| ogtzoo.]| FIR 
Izo.| 110.| Izggoo. | 1zo. | O10. |+$bzboo.| 6gELo0.} 1z0.| 110.| gS1goo.} 1z0.| z10.| OZb£oo. gz6boo. | ozo. | E10. | Loofoo. |— C6900. 610. | r10.| 
Izo.| 110.| ggStoo.| | O10. |+OSzboo.| zo. | 110.| zZgg£oo. |+ Sgrgoo. | 1z0. | z10. |—SZbEo00.| zE6boo. | ozo. | €10.| 669£00.] 610. | I10.| ogbzoo.| ggbzoo.] ZIg 
1zo.| 110.| ¥OSboo.| zbggoo.| Izo.| Or0.| gSzboo.| 4obLoo.} 1z0.| 110.| 4ggfoo.| €Z1900.] 1z0.| g€6boo. | ozo. | €10.|—S10€00. | +oZ£oo. | 6ro. | r10. Egbzoo.| 69bz00.] TIg 
1z0.| 110] 1z0.| O10.| Igzboo.| 1z0.| 110.| ogrgoo.} 1z0. | z1u.| €gb£oo.| +b6boo. | ozo. | £10. gIofoo.| 610.| 110.| ggbzoo.| zZbzoo0.]| OTg 
| 110. |—Sogboo. | 1zo. | O10.| gQzbLoo.]} Izo.| I10.| 1z0.| z10.| oS6boo.} ozo. | €10.| zzofoo.| €1Z£00. | 610. | r10. 69bzoo. 608 
1zo.| 110.| I1gboo.| tZggoo.} 1zo.| O10.| I4zboo. |—SEbZLoo.] 1zo. | 110.| g61g00.]} 1z0.| z1o.| z6b£oo.| ZS6boo. | ozo. | £10. gzoftoo.| 610.| 110.| zZbzoo. 808 
ZO. | I10.| 9IgboO. |— Sgggoo. } zo. | o10.| 44zvoo.| 1zo.| 110.| 906£00.| 1z0.| z10.| 96b€00.| ozo. | €10.| zzZ€oo.| 610. | 110. |+ Igbzoo.}| L0g 
I10.| zzgvoo.| 1zo.| O10.| zgztoo.| 1zo.| I16€00.| r1zgo0.} 1z0.| z10.| OoS€oo.! 696boo. | ozo. | €10.| ZzZ€oo. | 610. | 110. gZbzoo.| tgbzoo.| 908 
110.| gzgroo.| goZgoo.} 1zo.| o10.| Zgzboo.| *zo.| 110.| 916£00.| 1z0. | |— SoS€oo. |-+ ¢Z6boo. | ozo. | €10.| Z€o€oo.| | 610. | 110. Igbzoo.| ggbzoo.}| cog 
1zo.| 110.| t€gvoo.| 1zo.| o10.| z6zbvoo.| zZbZoo.| 1zo.| 110.| 1z6€00.| Lzzgoo.] 1z0.| z10.| 1g6too. | ozo. | €10.| 610.| 110.| vgbzoo.| 
110.| 6£€gboo.| 1z0.| o10.| g6zboo.| IgbZoo.} 1zo.| 110.| 1z0.| z10.| gg6roo. | ozo. | €10.|—Svofoo.| 610.| 110.| ggrzoo.| 
1z0. | 110. | 6€4go0.] 1z0.| or0.| 1z0.| 110.| I€6€00.| zbzgoo.} 1z0.| z10.| grS€oo.| +66too.| ozo.| €10.| |+S+tZE00. | 610. | r10.| 16¢zoo.| ZOR 
1zo.| 110.| ISgboo.| 1z0.| goftoo.| 1z0.| r10.| 9€6£00.| oSzgoo.} 1z0.| zro.| zzS€oo.|} €10.| zSofoo.| 610.| 110.| +6bzoo.| TOs 
8 L 9 
| | | | | | 
oge€zo. | 110. gzSzzo. | 1z0. 110. 11zZoo.| ZZz1zo.] 1z0.| 110.| oo00Zo0. |+ €zoozo. Izo.| 110.| zgZgoo.| €ZLgro. 110.| g$Sgoo.| O08 
| 1zo.|110.| 06Z900.| Z6Zer10.| 1zo.| r10.| +taSqoo.| +SZ10.1 
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€C6Soo. | | zzo. €zZfoo. | | zgbSoo.| g$6z10.] 1z0.| r10.| 644110. ] | | Cg6boo. | IOgOIO. | | TIO. tggboo. | €zt6o0. 
| 6zZSo0. | O6gbSoo. | 1Z0. | 110. g£zSoo.| | 1z0. | 110. 1Z6¢o0. €1gOIO. | IZO. | 6ggtoo. GFR 
Z96$00. | ghESto. | 9£ZSoo.| | C6rSoo.| Lg6z10.} 1z0.| 110.| €vzSoo.| gogr10.] 1zo.| 110.| QzQOTO. | | TIO. |— S6gboo. |+ 
QOESIO. | zocsoo. ZOOL IO. | | TIO. 6bzSoo. OZQIIO. | | TIO. zg6boo. gf£goro. | | 110. ooZtoo. | LE 
Ig6Soo. | ZZ0- QIOLIO. | | I10. | — 1z0.| 110.| gg6boo. Ifgoro. 1zo. | 110. | goZhoo. | Lob600.] 
gg6Soo. | 9$ZSoo. | gizbro. | S1CSoo. | 1Z0. 110. 1gzoo. Qrgiio. | 1Z0. | 110. VQQgOIO. | 1ZO. | TIO. 11Ztoo. | 62600. 
= — $06C00. 1zbC10. €gZSoo. | — SEzvIO. | 1zSSoo.| Obo€10.] 1zo.| r10.| Zgz$oo.| ZggIIO.] Ico. | | gZgo10.| 1z0.| 110.| Z1Ztoo.| O6F600.] 
= IO. | o£ZSoo. | 7z0. ZzSCoo. 10. | 1z0. I10. €ZzSoo.| 110. | goosoo. 6ggoro. | 1z0. | I10. zzLbvoo. 10S600.] 
~ 600900. | | Ogzbh10. | 1zo.| r10.| ogzSoo.| 16g110.] 1z0.| 110.| zoZo1o. 1z0. | 110.| gzZvoo.| ZFg 
g1ogoo. | | 9gzbio. | |+ S60€10.] 1zo.| 110. | ggzSoo. Coor10. | 1z0. | 110. grocoo. biZo10. | | I10. bELboo. bzf600. Irs 
| | | 
€zogoo. CObCIO. | 062S00. £o€rro. zzo. | I11€10. | 1ZO. | TIO. z6zSoo.| 616110. 1zo. | 110. tzoSoo. | ZzZoro. | 110. | 6€ZLboo. |+ SEC600. 
ofogoo. €1CC10. | L6ZS00. | Oztv10. | | 1z0. | g6zSoo. | | of£oSoo. obZoro. | 1Z0. 110. | — | S600. 
> Z£ogoo. zECCro. | bogfoo. | | 1zo. | 110. |—So€Soo.| | 1z0. | 110. gfoCoo. €CZoro. | | 110. | + O$Z Foo. | 
bhogoo. | -+ 11gSoo.| | ZgSSoo.| 1z0. | 110. 11€S00.| zg6110.} 1z0.| 110.| | TIO. 9$Zboo. | 696600. 
zSogco. 10. | gIgcoo. | €Z¢Coo. vZ1€10. | 1z0. | 110. gL6110.] 1Z0.| g rosoo. | gZZo10.]| 1z0.| 110.| zgZboo. | Ig6oo. 
= 6Sogo00.| | ggthro. | ogSSoo.| 6gr€10.] 1zo.| 110.| +#z€Soo.| O66110.] 1z0. | 110.| 16Zo10. | 1zo.| 110.| ZyZboo.| z6$600. 
3 990900. gogS 10. | ZEgQCoo. gobrio. | zzo. ZgSSoo. | + Soz£10. | | |— Sooz10. | | ogoSoo. bogoro. | | IIo. ¢ZZboo. bog6oo. 
€Zogoo. | ¢zg10. | 6£gSoo.| Ezbbro. | €6CSo0.| 1zo. | 110.| g€€Soo.| Grozro.| 1z0.| 110.| ggoSoo.| Lrgoro.] 1z0.| 64200. £19600. 
Igogoo.| gbgSoo. | obbbro. | oogSoo.| 1z0.| 110.| | | 1zo. |r10.| zZoSoo.| o€goro. 1z0. | 110. tgZvoo.| LZzg600. 
= ggogoo. | | EfgCoo.| gSbbro. | ZogSoo. 1zo.| 110.| 6b€Soo.| 1z0.| T10.| gZoSoo. €tgoro. 1zo.| 110.| 
| 
+$60g00.| | oggSoo. | + bro. | 6gzt10.] 1zo.| 110.| | | TIO. bgofoo. | gf goro. | 1z0. | r10.| 96Z¥oo. | 0Sg600.] 
ZOIgOO. | | Z9gSo00.| €6bbro. | OZQSO0. | + | | zg€Soo.| LZoz1o.] 1z0.| I10.| O60S00.| OZgoTO. | | 110 zogboo. z9g9600-] 6Z8 
OIIgoo.| O61Z¢10. | bZgSoo.| | LzgSoo. 10€€10.] 1zo. | 110.| gg€Seo.| 1z0.| 110.| g6oSoo0.| Eggoro. | | 110.| Zogboo.| +Z9600.] gzg 
S ZI1900.| | Iggsoo.| gzfrro. | b€gSoo.| L1€€10.} 1z0. | 110. | — ¢£ESoo. | Zorz1o.| 1zo.| 110.| zorSoo.| g6goro.}] 1zo.| 110.| €1gboo. |+ 
bz1gQ00. gSZC10. | | gggSoo. |+- | zzo. obaSoo. | | | 110. IgeCoo. IZIZI0. 1ZO. | 110. gorcoo. 606010. | 1z0. | 110.| 61gtoo. 269600. 9Z8 
3 zE1goo.| zzo. --C6gCoo.| | Z¥Qfoo. |— OSEE IO. | | r10.| ggfSoo.| 1z0.| 110.| r1S00.| zz6or0. | | 110.|—Szgtoo.| 60£600.] 
6£1g00.| | zo6Soo.| IgSbro. | bSgSoo.| | 110.| +6€Soo. IC1z10. IZO. | 110. 1z1So0o.| gt6or10. | | TIO. I€gtoo. 1zZ600.] 
| + 606S00.| 66¢+r0. | Ig9Soo.| | 1z0. | 1obCoo. | | 1z0.| 110.| Z€gboo.| ztZ600.} 
> PS1g00.| | g16C00. | | g99So0o0.| 1z0. | 110.|  ZotSoo.| ogrz1o.] 1zo.| 110.| zgb6orO. | IIo. | ztgtoo.| tbZ600.] 
> Ig1goo.| ze. €z6Soo. | | SZ9Soo. | SI¥EIO. | bibSoo. |+ S6rz10.] 1zo- | 110.| 6€1S00.| gZ6or0. 110. gtgtoo.| 962600. Ze 
| 
R 691900.| €ZgCr0. | | zSgtro. | zzo. 1ggSoo.|  1€b€10.] rzo.| r10.| ozbSoo.| orzzro.] 120. | 110. |+St1S00.| 6g6or0. | | r10.| +Sghoo.| g9Z600-] 
gZ1g00. | zOgCro. | gt6Coo. | oZgbro. | gggsoo.| 1Z0. | LzbSoo. Czzz10. | | I10. ZOOIIO. | TZO. | | oggtoo.| ogZ600-] 618 
bgIgoo. ZIOS IO. | ZZ0. — gggrro. | zzo. £69Sco. bob€ro. | Izo. | b€bSoo.| Obzz10.] Iz0.| I10.| | 1ZO. | g9gtroo.| 762600. SIs 
161g00. If6C10. | zf6Soo.| zoZCoo.| 1zo. | t10.| obbfoo. CCzz10. | 1zo.| 110.| tg1So0o.| 6zorr1o0. | | zZgtoo. LIS 
dS 661900. If6Cr0. | 666S00.| tzZbro. | zzo. 60ZS00.| 1zo.| 110.| LbbSoo.| | | IIo. 1Z1S00.| | IIo. gZgboo.| g1g600-] 918 
gozgoo. | | | £96S00.| | zzo. g1ZSoo.| rzo. | 170. | | + | | IIo. | 1z0.| 110.| Fgghoo.| gzg6o0.} CTs 
= Fizgo00.| 06610. zzo- | +$Z6So0.! zzo- €zZSoo.| o€S€10.]| 1zo.| 110.| ogbSoo.| I10.| | TIO. | o6gtoo.| oFg600.] 
IZZQOO. | OIOQIO. | Ig6foo.| | ofZSoo.| 1zo.| 110.| C1€z10.] 1z0.| 110. | O61C00. tgorro.} 1zo.| 110.| g6gtoo.| 
S 6zzgo00. | gg6Soo. | 1zo. | IIo. tZbSoo.| o€€zro.] 1z0.| 110. | g61S00. 60110. | 1Z0. | 110.| +tgg6oo. 
£€zgo0. | 6bogro. | 96600. | — zzo. | ogf€ro. | 1z0. | I10.| ogtSoo.| gt€zr0. Iz0. | IIo. | zozSoo. IIIIIO. | 170. | 110.| | 
| 
| 6gogr0. | £€o00go0.| | | 1¢ZSoo. TO. | 110.| Zgbsoo. | 1zo.| r10.| 6o0zSoo. |—Sz1110.] 1zo. | r10.' 6gg6o00.] O18 
zSzgoo. 6gogI0. | | ICghro. | | I10. b6bCoo. 9ZEzI0. | 110. | 6€1110. | | | oz6too. 106600. 608 
0gz9g00. 6019gI0. | gI0goo. oLgttro. ¢gZSoo.| Izo. | 110. |+ | ZOETIO. | | IzzCoo. zCr110. | 1z0. | gz6boo. £16600. 808 
£97900. 6ZIQ10. | | + $zogoo. zzo. gtgf10.] 1zo.| 110.| Lotzto. | | 110. gzzcoo. QQIIIO. | IZ0- | z£6too.| 9gz6600. 108 
+ $Zzgo0.| | €£€ogoo.| | zzo. |— Sgg€10.] 1zo. | 110.| zzbz10.] Izo.| I10.| PEzLoo.| OgIIIO. | ITO. gt6too.| 908 
8 £gzgoo. | 6gIgI0. | zzo. obogoo. |+ | zzo. ZgZSoo. ZQQEIO. | IzO. | TIO. 1zSSoo.| | | Tro. IbzCoo.| +t6rr10.| 1zo.| 110.| |+ 066600-] 
16zg00. OgIQIO. | gbogoo. | zzo. F6ZSo0. | 669£10. | TIO. gzssoo.| | | TIO. | Z¥zCoo. QOTIIO. | | rro. | + o€6too. £96600. 
g6zgQ00. | | +¢Sogoo.| zzo. TOgSoo. g1Z€10.| 1zo.| r10.| 6gbzI0. | TZO- | 110. zzzr10.]| 1z0.| 110-|  €£6600-] 
8 gofgoo. | €gogoo. | | zzo. gogcoo. | €EZLE1o. | | 110. | | 1Z0. | I10. ogzfoo. | | TZO- | | 996600-] 
| br€goo. 00900. I0. | zzo. + | 1zo. | ooSzic. | 1z0. | OSz110. | TIO. | 696too. OOOOTO- Tos 
6£.z | ob-z 0g-z zb.z | bb.z | | | 26.2 | 


Jo Joquinu=u 


56 
a 
| 
fe 
= 
a 
Ns 
= 
= 
‘ 
Mis 


| | 
| I10. 121200. 6Z£zzo. | 1z0. | 110. bg6goo. IOZIZO. 12 IIo. 16Zg00. vz00z0. zO$goo. | 1Z0. IIo. Zgtgoo. IIo. obtgio. ogg 
110-| 6£1400.| gobzzo.]} 110.| z66go0.| gzzizo.} 1z0.! 110.| 664900.| oozo. 009900. | 1z0.| 110-| OEgoo.| I10.| Igigoo.| 
1zo-| 110.| erfoo.| 1z0.| 110. | 00000. 1Szizo.} 1zo.| 110.| Loggoo. g09900- | OOggIO. | ITO. zovgoo.| OIZZ10. ggigoo.| 
| 110. 6CSbzzo. | 1z0. | 110. g00Zo0. LLZ1ZO. | 1Z0. | 110. | — $1ggoo. — $600z0. | + $19900 | ELOQIO. | 120. | 6obgoo. | + $O1g00. LES 
| IIO. bvozZoo. | 4- Sgbhzzo. | 1z0. | 110. g10Zoo. ZOLIzZO. | IZO. | €zggoo. | tzggoo- SEOgI0. | 110. | tozgoo. 
1zO. | €1zZoo. z1Szzo. | | 110. tzoZLoo. Zz€1zo. | 1z0. | 110. 1£ggoo. zy1ozo. I£ggoo. ZEOgI0. | | 110. bzbgoo. €ZZZ10. iio.| oOlzgoo. ggsgro. 
| 1zzZoo. IZO. | II0. ££oLoo0. | 12 IIo. 6£ggoo. 6£gg00- | | IZO. | zt rgoo. FOLL10. IIo. 41zg00. ZoggIo. 
1zo. | o€zLo0. | | 110. 1voZoo. | | 110. Z¥ggoo. oo10zo. gbggoo. | | II0. | 6£¢goo. | — SIgéIo. |— $zzgoo. 4z9910. EPR 
1zo. | gtzZoo. IZO- | 110. 6¢oZLoo. | 1z0. | 110. | — $$ ggoo. tizozo. 1z0. | 110. | PSggoo. 4¢— | 1Z0. | 110. Zbbgoo. gtgZio. 110. z£zg00. ZES 
| 110. vzZoo. 6192 | 110. Sooo. 6zbizo. | IZO. | I10. £g9Qg900. | IZO. | 799900. gbobro. | | 110. bSbgoo. 110. 6¢zgoo. Z99910. 

9 989 8 99 999 
| gbgzzo.] 1zo-| 110.| ggo0Zoo.| 1z0. | 110. 12900. | 120. | 110 O£0610. } | TIO. | 110-| Zbzgoo.| 
| bgzZoo. €Zozzo. | IZO. | 110. bZoZoo. Oghizo. | Izo. | II0. 6Zg900. | 9gzozo. | 1z0. | gZ9900.| £60610. oZtgoo. 110. bEzgoo. 
| 110. | | 110 £goZoo. | + Sof1zo. 1zo. | 110. Zgggoo.| r11£0z0. | 1z0. | 110. 939900. | 911610. £L¥900. | 1zOL10. 110. 19z900. gzZgio. 
| 1gzZoo. | 1z0. | 16000. 1€S1zo. | 1zo. | 110. |-+ S6ggoo. |— SEEozo. 1zo. | 110. | O£ 1610. 1ZO. | 110. 69zQ00. gbZg10. 

8 89) 9900: | 9 
1zo. | 110. 6gzZoo. boLzzo. | 1z0. | 110. 660400. | 1z0. | I10. £06900. OSf£ozo. 120. | 10900. ZQIOIO. | tObgoo. 110. gZzgo0. 992910. 
IzO. | 110. g6zZoo. Zglzzo. | IZO. | 110. gorZoo. | Izo. | TIO. Z16g00. bgtozo. | IIo. 602900. |— ¢g1610. | o0o0$goo. 9g6Z10. LEO. | | bgzgoo. ZeZg10. 
| Zo€Loo. 60gzz0. | IZO. | I10. 6091Z0. | IZO. | 110. oz69g00. govozo. 1z0.| 110.| Z1Zgoo. goz610. | gosgoo. Zoogi10. | TIO. | 16zg00. Zoggio. 
; L€gzzo. | 1z0. | 110. |— $z1Zo0. | — 1z0. | 110. gz6goo. €€vozo. | 1z0. | 110. | + $zZgoo. I€z610. | 1Z0. gISgoo.| Ozogro. | | 110. | 66zg00. 
IZO. | I10. bzELoo. bogzzo. 1zo.| 110.| €£xZoo. IggIzo. | 1ZO. | 110. 9£6900.| ZSbozo.| 1z0.| 110.| €€Zgo0.| *+$z610.] 1z0.| 110.| bzSgoo. | 110. | gotgoo.| Ltggio. 
98 | 99 gf 69 9 | | 89 
| I10. £€€Loo. ZOgzzO. | zt: Loo. Zggizo. | 1z0. | I10. ~ $46900. | zgbozo. 1tZgoo.| £z610. 1zo. | 110. | zZLogro. | 1z0. | 110. 
| | | 
IZO. | TIO. 616zz0. | 110. |+ of 1400. €1Z1z0. | 1z0. | 110. €£6900. | Zofozo. 900. | 610. Izo. | 110. 6€Lgoo. | 1zo. | 110. | Iz£goo. 
IZO. | 110. |+O$€Lo0.| Lb6zzo.] | I10. 6$1Z00.| | 196900. | 1€¢ozo. IZO. | 110.| +tz€610.} 1zo.| 110.) L¥Sgoo.| QIIgIoO. | 6z£goo. 
1zo. | | — £Z6zz0. | 1z0. 110. | Z91Lo0. |+ $gZ1zo. | IZO. | 696900. gSSozo. IZO. | TIO. | 99900. | Izo. | I10. — | gtIgio. | | g££goo. 6z6910. 8Z8 
| g9£Zoo. zootzo. | 1z0. | 110.| 9Z1Zoo. ZOLIzo. | IZO- | I10. 926900. Igcozo. 110. | OLE610. | | 110. €gfgoo.| OgIgro. IZO. | I10. | bPEgoo. 6F6g10. 
| I10. Izo.| 110.| bgrZoo.| gIgrzo.] | 9g6900. 90900. } | I10. zgZgo0. +6610. | | TIO. | TQIQ1O. | IZO. | 110. | oZ6910. 9Z8 
° IZO. | I10. | + SgtZoo. gSotzo. | | 110. | — | | 10. |— | | IzO. | | 06Z900.| ZIb610.]} IZ0. 110.| gZSgoo. bvozgi1o. | 110.| 6€goo.|- O66gr10. CZR 
| I10- boeZoo. ggotzo. Iz0.| 110. | ro0zZoo. IZQ1zo. | IZO. | II0. £00L00. g$gozo. | 1z0. | II0. g6Z900. | Ibvb610.} | 9gSgoo. Q7@ZgIO. | IZO. | Z9£goo. T10Z10. 
Izo.| 110.| €ob{oo.| 1zo.| 110.| OrzZoo.| g6grzo. | 110. 110400. Iggozo. 1z0. | 110.| goggoo. |-- | | I10. gbzgro. 120. | 110. |— £Z£goo.| ztoZ10.] 
Izo. | zIbZoo. | 1z0. TIO. | 61zZoo. bzO1z0. IZO. | I10. »z0LZ00. go0Lozo. 1ZO. | 110. | ¥Iggoo. | Qgr6ro. | IzO. | 110. ZOQgOO. | o£zgio. | IIo. | io. 
1zo.|110.| IzbZoo.| 1z0.| 110.| gzzZoo. 1S61zo. | 1zo.| 110.| gzoZoo. £Zozo. 120. | ITO. | €zggo0. | | | 110. | 019900. | | 110.| 
| | | 
1z0.| 110.| O€bZoo.| 661£zo. | 1zo. 9£zL00. | ££oLo0.| L&Lozo.] 1zo.| 110.| I£ggo0.| gEL610.] 1z0.| 110. | gIggoo. |-+ 110. | g6£g00.| +6oL10.] 
Izo. | 6€bLoo.| Lzztzu. | 1z0. | 110. — $bzLoo. | — +boloo.| zgZozo.]| 1z0.| 110.| Ofggoc.| | | Qzggoo.| LE€gro. Sobgoo. |— 618 
1zo. | 110. g$z€zo. | | 110. bSzZoo. bSoZoo. QOgOZO. | IZO. | | IZo. | | £€ggoo. gio. 110. €1bgoo. | 10. 
1zo. | bgzEzo. | 110. zgzZLoo. 6Cozzo. zg0Zo0. €€gozo. | 1z0. | | 9£ggoo. gog6ro. | Izo. z¥ggoo.| zgfgro. | 12+900. | LIg 
Izo. | I10. 99¢ZLoo. €r€Ezo. | rzo. | 110. 1ZzZoo. 9R07Z0. 1ZoZoo.| 6Sgozo. | 1z0. | 110. $9900. ZEQbIO. | IZO. - o£ggoo. | — I10.| O6ztgoo.| gZi1Z10. 9 
08 | 6&8 89 9 918 
Izo. | 110. | — $Z¢Zoo. ZhEEzo. | | I10.| OgzZoo. €1Izzo. 6LoLo0. |— S$ggozo. 1z0. | 110. | ZLggoo. gfg610. | Izo. g£ggoo. IIo. 
Izo.| 110.| of€€zo.} 1zo.| 110.| 6gzsoo.| obrz ggo4oo.| O160z0.] 1zo.| 110-| Igygoo.| OggbIO.] | I10.| ggggoo. | OS 110.| ttbgoo.| ozzZ10.] 
| TIO. £6bLo0. 66££zo. | 1z0. 110. | 96zZoo. Z60L00. g£60z0. Izo.| 110.| 6gggoo.! +toZ6r10. | | I10- |— £Zggoo. €Lrgio. I10.| z¢bgoo. 10. €18 
I10.| zofZoo.| gzb€zo. | TIO. | Lo£€Zoo. |— $61zzo. | zg60zo. | 110. | g6ggo0. | | | IIo. £g9900. | gOrgio. I10-| Ogbgoo.| f€gzZ10.] 
Izo. | IIo. 11¢Zoo. ZOvEzo. QgItZoo. zzzzzo. ti1Zoo. gg6ozo. IZO. | 10. | 906900. | €¢Z610. | 110. | 109900. | 61¢gI0. TIO. | g9rgoo. bgzZLio. 
| | | 
1zo. | 110. | — $z€Zoo. |— o$zzzo. | brorzo. | 1zo. | 110. #36000. | 9ZZ610. 1zo. | I10.| 669900. Itfgio. 110. | 9Ztgoo. |-+- So€Z10. 
Izo.| 110.| O€$Zoo. |— ¢r¢€zo. | 120. | LLzzzo. 1£100. | oborzo. | | 110. £26900. | | IZO. | £0900. boSgto. tgtgoo. | Zz€ZL10. 608 
Izo.| 110.| 1z0. | 110. zbEZLoo. | — So€zzo. ob1Zoo.| | | 1I0. | Lzg610. | 1Zo. | $1Z900. | ZgSgio. 110.| z6bgoo.| gt€Z10.] gong 
| 110. gbSZoo. €ZC€zo. | 1zo. | 110. | IC€Zoo. €€Ezzo. 6b1Zoo. z6o1zo. | 1z0. | 110. | Ob6goo. | 1zo. bzZgoo. | OIggro. |— 0ofgoo. 108 
Izo. | zogtzo. | 110. og£Zoo. ogtzzo. gf1Zoo. QIIIZO. | Izo. | | gh6go0. 9£g610. Izo. z£Zgoo. vEggro. IIo. gofgoo. 16€Z10. 908 
1zo. | | 1zo. | 110. oZ€Zoo. Qgtzzo. g91Zoo.| Izo.| 110.| 006610. | | 110.| ObZgoo. I10.| g1fgoo.| €1bZ10. 
Izo.| 110.| 9Z6400.| 110.| €Z€Lo0.| g1bzzo. CZ1Zoo.| | + + €z6610. | 1zo. | 110. | 64L900. | Ogggto. bzfgoo. |—SEbZ10.] 
1zo. | 169£zo. | 110.| gg€Zoo.| bbbzzo. tg1Zoo. | L611ZO. | + Of6610. } | TIO. | £$£900. | £oZgIo. I10.| z€$goo.| 
IZO. | II0. ozZtzo. | | Z6£€Zoo. £61Zo0.| €zz1zo. €g6goo. | + 26610. 1z0. | 110. |-+ £94goo. | ZzZg1o. 110. | obfgoo. gZbZio. ZOR 
1ZO. | ofZ€zo. gobZoo. oo0fzzo. zozloo.| 166900. | | IzO. 110. | +ZZgoo. | ofZgIo. 110. | gtfqoo. ToS 
| v6.2 | blz | | | | gZ.z | 
T 3 | z 
61 SI LT 9T cI 
zzo.| 110.| €S6S00.|} z1€$ro. | TIO. €zZfoo. 110. | zgbSoo.| g6z10.] 1z0.| 110.| o€zSoo.| 622110. 1z0. | 110. | — Sg6too. 10go1o. 1zo.| 110.| €ztGoo. 
| | 


| IIo. 


og6Soo. 


of€S10. 


6zZSoo. 


| 


/OZ10.- 


Izo.- 


IIo. | 


aofzcoo. 


62 


Izo. | 


110. | 1/6too. 


CIOQOIO. 


Izo. 


IIo. 


6e0r00. 


Biometrika xx1 


a 
te 
_ 
i 
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1zo.|110.| +tgzboo. 
1zo.| 110.| 69zboo.| gzogoo. 
1zo.| 110.| +tZzboo.| | OTO. : 
6Zzboo.| gbogoo.| 1zo.| o10.| 46ggoo. | IIo. ozgfoo. | | | ZI. | 


1zo.|o10.| +$6€00.| rgggoo.}1zo.| 110.| zrgfoo.| Izo. | z10.| ZgStoo. | ozo. | €10.| Iogzoo.| ObbEoo.] | I10.| ggzzoo. t6zzoo.| 
6ggqo0.}1zo.| 110.| g19€00.| 1zo. | zOSboo. ozo. | €10.| Fogzoo. 610.| 110.| I6zzo0.| 
Otz£oo.| g6Stoo.} ozo. | €10.| 4ogzoo.| | 610. | t6zzoo.| 66zz00.] 


| | | | | 
1zo.|110.} xbrtoo.| 1z0.| o10.| g€gtoo.| | | toSfoo.| 1zo.| z10.| g€1f00.| ozo. | E10. Z1£z00. | ZEELoo. | 610. | 110. | Ozzzoo. |— ONG 
1zo.| 110.| gtrboo. |+ $6200. ] | o10.| Obgtoo. | Zgggo0. | 110. | gostoo.| ggSSoo.]} | z10.| O6€1£00.| | ozo. | Ero. ozZzoo.| 610.| 110.| zzzzoo.| 66 
1zo. | 110. | bogZoo. 1z0. | |— | 6gggoo. 110.| z1S€oo.| +ZS$Soo.| 1zo.| z10.| 6¢bboo. ozo.| €10.| | Gro. | 110. |—¢zzzoo.| O€zz00.] 868 
1zo. | €1gZo0.] 1z0.| O10.| gOgg00. 110.| g1S€o0.| ogSSoo. | 1z0. | zI0. | gb1£00. tgottoo.} ozo. | €10.| gzZzoo.| 610.| 110.| 4zzzo0. zEzzoo.] 16 
1zo.|110.| ogrtoo.| 1zgZ00.} 1zo.| o10.| €Lgtoo. boLgoo. 110.| 616€00.| ZgSSoo.] 1zo. | |—o€1£00.| 6gbboo. ozo. | €10.| 610. | 110.| o€zzoo. 96 
1zo.|110.| tgrboo.| O€g400.} 1z0.| or0.| ZEgtoo.} T1Zgoo. | rzo.| z1o.| z€Zzoo0.| 610. | 110.| z€zzo0. L€zzo0.] G68 
1zo.| 110.| 69rtoo.| 6€gZ00.} 1z0.| O10. | zggtoo.|} OIZg00. | II0. 66$S00.| 1zo.| z1o.| ZS1€00.| | ozo. | €10. |+ $€Zz00.| } Gro. | 110. |— $Ezzoo. obzzoo.| 68 
1zo.|110.| +Zrboo.| 1z0.| O10.| gggtoo.| | TIO. CogSoo.] 1zo. | 710. | | ozo. €10.| g€Zzoo.| 610.| 110.| Z€zzoo.| czhzzoo.} §68 
1zo.|110.| gZrboo.| 9$gZo0.]} 1z0. | O10. | t£Zgoo. | IIo. |+ ZIGSOO. 1ZO. | tgr1foo.| 610. | IIo. obzzoo. Z68 
1zo.| 110.| €grtoo. |+ $ggZoo. | | O10. | — $4g£oo. zbZgoo. 110. | g1gSoo. z1o.| +6bboo.| ozo. | | 610. | zbzzoo.| 68 
| 
1zo.| 110.| ggrtoo.| +Zg400.] 1z0. | o10.| | 6bLgoo. | 1zo. | 110.| bzgSoo. zI0. | 1Z1£00.| 66ttoo.| ozo. | €10.| gbZzoo. |— $ZEEoo. 610. | 10. |— Shzzoo. |— O$zz00- 068 
1zo.| 110.| z6rbvoo.| £€ggZo00.] | O10. | €ggeoo. | ZSZgo0.| 1zo.| 110.| | Z10. | #Z1£00. |— SoStoo. ozo. | €10.| gZ€€oo.] 610.| 110.| Zbzzoo.| 688 
~ 1zo.|110.| Z6rboo.| zOgZoo.| 1z0.| gggtoo.| | I10.| | Z£gSoo. | 1zo. | Z10. | gZ1£00.| orStoo.}ozo.|€10.| zg€Eoo. | | 110. |— |— ¢¢zzoo.} 
1zo.|110.| zoztoo.| 106Z00.} 1z0-| o1r0.| zOgfoo.| | | €rgSoo.] 1zo.| z10.| zgr£oo. |— } ozo. | E10. ZsZzoo.| 610.| r10.| zSzzoo.| 4$zzo0-} 188 
1zo.| 110.| goztoo.| 1z0. | oro. | Z6g£oo. | ogZgo0. | r10.| |— OfgSoo. Izo. | TIO. ozStoo. | ozo. | €10.| ogZz00.| O6€£00.] 610. | 110. |—¢Ezzoo.| 988 
1zo.|110.| I1zboo.| 616Z00.} 1zo.| o10.| LgZgoo0. | I10. | €g6€00.| 1zo.| z10.| O6g1£00. |— SzStoo. ozo. | E10. £gZzoo.| 610.| 110.| C88 
3 1zo.| 110.| g1ztoo.| gz6Zoo. | 1z0. | oro. | + $0600. | + $C£go0. IO. | IIo. Zg9Sfoo.| | zI0.| O€$boo. ozo. | E10.| 994z00. | 610. | 110.| 
I10.| 1zzboo. Z£6Lo0. | 1z0. | O10. | OLGEOO. | IZO. | TIO. | | ZI. | g61£00. |-+ £ESboo. ozo. €10.| 692zo0.| 610.| 110.| E88 
1zo.| 110. |+Szzboo.| 9b6Zo0.]} 1z0. | o10.| | OIggoo. IZO. | TIO. |+ 1zo. | z10.| ooz£oo.| ob$boo.} ozo. | €10.| + Cobfoo. | 610. | 110. |+ ¢gzzoo.| 
1zo.| 110.| o€zboo. |—$$6Zoo. 1zo0. | o10.| O616£00.| gIggoo. | 6LS£€00.| zggSoo.] 1zo. | z10.| €oz£oo. |+ SbSboo.] ozo. | €10.| 944z00. | 610. | 110.| ggzzoo.| 
| 
| | 
1zo. | 110. |—$€ztoo.| 1zo.| o10.| €zZ6E00.| gzggoo. | IIo. EgSEoo. | gggfoo. 1zo- Zoz€oo.| x$Stoo.|ozo.| €x0.| 610.| 110.} OZzzoo. |-+ $Zzzoo-} 088 
‘> 1zo.| 110.| Obzboo.| €Z6Zo0.] 1z0.| o10.| Zz6E00.| FEggoo. Izo. | IIo. ZgSfoo. | — SOgSoo. | | orzfoo.| zgZzoo.| 1b£oo. | 610. | €Zzzoo.| gfzzoo.| 618 
1zo. | 110. |—Stzboo.| zg6Zoo.} 1z0.| o10.| zhggoo. | IIo. 16C£00.| 10ZS00.| 1zo.| z10.| rIgSboo. | ozo. | |+$gZzoo.| IzbEoo. | 6ro. | |+ CLzzoo.| Igzzoo.} 
1zo.|110.| 6¢zboo.| 166Z00.] 1z0.| o10.} 9£€6£00.| | | T10. | -+ C6CEo00.| foo. | Z10. gizfoo.| g9Stoo.} ozo. | €10.| ggZzoo. | — | 610. | 110. gZzzoo.| €gzzoo.] 
1zo.| 110.| O00g00. | IZO. | OTO. LSggoo. | | 110.| Oog£o0.| | Izo. | ZITO. 1zz£oo.| 1ZStoo.} ozo.| €10.| 164z00.| OzbEoo.} O10. | I10.| Ogzzoo. ggzzoo.} 91g 
8 1zo.| 110.| 6$zboo.| 600goo. | | |-+ S¥6£00. — Sgggoo. | 1zo. | 110. togfoo.| 1zo. | z1o. |+Szzfoo.| ozo. | €10.|— $64z00.| 610.| 110.| €gzzoo.| ggzzoo.f 
= grogoo. | 1zo. | |— OS6E00. | ggoo. } | IIo. gogfoo.| 1z0. | z10.| zgvoo. | ozo. | £10. | g6Zz00.| 610.| 16zzo0. 


ign 


1zo.|o10.| g96€o0o.| +o6go0.] 1z0.| 110.| tzgfoo.| | | TIO. ttz£oo. | fogboo. fozo. | €10.| I1gzoo.| | 110. g6zzoo.| OLE 
1zo.|o1o.| £€Z6€00.| z16g00.] 1z0.| T10.| gzgfoo.| | L¥z£o0.| gogtoo. ozo. | €10.| | 66zz00.| +bofzoo.}| 698 

€6zboo.| +tZogoo.| 1zo.| o10.| 426€00.| Oz6goo. | IIo. €€gEoo.| 1zo.| z10.| ISzfoo.| | ozo. | £10. Z1gzoo.| ogt£oo.} 610.| 110.| 4o€zoo.} ggg 
1zo.|110.| g6ztoo.| €gogoo.} 1zo.| o10.| Zg6EOO.| gzbgoo. Ico. | ITO. Z£€g£oo.| +ZZSoo0. 1zo. | z10. |— $$z£oo. | 61gboo. ozo. | E10.| totfoo. | 610.| 110.| 198 
gg6£00.| 9€6900.] Iz0.| 110.| OgZSoo. IZO. | 6Sz£oo.| ozo. | €10.| tzgzoo.| ggrfoo. 610. | Zo€zoo.| zi€zoo.f 998 


1zo.| 110.| €gzboo. | SSogoo. 
ggztoo. |— Sgogoo. 


the S 


r10.| fo€too.| z6ogoo. | 1zo. | oro. 
1zo.| 110.| ZOIgOO. | IZO. | OIO. 166£00.| IZO. | II0. |+Stgfoo.| ZgZSoo. | 1zo. | zgzfoo.| of€gtoo.}ozo.|€10.| 4zgzoo.| | 610. | 60£zoo. |— Gog 
> 1zo.|110.| €1€too.| | | |+ S66E00. | zL6go0. } | ITO. | +6ZS00.] 1zo. | z10.| 9gz£o0. |— SEgboo. | ozo. | gZt£ou. | 610. | 110.| zr€zoo.| Z1€zoo.} F98 
1zo.|110.| gr€too.| Iz1goo.} 1zo.| O10. | | 196900. | T10. oogSoo.] 1zo.| z10.| OZz£00.| obgtoo. ozo. | £10. €€gzoo.| ogt€oo. 610. | 110. |—¢1Ezoo.| Oztzoo-} E98 
1zo. | IIo. EzEroo. | | IZO. | OIO. | — Sootoo. 696900. | | I10. gSgfoo. ZogSoo. | 1Z0. | Z10. tZz£oo. gtgroo. | ozo. | €10.| ZEgzoo. tgtbfoo. | 610.| 110.| 41€zoo. €z€zoo. 
gzEboo.| obrgoo.} 1z0.| or0.; £6900. | Io. | +t1gSoo.} 1zo.| z10.| ozo. | £10. otgzoo.| ggtfoo.] 610.| 110.| Ozfzoo.| gzfzoo.] 198 


1zo. | I10. | 
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zzo.| 110.| 6bgSoo. |+SzSr10.] zzo.| z1o.| gobf10.] zzo.| 110.| €ozSoo.| 16zz10.] 1zo.| 110.| {€g6voo.| €Z1110.] 1zo.| 110.| x1Zbeo.| gSoor0.} 110.| vbbboo.| O6£6g00.] 968 
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zzo.| I10.| gzZSoo.| zzo.| z1o.| o6S€10.} zzo.| 110.| €ZzSo0.| gSbz10.} 1zo.| 110.| o€oSoo. |+Sz£110.] 1zo. | €61010.]} 1z0.| I10.| ¥voSvoo.| Ogo600.} 
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zzo.| 110.| tzgbro.} zzo.| z1o.| zzo.| 6o€Soo.| 1zo.| 110.| #goSoo.| Izo. | | Zogtoo.| zgzoro.| | 110.|—SESboo.| 
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ezo.| 110.| 4zz$oo.| zzo.| bzoSoo.| 46€z10.] zzo.| 110.} zzo.| 110.| 16$o00. 1zo. | 110.| gStvoo.| gO6z600. | Tro. 
zzo. | 110.| z€zoo. | zzo. | z10.| O6zofoo.| orbzto. | zzo. | zzo. | r10.| | | 110.| zgttoo.| Lo€600.} 1z0. | 110. |+ €Zzgoo. 
zzo.| 110.| | zzo. | | | | €zgboo. Zg€110. | zzo. | 110. 10gtoo. 1zo. | 110. | Z1£600. | | 110. 611¥00. ZQTQOO. 
zzo.| 110.| €bvzfoo.| | z10.| OboSoo. |+ SEvzI0.] zz0.| 110.| gzghoo.| 66€r10.] zzo. | 110. |+Sogboo.| €9€or0. 1z0. lrr0.| 1Z€too. gz£600. 1zo.| 110.| bz1boo.| 
I10.| gbhzSoo. | + zzo. | z10.|—SvoSoo.| zzo. | r10.| €€gboo. IIvIIO.} zzo.| 110.| OIgboo.| 1z0. | 110.| 9Z€bvoo.| gt£600.] 1zo.| 110.| gzIvoo.| 66zgo0. 
zzo.| 110.| 66b£10.] zzo. | z10. | + OSoSoo. 1gbz10. | | TIO. gtghoo.| €zbr10.] zzo. | 110. | — $1gboo. 1zo. | 1r0.| gb€600.] 1zo.| 110.| LO€goo. 
zzo.| 110.| zzo. | z10. | + zzo.| r10.| |— ¢€brro. | zzo. 110.| Ozgboo. |+ 6£or0. rzo. | 110. |— S$gEvoo.| 1z0.| r10.| gQIEgoo. 
zzo.|110.| tgzSoo.| gzs€10.] zzo.| zro.| 190S00.| zzo.| 110.| gtgtoo.| gbbrro.| zzo. | 10. |— €zgboo.| govoro.} 1zo.| 110.| O6€vo0. |+ Sgf600.] 110.| Ibvrtoo. |— 
zzo.| 110.| zbs€10.] zzo. | z10.| ggo0Soo.| ooSzro. zzo. | rr0. ESghoo.| xySvr10. zzo. 110.| 6zgtoo.| 1zo.| 110.| b6€boo.| 1z0. | r10. |— 
| 110. zzo.| z1o.| IZofoo.| €1¢zr0.] zzo. | rro. gsgtoo.| oLbr10.] zzo.| r10.| +t£€gbhoo.| gzboro.| rzo.| r10.| 66€boo. |—¢gf600.] 1zo.| r10.| 
Zz0. | TIO. Igzfoo. | Z10. 9Zc$oo. QgzSzI10. | | 110. | | zzo. | rI0. 6£gtoo. gtvoro. | 1z0. | 110. £obrtoo. |— | 1zo. | rr0. vSr1boo. 
| II. 9gzSoo. | | | ZZoSoo. | | 110. | | zzo. | brgboo. Obboro. gobvoo. bvorGoo. | 1z0. | gSihoo. 
| ITO. z6zS00. gOSE1O. | | ZIO. Zgo0Soo. | zzo. | r10. | EZgboo. | gol110. zzo. | 110. ogtoro. zibboo. | 1z0. | 110. zgItboo. 
zzo.| 110.| Z6zfoo. | | z6oSoo. |-+ zzo. | 110.| | gr¢rro.] zzo. | r10. €Cgboo. 1Zvoro. Z1btoo. bzbv6o0. | 1z0. | 110. Zg1voo. 
zzo.| 110.| Lzgf10.} zzo.| z1o.| L60$00.| 6Z¢z10.] zzo. | r10. | o€€110.] zzo.| 110.| gSgtoo. zgboro. 110.| | 110. 1Z1vo0. 
| 110. gofSoo. io. | Zzo. | ZI10. €orSoo. ZOSTZIO. | ZZO. | 110. | zzo. | TIO. €ggtoo. €6ror0. 110. | 1z0. | 110. |— $Z IFoo. | — 
| 110.| | + zzo. | | gorSoo. |-+ zzo. | r10.| |—S¢Cr10.] zzo.| r10.| gggvoo.| +osoro. | 1zo.| 110.| 
zzo.| 110.| 61€So00.| zzo. | z1o.| €11S00.| grgz10.] zzo. | r10. gogtoo.| zzo. | r10. €Zgboo. | + $1010. 110. |+S€tvboo.| tgb600.] 1zo.| 110.| bgIvoo. 
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1zo.| 110-] gorgoo.| 610610. | | gb6Soo. | | | 1g4¢oo.| 10410. | 110.| g10g10.] 1zo.| 110.| |-+ | | ITO. 
1zo.| 110.] z11goo.| 1z0.| | TIO. ZgZSoo.| 1z0.| 110.| z£ogi10.] 1zo.| 110.| OfCG10.} | 110 ogzsoo.| gzorio. 
1zo.|110.} gr1goo.| 1z0.| 110.| gsOsoo. pSogio. | 1zo.| 110.| | | €zgSoo.| gkog1o.} 1zo.| 110.| |-+ StoS10. | 1zo. | 110. |—¢gzSoo. | 
1zo.| 110.| $z1go0.| 940610.]} 1c0.| 110.| zLogio.| 1z0.| 110-] 170. | TIO. gzgsoo.| 1z0.| 110.| OQOSTO. } | TIO. oZzfoo.| gforio. 
1zo.| 110.] O€1g00. $60610.] | 110. | OOOgTO. | TIO. bogSoo. |+ $goZ10.] 1z0. | I10.| OgOgIO. } IZO. | TIO gSbSoo. |-+ $Zof10. | 1zo. | 110. |-+ 
1zo.| 110.| g€1goo. |— $11610. | TIO. |-+ 1z0.| 110.| OIgSoo.| | 6£9S00.| L60910.] 1zo.| 110.| IOOSIO. Ico. | TIO. Igzfoo. | — 
1zo.|110.| zbhigoo.| | I10- 1z0.| oz1Z10. | 1zo. | 110. | IIo. | | | ggzfoo.| 
1zo.| 110.| €$1O10.} IZO. | 110. Zg6Soor |+ 1zo.| 110.| zzgSoo. 1zo. | 110.| Oz1g10.] Izo. | 110 1zo.| 110.| 16z$00.| 
1zo.|110.| 1goo.| | | II0. €66S00.| 1zo.| 110.| LzgSoo.| | 1ZO. | TIO. gS9Soo. |+ 1z0. | 110.| 1zo.| 110.| g6zSoo0.| 
1zo.| 110.| | IZO. | 666S00.| zgigro.] 1zo.| 110.| €€gsoo.| ZLIZ10.} Iz0. | TIO. zggSoo0.| ZgIQgIO. | zo. | 110. |— S$ghLoo. z¢1S10.| 1zo. | 110.| zotfoo.| 
1zo.|110-| Z91g00.| I1Z610. | |-+ Coogoo.| oozgio.} 1z0.| 110.| O€gSoo. 6g1Z10.]} 1zo.| 110-| gggfoo- | IZO. | 110 1zo.| 110.| Zo€Soo.} 066 
1zo.| 110-| €Z1g00. I€z610. | 170. | 110. I10900.| 61zgro. 1Z0. | 110. |— Shgsoo. gozZ10.] 1z0.| 110.| | IZO. | 110 g6bSoo.| 1zo.| 110.| z1£€Loo. 686 
1zo.| 110.| 6Z1go0. |+ 0$z610. Izo. | 110.| 410900. | | 110. | | I10- 6Z9$o00. | IIZQIO. | 1oSSoo.} gors10.} 1zo.| 110.} gr€Soo.| 886 
zo. | 110. |+$g1go00.| o4z610.} 1z0. | 110.| €zogoo. gSzgio. | 1zo.| 110.| | Izo. | |— Lzzg10.] 1z0.| 110.| €1zG10.] 1zo.| 110.| €zESoo. 601t10-} 196 
1zo.| 110} 161g00.| 6gz610.] 1z0. Ozogoo. bZzgio.} 1zo.| 110.| zggsoo.| | Izo. | 110 €16Coo.| 1zo.| 110.| 986 
1zo.| 110.} g61g00.| 60€610. | | 110. |+ C£ogoo.} €6zgro.] 1z0.| 110.| gggsoo.| 947410. IZO. | TIO. g69S00.| ogzg10.} 1zo.| 110.| tezC10.| 1zo.| 110.| 
1zo.|110.| tozgoo.| 1z0.| 110.| I 1€gro. 1zo.| 110.| bZgSoo.| | | TIO. zoZSoo.| ZZzg10.| 1zo.| 110.| Izo. | 
1zo.| 110.| or1zgoo.| I10.| ghogoo. 1z0. | 110.] Oggsoo. | ZIEZIO. | €6zg10.] 1zo. | 110.| |— CZzS10. | 1zo. | 110. 
1zo.| 110.| g1zgoo.| | | O6b€gro.]} 1zo.| 110.} 9ggSoo.| OzEZr0. | ITO. €1ZS00.| o1€g10. 1z0. | |— | 10. Izo. | TIO. —offfoo.| 286 
1zo.| 110.| €zzgoo.| | Ogogoo. Lo€gio. 1zo.| 110.| zOgSoo.| | 770. | TIO. 61ZS00.| Zztgro.} 1zo. | r10.| QOELIO. | TIO. CCECoo.| 986 
1zo.| 110.| 6zzg00.} gob610.} 1z0.| I10.| ggfgio. | 1zo.| 110.| g6gSoo. |— Cg€Z10. | 1z0. | 110. |— $zZSoo. 1zo.| 110.| | | IgfCoo.| 086 
zo. | 110.}+S€zgoo.| 1z0. | |— Sobgio.} 1zo.| 110.| ZgELIO.} | | | 110 z6CCoo.| 1zo.| 110.} 616 
1zo.|110.| Ibzgoo.| 1z0.| I10.| g40goo. bzbgro. 1zo.| 110.| O16£00.| OOPLIO. | ZO. | LE€LSo0.| LZ€g10.} 1zo.| r10.| } 1zo. | 110. O€€t10-] 
1zo.| 110.| gbzgoo.| 1z0.| I10.| Fgogoo. €vbgro. 1zo.| 110.| 916S00.| | ztZcoo.| €6€g10.] 1z0.| 110.| | 110. 116 
1zo.|110.| +Szgoo.| 1z0. | T10.| 160900. zobgio.| 1zo.| 110.| | TIO. gbZSoo.| 1z0.| 110.| 69$S00. |— | TIO. EgfCoo.| 916 
1zo.| 110.| Igzgoo.; | 110. Z60900.| ogtgro.} 1zo.| r10.| gz6Soo.| | TIO. Lzbg1o.] 1zo.| 110.| | TIO. ggtsoo.| C16 
1zo.| 110.| gzgoo.| 1zo. | 110. €o1goo.| 66tgro.} 1zo.| 110.| 1ZO. | TIO. ogZSoo.| Izo.| 110.| 1z0.| 110.| F16 
1zo.| 110.| €Zzgoo.| ZbS610.] 1z0. | 110. | 601900. 61Sg10. 1zo. | 110. | Ob6So0.| 10. | | TIO. 99ZS00.| Ig9bg10.} 1zo.| 110.| ggS$oo.} | TIO. 66€So0.| ELE 
1zo.|110.| ogzgoo.| | 1z0. | 110. |-+ $11900. 1zo.| 110.| 9F6Soo.| | Izo. | zZZSo0.| 1zo.| 110.| | TIO. |— CotSoo.| Z16 
1zo.| 110.| 9gzgoo.| ggS610.] | II0.| ZSg1o. 1zo.| 110.| | | | gZZSoo. |— $6rg10.]} 1zo. | 110. | tobS10. |} 1zo.| 110.| OrbSoo.|. TL6 
1zo.| 110.| z6zgo00.| gog610.} Iz0.| I10-| gz1go0. g£Sg1o.] 1zo.| 110.| gS6Soo.| | | IIo. €gZSoo.| z1Sg10.} 1z0. | r10.| €0gSo0.| | | TIO. O16 
1zo.|110.] 66zg00.| gzg610.] 1z0.| 110.| |+ 1zo. | 110.| | | 6gZS00.| 6zSg10.] 1z0.| r10.| gogfoo- g6ts10.} 1zo.| 110.| IzbSoo.| 696 
1zo. | 110.|+$0€g00.| gtg610.] 1z0.| 110.| 1zo.| 110.| Og$Z10. Izo. | IIo. +6200. | 1z0. | 110. z1¢¢10.] 1zo.| 110.| 4zbfoo. 
1zo.| 110.] z1€goo.} 69g96r0. | | IIo. Le1goo.| 1z0.| 110-| 426$00.| gO$Z10. 1zo. | togSoo. | | 1zo. | 110 ozgSoo.| 1zo.| r10.| 196 
1zo.|110.} gt€goo.| 6g9610.]} 1z0.| 110.| €Cogro. 1zo.| r10.| €g6Soo.} 419410. Izo. | LogSoo.| ogsgr10.] 1z0.| r10.| 9zg$oo.; Izo. | TIO. gttSoo.| 996 
1zo. | 110.|—$z€goo.| | TIO. 6S1900.| 1z0.| 110.| 6g6Soo. |— C€gZ10.] 1zo. | 110.| EIgSoo.} gOLgrO- Izo. | z£gSoo.| ogSS10.} 1zo.| 110.| CoG 
1zo.| 110.| I€€goo.| O€Z610.} Iz0.| TIO. | z6ggio. | | 110. |-+ $66So0. | Izo. | 61gS00. |— Izo. | 110. | 1zo.| 110.| F96 
1zo.|110.| g€€goo.| 1z0.| I10.| 11Zg10.] 1z0. | 110.| 100g00.| 249410. | | IIo. +zgCoo.| z€gg10.] 1zo.| 110.| €66C10. | rzo. | |— 
1zo.| 110.| $b€goo.} 122610.] 1z0.| 110.| g41Q00. O€LgI0. | 1Z0. | 110 Loogoo. | | TEgLoo. 6tggt0. | 1zo. | 110: 6tgSoo0.| 6ogf10.] Izo.| r10.| 
1zo.| 110.| 1S€goo.| 762610. | 1zo. | 110. |— o$Zg1o0. } 1zo. | 110.| goOZZ10. Tzo. | L£EgSoo. | 99910. 1zo. | 110. |— $$gfoo. Czgf10.] 1zo.| 110.| 196 
1zo.|110.| ZS€goo.| z1g6r0.] 1z0.| I61g00.| O4ZgIO.} | | 1zo.| 110.| €tgSoo.| | 110.| | | TIO. zZtSoo.| 098 
1zo.|110.} g€g00.| €€g6r0.] 1zo.| 461g00. 6gZg10. 1zo.| 110. | 9zOgoo. | }| | 6tgSoo.| | 110.| 499S00.| Izo. | TIO. ZZ¢Soo.| 
1zo.| 110.| OZ€goo.| | | 10. tozgoo.| 6oggro.} 1z0. | 110. | c£ogoo. | 110. |- $SgSoo.| 61Zg10.] 1zo. | 110. | 1zo.| r10.| 
1zo.|110.| Z€goo.| 1z0.| I10.} | TIO. 6£0go0. | zgZZIo. 110.| I9gSoo.| 9€Zg10.] 1zo.| r10.| gZg$oo.| } | 6ghSoo.| 
1zo.| 110.| +g€goo. | + S6g6r0. | | 10. Lizgoo.| gtggro. | 1zo. | 110. |— $Fogoo. | To. | ZogSoo.| +$Zg10.] 1z0. | 110.| ZoZ10. | 1z0. | 110. +6¢So0.| oggtr0.] 
1zo.| 110.| O6€go0.| 916610. Iz0. | TIO. €zzgoo.| 1zo.| I10.} ISogoo.| OzgéTo. bZgSoo.| | 110 069600.| €zZSro. 1z0. | 110. | + |+ CCG 
1zo.|110.| Z6€goo.| Z£€6610.] 1zo. | 110.| O€zg00 ggggro.| 1zo.| r10.| 4Sogo00.| g&gZto. oggsSoo 6gZg10. | Izo. | 110 969S00.| obZS10.} 1zo.| r10.| FCG 
1zo.| 110.| vobgoo.| go66r10. | | go6gro. 1zo.| r10.| 9ggSoo. Zogg1o. rzo. | 110. | Izo. T10. 
1zo.|110.| Orbgoo.| 626610.] 1zo. | 110.| | Zz6g10. | 1zo. | 110.| O0Z0900.| 94gZ10. 1zo.| r10.| goZSoo.| 1z0. | TIO. 
1zo.| 110.| Z1tgo0.| oo000z0.] | 110.| 6bzgo0.| | Izo. | Tro. 9Zogoo. |— $6gZTo. g6gSoo. | zrggto. | | 110. ¥1ZS00. | 6gZC10. } 1zo. | r10.| 
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A CONTRIBUTION TO BASQUE CRANIOMETRY. 


By G. M. MORANT, D.Sc. 


For a number of reasons the ethnology of the Basques of the south-west of 
France and the north of Spain is of particular interest. Cultural peculiarities, and 
the fact that the Basque language is structurally different from all others of Western 
Europe, suggest that the people have been isolated for a long period, but their 
origins are not disclosed by any historical records. The earlier attempts to discover 
the relationships of the race were based almost entirely on philological evidence 
and the most fantastic and often diametrically opposed theories have been brought 
forward by different writers*. At one time or another the Basques have been 
supposed akin to the ancient Egyptians, Guanches, Berbers, Etruscans, Phoenicians, 
Lapps, Finns, Bulgarians, or to Asiatic races; others have seen in them the unique 
descendants of a prehistoric population of Europe, or the sole survivors of Atlantis! 
The first anthropological contribution to the subject which is of any importance 
was made by Paul Broca in 1862+. He describes a series of 60 skulls from Zaraus 
which had been presented to the Paris Anthropological Society by Gonzales Velasco. 
“Ces cranes,” Broca writes, “ont été extraits sans aucun choix, et dans l’ordre ot le 
hasard les présentait, d’un cimetiére de la province de Guipuzcoa (Espagne), dans 
une petite localité ou les Basques, depuis les temps historiques, n’ont subi aucun 
mélange de race.” The mean cephalic index was found to be 77-7, The only other 
measurement considered in this paper is the cranial capacity given as 1486-97. The 
inionic protuberance and the imprint of the muscles of the neck were observed to 
be particularly feeble. In the following year Broca published another paper on the 
Zaraus skulls controverting the opinion expressed by Pruner-Bey that they were 
racially heterogeneous§. A number of additional measurements of the unsexed 
series are given and it is suggested that the Basques are most closely related to the 
peoples of the north of Africa. It is Broca again who makes the next important 
contribution to the craniology of this race). His paper deals principally with 
a series of 58 Basque skulls from the French town of Saint Jean-de-Luz, which is 


* An interesting account of a number of these theories is given by W. Z. Ripley in Chapter vi of 
The Races of Europe. 

+ ‘Sur les caractéres du crane des Basques.” Bulletins de la Société d Anthropologie de Paris, t. 1. 
1862, pp. 579—597. 

+ This value is probably too high. A criticism of Broca’s method of determining cranial capacities 
is given in Alice Lee and Karl Pearson: ‘“‘ Data for the Problem of Evolution in Man. VI. A First Study 
of the Correlation of the Human Skull.” Phil. Trans. Royal Society, London. Series A. Vol. 196, 1901, 
pp. 225—264. 

§ ‘Sur les crines basques.” Bulletins de la Société @ Anthropologie de Paris, t. 1v. 1863, pp. 38—72. 

|| ‘Sur les crfnes basques de Saint Jean-de-Luz.” Ibid. 2° série, t. 11. 1868, pp. 43—101. 
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less than 30 miles from Zaraus, though separated from it by the Pyrenees. The 
cemetery in this case had been disused by A.D. 1532. The mean cephalic index of 
the 57 French specimens is given as 80°25 which is significantly greater than the 
value for the Spanish collection. Numerous other measurements given for the two 
unsexed series suggest that other characters also differ significantly, though, in 
general, the means agree closely. The collection from Zaraus had been augmented 
in the meantime by the addition of 19 skulls*. The mean cephalic index of these 
is given as 76:0, which is not significantly less than the value of 77°7 found for the 
original 60, 


In 1925 the present writer was able to study the Spanish Basque crania preserved 
in the Musée Broca+ and he re-measured and drew contours of the 39 specimens which 
had been supposed male by Broca. Individual measurements and means are given 
in Appendix II below. This partial duplication of a somewhat laborious task was 
desirable for a number of reasons; individual measurements of the skulls have not 
previously been published, the unsexed means given by Broca do not serve modern 
requirements and there is no indication in his published papers of the number of 
specimens on which each is based; also, a number of additional measurements and 
type contours are now givenf. 


Since Broca’s day a considerable number of living Basques have been measured, 
chiefly by Aranzadi in Spain and Collignon in France. Their studies have shown 
that there is a real difference between the cephalic indices of the populations on 
the two sides of the Pyrenees, as had been suggested by the cranial series, but 
nearly all other characters are closely similar and there is every reason to believe 
that the Spanish and French Basques are varieties of the same race§. There appears 
to be a fairly general agreement in relating it most closely to ancient Egyptian and 

* Paul Broca: ‘Cranes basques de Zaraus.” Bulletins de la Société d’ Anthropologie de Paris, 2° série, 
t. 1. 1866, pp. 470—473. 

+ He was indebted to Professor Léonce Manouvrier, the late Sécretaire général of the Société d’An- 
thropologie de Paris, for permission to undertake this study. 

t It must be admitted, too, that there is sufficient reason to question the accuracy of some of the means 
given in Broca’s published works on this subject. The mean basio-bregmatic height of 123-75 given for 
the 60 unsexed Zaraus skulls on p. 53 of the 1863 memoir and on p. 64 of the 1868 memoir is an almost 
impossibly low value. It gives a height-length index of 67-4, which appears to be smaller than any 
other mean recorded for a cranial series. For the 39 male specimens from Zaraus I find a mean height 
of 130°8 and the height-length index is 70°5: these values were checked by measurements of the sagittal 
‘type contour. Again, on p. 80 of the 1868 memoir the mean nasal height is given as 42°35, which 
eads to a nasal index of 52-6. This is higher than any other nasal index recorded for a European race, 
whereas it is clear that, in reality, the Basque nasal index is extremely low. Corrections of these 
obvious inaccuracies would give a better correspondence between Broca’s unsexed means of the Zaraus 
and St Jean-de-Luz series. 

§ In an article in L’Anthropologie (t. v. 1894, pp. 276—287), in which Collignon summarises the 
results of his important memoir published in the Mémoires de la Société d’Anthropologie de Paris 
(3° série, t. 1. 1895), this writer remarks (p. 286): ‘...Broca, ne jugeant la population basque francaise 
que @aprés des cranes provenant de la plus déplorable localité qu’il fit possible de choisir 4 ce point de 
vue (St Jean-de-Luz) d’une ville cosmopolite par excellence depuis plusieurs siécles, appliquait a tort 
l’impression, exacte d’ailleurs, qu’il ressentait au reste du pays....” The variabilities of the male 
St Jean-de-Luz series could be calculated from Broca’s manuscript records, and it would be interesting 
to compare them with the values given for Spanish Basque crania in ‘lable III below. 
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modern North African races. Apart from the measurements of very small numbers 
of skulls, no further advance in Basque craniology appears to have been made until 
1892*. A few measurements of 489 Spanish crania in the Museum of Madrid were 
published then: they comprise the sexed distributions and means of the cephalic 
and nasal indices for different provinces, and the means only (in whole millimetres) 
of the calvarial length and breadth. There are 46 male skulls from Guipuzcoa and 
5 from Navarre and the means agree excellently with those of the series from 
Zaraus which is preserved at Parist. A considerable number of sexed mean measure- 
ments of the skulls from Guipuzcoa at Madrid were published in 1913} and in the 
following year the individual measurements of the specimens in the same collection 
were given for the first time§. There are 14 male and 15 female skulls from Zaraus 
and 23 male and 18 female skulls from neighbouring localities. Sexed means of this 
Guipuzcoan series are given in Table I below. A study of the facial triangle of 
Basque skulls was published by Aranzadi in 1917||. Individual measurements of 
the sides and angles of the triangle are given for 53 male and 40 female specimens 
from the provinces of Guipuzcoa, Visoaya, Navarre and Alava. There is a good 
agreement with the corresponding measurements of the Basque series at Paris 4. 
An inter-racial comparison made by Aranzadi in this paper shows that the Basque 
skull is peculiarly orthognathous: the chord from basion to alveolar point, the nasal 
angle and the gnathic index shown are almost, if not quite, extreme values for all 
races of man. Finally, in 1922, Aranzadi published a synthesis of his measurements 
of Basque skulls preserved in Spanish museums **. He deals with 82 male and 83 
female specimens, but unfortunately the individual measurements are not provided 
and many of the means are given to the nearest millimetre only and without any 
indication of the number of individuals on which each is based. 


* L. de Hoyos Sainz and T. de Aranzadi: “Un avance 4 la antropologia de Espaiia.” <Anales de la 
Sociedad (Espaiiola) de Historia Natural, t. xx1. 1892, pp. 1—71. 
t The male means are: 


Cephalic Index Nasal Index 
(100 B/L) (100 NB/NH’) 
Basques from Guipuzcoa and Navarre (Hoyos Siinz and 76-5 (46) | 44°6 (45) 
Basques from Zaraus (Morant) (39) | 44-8 (35) 


$ T. de Aranzadi: ‘‘Craneos de Guipizcoa.” Asociacién Espaiiola para el Progreso de las Ciencias, 
Congreso de Madrid, 1913. 

§ T. de Aranzadi: ‘Sur quelques corrélations du trou occipital des crines basques.” Bulletins et 
Mémoires de la Société d Anthropologie de Paris, 6° série, t. v. 1914, pp. 325—382. 

| “* El tridngulo facial de los craneos vascos.” Memorias de la Real Sociedad Espanola de Historia 
Natural, t. x. 1917, No. 8. 

‘| The male means are: 


G'H GL | LB | Nz Az Bz 
Spanish Basques (Aranzadi)... | 70°8 (53) | 92°9 (53) | 100-3 (53) | 62°°9 (53) | (53) | 42°-8 (53) 
Basques from Zaraus (Morant) | 70-7 (31) | 90°7 (37) | (39) | 61°-9 (31) | 75°-0 (31) | (31) 


** «Sintesis métrica de craneos vascos.” Revue internationale des études basques, t. x11. 1922, 
pp. 1—32. 
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TABLE I. 


Mean Measurements of Series of Basque Crania from Guipuzcoa. 


Measured by 
Character* Aranzadi Morant 
Female Male Male Male 
L 179-0 (33) 186°2 (37) 185°8 (39) 186-0 (76) 
B 138-9 (33) 142°8 (37) 143°5 (39) 143-2 (76) 
116-9 (33) 120-2 (37) 119-7 (39) 119-9 (76) 


Bi-asterionic B 
Bi-auricular B 


95-0 (33) 
108-9 (33) 
120°4 (33) 


96°6 (37) 
112°8 (37) 
125°7 (36) 


97°1 (39) 
113-2 (39) 
[123-3 (37)]t 


96-9 (76) 
113-0 (76) 
124*5 (73) 


ie H 125-0 (33) 131°8 (37) 130°8 (39) 131-3 (76) 
= LIB 95°8 (33) 101°5 (36) 99°6 (39) 100°5 (75) 
S 363°5 (33) 374:4 (37) 375-2 (39) 374°8 (76) 
125°3 (33) 128-8 (37) 129°5 (39) 129-2 (76) 
So 122-9 (33) 127°t (37) 126-0 (39) 126°8 (76) 
Ss 115°3 (33) 118°3 (37) 119°8 (39) 119°1 (76) 


Broca’s 
Glabella 


299-1 (31) 
510-1 (33) 


307°1 (37) 


307-1 (37) 


ful 34°6 (33) 35°5 (37) 36-4 (39) 36°0 (76) 

Smb 29°2 (33) 29°7 (37) 30°9 (39) 30°3 (76) 

vH 66°7 (19) 70°3 (30) 70°7 (31) 70°5 (61) 

GT. 90°4 (19) 93°3 (30) 90°7 (37) 91:9 (67) 

NE' (33) (37) (37) 51°5 (74) 

_ NB 22°9 (31) 22°7 (37) 23-2 (35) 22°9 (72) 

oe DC 20-2 (33) 20°9 (37) 21°1 (37) 21:0 (74) 
38:3 (32) 38°3 (37) 39°1 (35) R 38°7 (72) 
eb 0 33°5 (33) 32°6 (37) 33°6 (35) R 33°1 (72) 
J 122-4 (32) 129°4 (31) * 128°8 (34) 129-1 (65) 

GB 86°8 (33) 89-1 (34) 90:1 (31) 89°6 (65) 
i External bi-orb. B 98°3 (33) 101°5 (37) — 101°5 (37) 
i-jugal B (29) 109°3 (34) 109°3 (34) 
3asio-palatal L (31) (37) [41:4 (36)]t 42°7 (73) 
100 BL 77°6 (33) 76°7 (37) 77°2 (39) 77°0 (76) 
100 H'/L 69°9 (33) 70°9 (37) 70°5 (39) 70°7 (76) 

100 B/H’ 111°3 (33) 108+4 (37) 109-9 (39) 109-2 (76) 

100(B-H’)/L 7°7 (33) 5°9 (37) 6°8 (39) 64 (76) 

100 fmb/finl 84:3 (33) 86°6 (37) 85:1 (39) 85°8 (76) 

100 G’H/GB (19) 78°9 (30) (26) 78°9 (56) 

100 46°6 (31) 44°3 (37) 44°8 (35) 44: 

100 0./0;' 87°3 (32) 85°3 (37) 86°3 (34) R 85°8 (71) 

100 55°0 (19) 54°5 (25) 55°2 (28) 54°9 53) 

Nz 64°-9 (19) 63°°0 (30) 61°-9 (31) 62°*4 (61) 

Az 73°°3 (19) 74°°9 (30) 75°°0 (31) 75°°0 (61) 

Bz 41°°8 (19) 42°*1 (30) 43°+1 (31) 42°°6 (61) 


Daubenton’s 2 


—4°°6 (33) 


—1°3 (37) 


[+0°2 (36)]+ 


—0°-6 (73) 


* The measurements are defined in Appendix I. 


+ From type contour. 


The mean measurements of the male Basque series preserved at Paris and 
Madrid are given in Table I and it will be seen that all the differences between 
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corresponding characters are remarkably small. Actualiy no difference is significant, 
and there is complete justification for considering that the two samples were drawn 
from the same homogeneous population. The pooled means given in the same table 
are based on numbers of individuals which are adequate enough to provide a reliable 
description of the type. They indicate that the Basque skull is typically European 
in all respects: there is nothing to suggest that it is more closely related to any 
non-European types than any other Western European forms are. The characters 
of the calvaria are in no way peculiar. It has been suggested that the occipital 
index (defined in Appendix I) has lower values for European races than for any 
others in the world. The means available range from 58°0 to 68°3*. In this respect 
the Basques are precisely similar to neighbouring races. All means shown below 
are based on more than 30 male crania. It is interesting to find that this character 
makes a fairly definite distinction between the races of Western Europe (whether 
dolicho- or brachycephalic) on the one hand, and the Egyptian and modern races of 
Eastern Europe on the other. 


Oc. I. Cranial Series 


58—59 | Seventeenth century English (Farringdon Street)! 58-0, Walser (Vorarlberg)? 58:1, 
| Anglo-Saxons 58°2°, Basques 58°3, Bavarians (Alps)? 59°0. 

59—60 | Reihengriiber® 59°5. 

60—61 | Predynastic Egyptians (Naqada 4 and Q) 60°2°, Swiss (Daniser)* 60°3, Czechs$ 
| 60°5, Guanche® 60°6, Egyptians (X VIIIth—XXth Dynasties)! 60-7. 


61—62 | Egyptians (XX VIth—XXXth Dynasties)" 61:5, Abyssinians (Tigre)! 62-0. 


62—63 | Rumanians" 62-7, Serbo-Croats"™ 62°8, Greeks 62-9, Turks" 63°3. 

* Biometrika, Vol. xvuit. p. 29. 2 Zeitschrift fiir Ethnologie, Bd. xt1v. 8. 509. 

® Biometrika, Vol. xvut. p. 82. 4 Beitriige z. Anthrop. u. Urgesch. Bayerns, Bd. xvi. 8. 1. 
5 Pooled mean. Biometrika, Vol. xx B. p. 313. 6 Biometrika, Vol. xvi. p. 15. 


7 Zeitschrift f. Morph. u. Anthrop. Ba. xv. Tafeln, 8. 544. 
Archiv f. Anthropologie, Ba. xxx1x. 8. 282. 
Detloff v. Behr: Metrische Studien an 152 Guanchenschiideln, Stuttgart, 1908. 
® Hermann Stahr: Die Rassenfrage im antiken Agypten. Leipzig, 1907. 
Biometrika, Vol. xvt. p. 337. 2 Sergio Sergi: Crania Habessinica. Rome, 1912. 
13 Denksch. d.k. Akad. d. Wissensch. Wien, Math. Nat. Kl. Bd, xxx. 8. 107-136. 
‘4 Weisbach : Supp. 1884. Zeitschrift f. Ethnologie, 8. T70—2. 
1 Mitth. d. Anthrop. Gesellsch. in Wien, Bd. x1. 8. 72. 16 Ibid. Ba. m1. 206—213. 
Some of the facial characters of the Basque skull are more peculiar than its 
calvarial ones. The narrowness of the face is one of the most salient features of the 
living head for this race and the same narrowness marks the cranium. The breadth 
between the lowest points on the malar-maxillary sutures (@4) is 89°6: the reliable 
male means nearest to this value available for other European types are 90°9 for the 
Whitechapel English+ and 91-4 for the Farringdon Street English f, while 22 other 
series have values greater than 92. The Basque nasal breadth of 22°9 is also extreme: 
for 46 other European races the lowest male means are 23°1 for both French Soldiers§ 
* Biometrika, Vol. xvi. 1924, pp. 334 and 335. 
+ Ibid. Vol. 111, p. 208. t Ibid. Vol. xvitt. p. 28. 
§ See references appended to Table IT. 
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and Lowland Scottish*. The Basque bi-zygomatic breadth of 129-1 is less character- 
istic than GB and WB, since all Egyptian types have this measurement below 129-0, 
and European races with smaller values are Sardinians + 127-7, Portuguese} 127-7 and 
Great Russians§ 128°8. Several Western European types have male means for this 
character between 130 and 131. The facial heights of the Basque type are not out- 
standing, so that some of the indices expressing the ratios of these heights to the un- 
usual breadths may be expected to be unusualalso. The upper facial index (100 G’/GB) 
has the extreme value of 78°9. The closest approach is shown by the Wiirtemberger 
78:1), Austrians (Vienna) 77°59 and Farringdon Street English 77:1**, while 22 
other European series have lower values. The Basque nasal index (100 V.B/ NH’) of 
44°5 is low, but not extreme, as still lower values are recorded for Belgian Franks 
43°9*, Breton Gallots 44°3++ and Portuguese} 44-4, and the Lowland Scottish* have 
the same mean of 44°5. Forty-three other European series are found to have higher 
nasal indices than these. The marked orthognathism of the Basque skull has been 
insisted upon by Aranzadi and, like the narrowness of the face, this is a striking 
characteristic of the living head. The basal length (from nasion to basion) and the 
upper facial height (from nasion to alveolar point) are not unusual, but the length 
from basion to alveolar point (GZ) again appears to be extreme. The male mean is 
91-9,and the lowest means found among 26 other European series are 92°3 for Czechstt 
and 93°3 for Modern Cretans§§. The Basque nasal angle of 62°-4 is just equalled by 
one recorded for Serbo-Croats||||, while the next smaliest mean is 63°°3 for the Modern 
Cretans. The Basque alveolar angle of 75°-0 is large but not extreme, and the basal 
angle is not peculiar. The alveolar profile angle of 88°-7 appears to be the largest 
given for any race. Jt is particularly interesting to find this association in the type of 
an extremely narrow face and marked orthognathism. For 48 racial series from all 
parts of the world an inter-racial correlation of + °747 + °040 has been found between 
the nasal index and nasal angle". For some of these facial characters the Basque type 
appears to have values which are extreme for all modern races of man; such are the 
bi-maxillary and nasal breadths, the chord from basion to alveolar point and the upper 
facial index. Other characters which are almost extreme are the occipital and nasal 
indices and the nasal and alveolar angles. Trese facts do not dissociate the Basques 
from other European races. The types noted above which have characters approaching 
most closely to the extremes for the Spanish race need not be presumed to be the 
ones most nearly related to it; relationship can only be estimated with safety by 
considering all the more important features of the skull. 


* See references appended to Table II. + Zeitschrift f. Morph. und Anthrop, Bd. xm. 8. 444, 
{ Ferraz de Macedo: Crime et Criminel. Lisbon, 1892, p. 52. 

§ Mémoires de V Académie Impériale des Sciences de St Pétersbourg, vir° série, t. xxx1t. pp. 1—81. 

|| Die anthropologischen Samm!ungen Deutschlands, Tiibingen Catalogue. 

| Zeitschrift der k. k. Gesellschaft der Arzte in Wien, Medizinische Jahrbiicher, xx Jahrgang. H. i—iv. 
** Biometrika, Vol. xv. p. 28. 

++ Revue d Anthropologie, t. 11. p. 627. tt Archiv f. Anthropologie, Bd. xxx1x. 8. 281, et seq, 
Zeitschrift fiir Ethnologie, Bd. S. 322—325. 

\il| Weisbach: Supp. 1884. Zeitschrift f. Ethnologie, 8. 66—77. Means given, Biometrika, Vol. xx zB. 

pp. 366—367. 1 Annals of Eugenics, Vol. 11. p. 336. 
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Comparison of the several Basque series with one another and with other racial 
types was made by Professor Karl Pearson’s method of the coefficient of racial 
likeness*. Using the standard deviations given for the Farringdon Street series of 
seventeenth century London skulls} a coefficient is found between the male means 
of the two Basque series of 0°20 + °19 for 23 characters. There is thus complete 
statistical justification for considering that the two samples were drawn from 
identically the same population. No single character shows a significant difference, 
so it is probable that in cases where the two workers followed the same definitions 
of measurements they interpreted them in identically the same way. The standard 
deviations of the pooled Basque series are given in Table III below and most of 
them are rather smaller than the corresponding English values. Using the Basque 
standard deviations, the coefficient between the series measured by Aranzadi and 
Morant respectively is increased to 0°35 +°19, but i+ is still insignificant. 


Comparison was made with a considerable number of other European cranial 
series} and all the coefficients found which denote close resemblance are given in 
Table II. The collections at Paris and Madrid are almost exactly equal in size and 
their corresponding coefficients with the other series are of the same order. But the 
coefficient between any series and the pooled Basques is in everv case greater than 
that between the same series and either of the two smaller Basque samples. These 
differences are evidently due to the differences in the sizes of the samples and not 
to differences in degrees of relationship. To obviate this effect, each coefficient was 
reduced to the value it would have if each series in the comparison contained 100 
individuals, and these adjusted values may be compared with one another directly. 
In 8 of the 11 cases the pooled Basque series has a coefficient lying between the 
two found with its component halves. The orders in which the 3 Basque series 
arrange the 11 other types are similar, but by no means identical. Such divergences 
must be expected when small samples are being dealt with and it would evidently 
be fallacious to attribute them in this case to differences in racial constitution. 
The comparison with the pooled series will be most reliable. It is remarkably 
similar to the British Iron Age and Lowland Scottish types, the bonds in these cases 
being quite as close as those usually found between neighbouring and contemporary 
European races. The divergence from the Pompeians and Etruscans is a little greater. 
These connections are appreciably closer than any which can be found with French 
series. Comparison is made with two Parisian populations of different dates, and 
with a series of soldiers who probably came from the north of France. The coefficients 
with these are not less than the one with seventeenth century Londoners, though 


* «On the Coefficient of Racial Likeness.” Biometrika, Vol. xvu1. 1926, pp. 105--117. The form of 

the coefficient used was: 
gl nny (ms—m,)? 2 

+ B.G. E. Hooke: “A Third Study of the English Skull, with Special Reference to the Farringdon 
Street Crania.” Ibid. pp. 1—55. 

t Coefficients of racial likeness between the Basque series measured by the present writer and 40 
other series are given in [bid. Vol. xx B. 1928, pp. 317—327. 
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all are of a decidedly lower order than any which can be found between the Basques 
and any central or southern French series. Comparison could not be made with 
any modern Spanish types. Among the various races, all of Asiatic origin, which 
have at one time or another been supposed closely allied to the Basques, on the 
ground of physical or other evidence, the Lapps, Finns and Egyptians may be rejected 
entirely. No close relationships have been noted with adjacent types, but all the 
most closely allied ones, apart from the Guanche, belong to Western Europe. The 
connections in these cases are quite as close as any that can be found for a number 
of other European races. Although the Basque skull possesses some unusual features, 
it is not by any means an isolated type, and there is no reason to believe that its 
origin was essentiaily different from that of any other racial form of skull. Its 
geographical isolation has been explained by the wildest hypotheses, but the ethnic 
history of Western Europe in recent times has been so unsettled that that isolation, 
though unusual, is not surprising. 


The standard deviations and coefficients of variation of the characters available for 
the pooled series of male Basque skulls are given in Table II (p. 76). Comparison 
is there made with the coefficients of variation of the absolute measurements, and 
with the standard deviations of indices and angles, obtained for a seventeenth 
century London series from a single graveyard * and for an Egyptian series of the 
XXVIth—XXXth Dynasties also from a single cemetery+. The variability of the 
former series may be supposed typical of a random sample taken from a racially 
homogeneous population coming from the less isolated parts of Europe in modern 
times. For every character in the table the English constants are in excess of the 
Egyptian, although few of the differences are definitely significant. Twenty-two 
measurements provide these data for all three series. In the case of 9 of them the 
Basque variabilities are between the English and Egyptian values; for 5 the Basque 
variabilities exceed the English and for 7 they are less than the Egyptian. For the 
remaining character—the cephalic index—the Basque and Egyptian standard 
deviations are exactly equal. Judging from all the measurements, the Basque series 
may be supposed to exceed the Egyptian in variability by as much as it falls short 
of the English. There is a surprisingly small difference in this respect between 
the isolated Spanish people from a single province and the Londoners. The futility 
of the assumption often made that the variabilities for any single measurement 
can provide a reliable measure of the relative degrees of homogeneity of a number 
of series is evident from the above comparison. 


The three type contours were constructed in the usual way{ for the 37 male 
Basque skulls preserved at Paris. They are reproduced in Figs. 1—3 and the mean 
measurements used in their construction are given in Tables IV—VI. The only 


* B. G. E. Hooke: ‘‘A Third Study of the English Skull, with Special Reference to the Farringdon 
Street Crania.” Biometrika, Vol, xvi1. 1926, pp. 1—55. The variabilities quoted are based on numbers 
of skulls varying between 43 and 153. 

+ Karl Pearson and Adelaide G. Davin: ‘‘ On the Biometric Constants of the Human Skull.” Ibid. 
Vol. xv1. 1924, pp. 328—363. The variabilities quoted are all based on more than 780 skulls, 

t See Ibid. Vol. x1v. pp. 227—244. 


e 
4 
? 
‘4 


76 A Contribution to Basque Craniometry 


closely related series for which these contours have been published is that of the 
seventeenth century Londoners from the Farringdon Street graveyard and com- 


TABLE ITI. 


Constants of Variation for the Basque and other Series. Male Skulls. 


English | Egyptians 
Basques (Farringdon | (XX Vith-XXXth 
Street) Dynasties) 
No. Coefficients Coefficients of Variation 
eviations of Variation 
L 76 6°88 + °38 3°70 + 3°42+°12 3°09 + 
B 76 5°02 + ‘27 3°514°19 4°144°17 3°43 4°05 
76 3-96 +°22 4:09 + +22 4°73+°18 | 4:28 
Br 76 5°52 +°30 4°60 + | 
Bi-asterionic B 76 175 + +26 4-20 + -23 — 
76 4°95 3°77 +°21 3°90 4°17 | 
LB 75 4°28 4-26 + 4°47+°20 | 3°90 + -06 
S 76 14:20+°78 3°79 +°21 3°75 +°16 3°36 + °05 
76 6°63 + °36 513+ -28 5:00 +°19 4°48 + °08 
So 76 7°62 + 42 6-03 + °33 6°244°25 5°77 +°09 
S3 76 6°70 5-63 6°50 + 
61 4-044 °25 B73 +°35 6°31 + °33 5°90 +°10 
GL 67 4°61 +°27 5-02 + +29 5°66 + °34 5°10+:08 
65 4:04+°24 3°69 4°27 3°55 + 06 
GB 65 4°83 539+ 6°74+°38 4:90 + -08 
NH’ 74 3°01+°17 5°85 + °33 + 
NB 72 1-74+°10 760+ 8°17 +°43 7°27 
73 1°61+ 4:16+°23 | (R) 4204-22 
0s 74 2-00+°11 6-04+°34 | (2) 6°88+°36 | (R)5°67+4-09 
d DC 74 2710+ °12 10°00 + *56 * 9°73+°51 
ful 76 2°39+°13 6°64 + °36 8:15+°36 | 
fmb 76 2°32+°13 7°66 + °42 7°19 + °33 | 7°18+°11 
Standard Deviations 
4 100 B/L 76 2°68+°15 2°68 + | 
4 100 H’'/L 76 2-96 +°16 3°244°14 
100 B/H' 76 5°25 5°27 +°23 
100 (B- 76 3°48+°19 3°59 +°16 — 
100 fmb/ fil 76 5°23 + = 5°90 + 5°79 +-09 
100 G’'H/GB 56 4°88+°31 6°24+ °37 4°96 + 
100 NB/NH' 72 3°32 +°19 — 
100 0./0,' 74 4°38 + °24 (R) 6-40 + 
Nz 61 3°°55 + 3°°68 + + -06 
Aad 61 3°°56 + °22 3°°63 + °22 3°°46 + 
Be 61 2°°83 — 3°°65 + °22 + 


parison will be restricted to them. The two transverse types are almost identical. The 
English figure has a height (7A) 1°3 mm. less than the Basque, but that difference, 
and the maximum found between the parallels, are not significant. It may be noted 
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that the Basque section is almost perfectly symmetrical, the maximum difference 
between the right and left sides of the same parallel being 0°9 mm. in favour of the 
left side. For the English section the maximum difference is 2°7 mm. in favour of 
the right side. The horizontal type contour of the Basque skull is far more asym- 
metrical. All the parallels on the left side exceed the corresponding ones on the 
right and the differences increase as the lines approach the occiput. The left side 
of the 7th parallel exceeds the right by 1-4 mm., for the 8th the difference is 2°5, 
for the 9th 3°8, for the 10th 4°5 and for O} it reaches a maximum of 5°6 mm. It is 
evident from the appearance of the figure that the occipital region is quite markedly 
asymmetrical. Such a condition is more accentuated on this figure than on any other 
type contour that has yet been constructed, and usually there is no suggestion of 
it. For the English section the maximum difference between the two sides of the 
same parallel is 15 mm. and in this case it is the right side which is in excess. 
Some confirmation of the asymmetry noted will be needed before it will be safe to 
assert that it is a racial characteristic of the Basque skull. When the outlines for 
the two races are superposed with the point F' and the axes (FV) coincident there 
is a close correspondence anterior to the 7th parallels. The maximum breadths are 
exactly equal. But the English figure exceeds the Basque in length by 3°77 mm. If 
the symmetrical English contour is then rotated about F until there is an angle of 
0°5 between the axes the correspondence becomes appreciably better. The outlines 


TABLE IV. 


Mean Measurements of 37 Male Basque Transverse Contours. 


MA 1 M4 2 3 4 5 6 7 
1113 58°6 63°7 66°8 68°7* 68-1 66°71 
58°6 61-0 64°2 | 67°7 69°4 69-7* 68-1 65°5 
8 9 10 4} ZRy ZRa 
R 61°3 52°2 37°7 19°5 2°4 
L 60°7 52°1 37°5 18°8 61°7 3°5 


* Mean of 36 contours. 


are now almost coincident as far back as the Sth parallel of the English type. This 
suggests that it is merely the position of the point O—below the lambda—which 
is asymmetrically placed on the Basque type fF. 


+ The writer is willing to admit that there may have been a constant error in marking the point O 
on the individual contours, but there has been no suggestion of this in the case of the other series with 
which he has dealt. 
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Fic.I. Trarsverse Type Cortour, based or 376 Basque Skulls. 


TABLE V. 

Mean Measurements of 37 Male Basque Horizontal Contours. 

FO F} Fh 2 24 3 4 5 | 6 
| | «33-1 45°2 47°5 50°0 56°6* | 64-2* | 68°3 
22°1 | 346 46°8 49°4 51°0 57°6 64°5 

| 

7 8 9 10 O} Ty Tx 
si 69°2 66°2 58°3 43°5 20°9 47°6 20°9 
: ee 70°6* 68°7 62°1 48°0 26°5 49°5 21°3 


* Mean of 36 contours. 
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TABLE VI. 
Mean Measurements of 37 Male Basque Median Sagittal Contours. 


Ordinates above Ny 


| 
65°6 (37) | 46°3 (37) | 20°1 (37) | 14:5 (37) | 64:7 (31) EE (37) 


Ny | 
| O=N N}4 1 2 3 4 5 6 7 
80°8 (37) | 19°5 (37) | 36°8 (36) | 56°7 (37) | 69°2 (37) | 76-2 (37) | 79°9 (37) | 80°7 (37) | 79°8 (37) | 75°5 (37) 
Ordinates above Ny | Ordinates below Ny 
| | | | 
8 | 9 | v4 N} 1 | 2 8 9 v3 


54°2 (37) (37) | 34:2 (37) 


——_ | Vertex Bregma | Glabella | Occipital Point 
velow Ny 

yt | x from N | y v from N | y «x from N | y x from y y | 

| 

26°0 (37) | 91°0 (37) 81°4 (37) | 77°1 (37) | 80°3 (37) | 2°5 (37) | 8°7 (37) | 0°5 (37) | -3°7 (37)* 
| | | 


Lambda 


| | 
Sub.-Orb. Point Auricular Point Opisthion Tnion 
| | | | 
| 
from y | from N y x from y y | from y | | from y y 
| 
5°9 (37) 21°3 (37) | LO°l (37) | 31°1 (37) 95°2 (37) | 31°1 (37) | 58°8 ( a 57°2 (37) 7 15°2 (37) | 43°3 (37) | 
Basion TT Alveolar Point | Nose 
| | 
from + from N | from N | from Bas. | (i) | (ii) | (iii) LLNy NL 
| | | 
| | 
L06°6 (36) | 99°1 (36) | 73 2°4 (19) | 90-1 (19) | 1°5 (37) | 3°8 (3 | 7°6 (31) | 125°*2 (12) | 23°0 (12) 
Frontal | Occipital | 
| Max. Sub. to NX Max. Sub. to GI Sp. 
Max. Sub. to N8 | Max. Sub. to \ Op. 
| | 
« from N y x from X y x from N y w from G y x from N y 


50°2 (37) | 26°6 (37) (37) | 29°3 (37) | 81-2 (37) | 71-2 (37) | 100°7 (37) | 102°2 65°3 (36) 34-0 (36) 
| 


Palate 
Sub. from 4 Bas.-Sp. Crossing of 
Chord N.S. Alv.-N.8. Chord 
P 
= 
x from Bas. y « from N y x from Alv. y x from N y from Alv. 
12°9 (36) | 0°5 (36) | 44:9 (37) | 53°4 (37) | 32°7 (19) | 17°5 (19) | 5°5 (37) | 52°0(387) |. 89 (19) 


* The occipital point is below the Ny line. 
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Greater differences are found between the sagittal type contours of the two 
series compared. When they are superposed with Ny lines and the nasions coin- 
cident the outlines of the nasal bones and the glabella regions also coincide. The 
English skull has an extremely retreating frontal bone, but the Basque does not 
differ from it greatly in this respect. The angle BNy is 45°1 for the former and 
46°-2 for the latter. The contours cross near their vertices and the outline of the 
obelion and occipital regions is significantly more protruding for the English than 
for the Basque figure. The contours cross again near the inions, which are almost 
coincident, and from the inion to the opisthion the Basque outline recedes 
further from the Ny line. The lines indicating the basi-occipitals are practically 
coincident. The areas of the two calvarial sections in this plane are almost equal, 
the English being slightly the greater. The roofs of the palates are exactly equi- 
distant from the horizontal base line and the same is almost true for the anterior 
nasal spines and alveolar points, but there is a sensible difference between the 
prognathism of the English and Basque types. The resemblances of the three 
contours compared are so close that it can only be inferred that the two racial 
types are intimately related. The comparison of direct measurements has shown, 
however, that there are some other Western European types which appear to 
be more closely related to the Basques than the seventeenth century Londoners 
are. 


Conclusions. The principal purpose of the present paper has been to provide 
individual and mean measurements of a series of 39 male Basque skulls preserved 
in the Musée Broca. They came from Zaraus in the Spanish province of Guipuzcoa. 
Comparison with another series measured by Aranzadi of 37 male spevimens from 
the same province shows that there is full justification for considering that the 
two samples were drawn randomly from the same homogeneous population. The 
variability of that population, as measured by the pooled samples, is rather less than 
for Londoners interred in a single seventeenth century graveyard, but greater than 
for a dynastic Egyptian series. The Basque skull is characterised by a peculiarly 
narrow facial skeleton—so that its nasal and upper facial indices are almost 
extreme for all races of man—and it is markedly orthognathous. These features 
do not dissociate the type from neighbouring ones. A close resemblance is found 
to several other Western European races. In spite of their present-day isolation, 
it is extremely probable that the Basques are more closely related to some existing 
or extinct races of Western Europe than to any others. 


APPENDIX I. Definitions of Measurements. 


The greater number of the following index letters denoting measurements are 
those used normally by workers in the Biometric Laboratory: F = Flower’s ophryo- 
occipital length. Z= maximum glabella-occipital length in median sagittal plane. 
B=maximum calvarial breadth. B’ = minimum frontal breadth. B” = maximum 
frontal breadth. Bi-asterionic B=chord asterion R. to asterion L. H = Frankfurt 
vertical height from basion. H’= basio-bregmatic height. ZB = nasion to basion. 


; 
| 
| 
i 
; 
aq | 
: | 
| | 
| 
| 
| 
| 
14 
| 
They 
ig 
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Calvarial chords and ¢ 
Bi Breg- 
No. | Sex L B B’ | pr | Bt-aster-) 7 H’ LB | Q | matic! sg 
ionic B Q' 
1 | 189 191 | 142°5| 97-8! 120 113 140 141-5 | 101-2 | 317-5 | 317°5 | 393 | 138-5 
2 $? | | 18455 | 146-5] 94-4] 197 112 — | 1345 | 98-2} — |399 | 
3 | 1845 | 185 |142 | 103-0] 124 110°5 | 134-5 | 135 101°5 | 313° 311-5 | | 129 
4 | 187-5?) 190? | 148? | 95-9| 1142 | 1172 134 134°5?| 99-8 | 313-5 | 312°5?| 3802 | 1982 
5 a? | 185 186 | 94-2] 111 109°5 | 128 | 198 101°2{ 300 [299 |365 | 124 
10 | 188 189 146-5 | 117 122 130 | 131 96-9} 306 | 306 | 3745 | 126 
13 | 192°5 | | 146-5 | 104-6 | 197 119 | 136°5 | 107-°9}39] | 321 391-5 | 130-5 
| 179 178°5 | 141-5} 98-8 | 195 107 122 | 123 93°38] 308 | 306-5 | 366-5 | 129 
15 | 175 182°5 | 140-5| 96°3| 118-5! 107 123°5 | 123 97°6|307 | 306 | 35775 | 121 
16 | | 1825 | 144 | 94-91 116 115 124°5 | 122-5 | 96-9] 304-5} 304 361-5 | 199 
1? 191? | 190°5?} 143-5 | 100°0| 1242 | 1185 | 130-5 131 98°0/ 314 | 315-5 | 3922 | 1332 
21 | 188 190 | 142 | 939/112? 193 126 | 126 102°5 | 304-5 | 303 373° | 133 
“ 23 | 193 195 | 150°5| 92°2| 196-5] 116 146 | 144 104-7] 339 | 334 405 | 134-5 
| 1815 |} 183 |151 | 102-9] 133 114 | 125°5 | 95°0| 393 1326 365 | 129 
| 188 186 | 147 | 101-9 | 195 117 128°5 | 129 99°1 | 310-5 | 311 379 | 129 
2: | 178 179 |143 | 97-9] 116 lll 125°5 | 125-5 | 92-1] 305 | 307 363°5 | 130-5 
29 | 1755 | 1785 |140 | 99-7] 117 1145 — |134 10371} — | 306 | 351-5] 
30 | 179 1785 1137 | 97°8/1172] 110 134°5 | 135 100-2} 309 | 309 | 365-5 | 129 
31 | 190% | 191-5 | 1445] 98-0 193 | 135 100°0 | 322 3225 | 399 | 138 
32 | 182 183°5 | 142°5| 95:3] 119 105°5 | 139°5 | | 101-2] 314 | 376 | 129 
35 | 186 189°5 | 140 | 96-2] 191:5| 116 134 | 133-5 | 100°3/ 313 [313 1375 | 198 
39 | 185 185 | 1385] 94:2 | 193 109 121°5 |} 122-5 | 99-8} 319 | 311 369 | 121 
40 | 181 182°5 |139 | 97-7/ 121 109°5 | 136°5 | 135 99°38} 31751316 | 3745| 197-5 
4l | 182 183 | 142 | 9611115 1125 | 123 | 193 96-9} 309 |310 | 3695 | 123 
48 | 170 172 | 91°91] 116 112 125°5 | 126-5 | $3°9/ 304 | 3025 | 356 | 116-5 
| 1745 | 175:5 | 1395] 93-7 | 117 112 126°5 | 127 96°9 | 299-5 1300 | 361 | 199 
48 | 174 176°5 | 1425] 91-2] 108 1097 | 128-5] 128-5 | 98:9! 305 | 302-5 | 362-5 190 
55 | 186 188°5 | 139°5] 94-1 | 114 117 132°5 | 133°5 | 1085} 306 | 303 | 369 | 194 
58 | 183 186 138°5 | 98-1] 111-5} 112°5 | 133 | 13255 | 109-0 311 |309 | 370-5] 194 
2 | 176 175 =| 143°5| 99-9 | 191 113 131 | 131 949/315 | 370-5] 198 
3 | | | 146-5 | 105-1 | 129 112 138°5 | 139 103°2 | 322 | 322 381-5 | 139 
4 | 1865 | | 146-5] 99-3 | 193 116 121°5 | 1235 | 101-9] 319°5]318 |365 | 133 
5 | 197 194°5 | 1545} 101-1} 1202 | 122 129 | 129°5 | 100-7] 312:5|313 | 38e | 136 
8 | 184 185 |138 | 100-4] 116 130°5 | 129°5 | 100°3| 308 | 304 363-5 | 123 
= 9 | 194 200°5 | 149 98°1 | 1227 | 103% | 131-51 131-5 | 1091 | 397 391-5 | 145 
10 | | 1905 | 143-5] 86-9] 113°5! 106 131°5 | 131 96-2 | 323 | 32% 392 | 139 
Lh S$ | 1825 | 1845 142 | 94-7] 121-5) | 139-5 139°5 | 102°1] 320 | 321 376°5 | 128-5 
15 | 199 195°5 | 147-5} 90-1 | 118 116 127 | 1265 | 979/319 | 321-5 | 397 | 136 
16 S | 1915 | 192-5 | 151-5 | 10251 | 12651 112 125°5 | 1265 | 99°3)395 | 325 | 393 | 143-5 
Mean} — | 184-6 | 185-8 | 143:51 97:1, 119°7 113°2 | 130°5 | 130°8 | 99-6 | 313-5 | 313-2 | 375-2 | 199-5 
me Pu. 39 39 39 | 39 | 39 39 37 | 39 3 37 | 39 39 | 39 
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arial chords and arcs 


TABLE OF AB 


Foramen Face 
A 
Lambda-; Inion- Lambda-| Inion- 
S 8, 8S, Ss Inion | Opisthion S,’ S,’ S,' Inion | Opisthion| U fml | jmb PH | @H | GL GB 
Are Are Chord Chord 
393 138°5 | 133°5 | 121 65°5 56 119°1 121°9 | 103°6 63°2 53°9 531 36°0 | 32°9 | 21°32] 72°82] 86-8 | 88:8 
381°5 | 141 127°5 | 113 64 50 119°9 | 114:°2] 97°4] 60°1 49°3 525 36°1 | 30°7 — -- — — 
372°5 | 129 122°5 | 121 68°5 53 112°1 112°2 |} 98°8 66°0 515 531 37°9 | 33°7 -— — 88°42? | 92°2 
¢| 350? | 128? | 128 124? 46°5 112°0? | 117°0 | 103-0 | 71°42 46°2 534? | | | 19°62] | 86°12 | 95-2 
365 124 121 120 71 49 109-0 109°8 | 96:2 66°8 48°6 516°5 | 36°5 | 31-8 | 67-0 | 93-27 | 84-9? 
374°5 | 126 123°5 | 125 83 42°5 110°2 113°6 | 96°9 74°9 41°8 534 39°9 | 32°7 — — 88°8? | 91-1 
391°5 | 130°5 | 137 124 75 49°5 114°2 124°8 | 100°9 71°2 48°7 548 35-1 29°7 _ a 93°0? | 94°6 
366°5 | 129 112 125°5 82°5 43 108°2 103°0 | 102°2 75°3 41°8 512 35°71 30°6 | 18°2 | 66°9 | 92:9 | 89°9 
357°5 | 121 121°5 | 115 71 44°5 108°9 108-0 | 89-1 65°3 41°0 512 38°3 | 27°2 | 21:0 | 68°9 | 91-6 | 
361°5 | 122 120 L19°5 69°5 50°5 107°0 107°9 | 97°7 65°1 49°7 520°5 | 38°9 | 31°3 — — 85°02? | 91°8 
392? | 133? | 131 128 69 60 115°0! | 117-1 | 102°9 62°9 57°3 538 34°0 | 29°2 | 16°92 | 66-72] 88°02 — 
373°5 | 133 109 131°5 82°5 49 112°8 | 101-0} 105-2 74:9 47°9 525 37°9 | 32°9 | 19°8 | 69°6 | 98-0 | 88°9 
405 134°5 | 136°5 | 134 83 51 117°9 | 120°0} 105-0 74°9 49°3 543 33°0 | 28°83 | 22-2 | 76:3 | 89°9 | 98°8 
365 122 130 113 66 46 103°8 | 115°4] 92-1 61°2 43°9 538 36°0 | | 23°6 | | 88°8 | 89°0 
379 129 135 115 74°5 41°5 119°8 | 90°8 68°1 40°1 537 34°7 | 17°2 | 63-9 | — 
363°5 | i130°5 | 106-5 | 127 76°5 50° 112°6 98°7 | 96°5 69°3 48°4 515 34°0 | 29°5 | 16°8 | 63-1 79°0 | 83°6 
351°5 | 121°5 | 111 119 76 43 107°3 102°8 | 98-1 70°2 41°9 513 35°8 | 32:9 — — — — 
365°5 | 129 117°5 | 119 76°5 42°5 108°0 104°6 | 96°5 70°0 42°1 512 36°1 32°0 — - 91°8? _ 
399 138 135 126 74 51 120°7 121°2 | 100°7 69°2 47°6 537 34°8 26°8 — — 90°72? | 87°9 
376 129 131 il6 66 di 114°0 | 115°3); 98:9 62°9 49°8 525 36°8 | 30°0 | 18°22? | 67°72; 89°92 | 86°1 
375 128 131 117 70 46 116°1 97°0 64°2 45°9 533 39°1 32°1 22°72 | 73°12 | 84°9 | 93°6 
369 121 124 124 765 46 104°2 113°8 | 97-1 713 45°2 524 35°3 | 26°0 | 20°2 | 69°7 | 96-0 | 83°6 
374°5 | 127°5 | 132 115 67 47 L11°2 117°1 98°i 63°8 46°3 515 37°1 34°6 — 67°12? | 93°72 | 98°9 
369°5 | 123 123 123°5 81 41 108°8 110°2 | 95°1 72°1 39°8 518°5 | 34°2 | 30°0 | 19-2 | 69-1 88°8 | 87°9 
356 116°5 | 111°5 | 128 86°5 41°5 104°9 103°8 | 102°3 81:0 *39°7 5OL 36°3 | 30°0 — 63°02? | 86°17? 
361 129 121 111 67 44 L11°7 | 106°9] 92°7| 43°6 505 35°6 | 29°6 | 20°3 | 69°5 |90°0 | 91°2 
362°5 | 120 134 108°5 60 48 106°1 120°7 | 82°9 48°2 46°9 507 34°5 | 31°2 | 15°52) 65°02] 90°02 | 91°8 
369 124 121°5 | 123°5 71 52 110°l | 110°4} 98°6| 66:1 51-1 523 31°9 | 28°3 — |71°8?]| 98-02 | 92°9 
370°5 | 124 132°5 | 114 715 4: 110°1 118°9 | 65°9 524 37°7 | 30°9 | | 98°9 | 88°6 
270°5 | 128 124°5 | 118 73 45 109°9 | 110°7} 97:2 44°7 518 38°9 | 34°5 | 21-7 | 78:0 | | 98°0 
381°5 | 139 128°5 | 114 61 53 117°8 | 117°2} 98°7 58°7 52°9 541 39°0 | 33°9 | 23°8 | 83°2 | 84-1? = 
365 133 120°5 | L11°5 49 113°6 | 11499] 58°2 47°9 536 37°9 | 29°9 | 18°32] 69°92 | 93°82] 83°8 
388 136 132 120 59 60°5 116°1 120°3 | 91°9 57°3 59°0 557 38°4 | 34°2 | 24°99 | 80°0 | 91-2 | 94°9 
363°5 | 123 125°5 | 115 70 45 1091 114°9| 92°8 62°1 44°1 523 35°8 | 30°4 | 22°6 | 71°6 | 98:2 | 90°8 
| 391°5 | 145 135°5 | 111 66 45 125°4 121°1 97°0 64°1 44°2 547 36°7 32°1 —_— 67°0? | 90°02 | 91°7 
| 392 139 136 117 6 v2 123°7 121°6| 93:0 60°0 48°8 524 34°4 | 30°2 | 18°7 | 74:2 | 92-2 —_ 
| 376°5 | 128°5 | 130 118 66 51 113°3. | 117°0| 97°0 64°0 49°4 523 36°0 | 30°1 76°5? | 91°72 | 80°6 
| 397 136 135 126 75°5 50°5 119°7 122°1 93°2 68°8 48°9 543 36°1 29°5 — 71°52 | 87°72 | 85°9 
| 393 143°5 | 128°5 | 121 74 47°5 121°2 | 117°8] 95:3] 69°9 45°1 548 36°1 | 30°9 — | 68°02? | 94:22? | 
| 375°2 | 129°5 | 126-0 | 119°8 71°6 48°1 112°6 | 113°9| 96°8| 66°5 46°7 527°L | 36°4 | 30°9 | 20°1 | 70°7 | 90°7 | 90°1 
| 39 39 39 39 39 39 39 39 39 39 39 39 39 39 24 31 37 31 
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LE OF ABSOLUTE AND INDICIAL MEASUREMENTS OF 39 MALE SPANISH BASQUE 


Face 


A. 


APPENDIX II. 


Orbits 


91°82 
90-7 ? 
89-9? 
96-0 
93°72 
88°8 
86°17? 
90°0 


90°0? 
98-0? 
98°9 


92°1 


84°1? 


88°8 
92°2 
95-2 
84:9? 
94°6 
89°9 
88-0 
91°8 
88-9 
98°8 


89°0 


83°6 
87°9 
86°1 
93°6 
83°6 
98°9 
87°9 


91°2 


91°8 
92°9 
88°6 


98°0 


130 
126°5 


125 


137? 
129°5 
129 


134°5 
129°5 
133 
128°5 
124°5 
128 ? 
126 
122 


132°5 


naan 


| 


DC 


| 
© — bo 


- 


20°9 
21°1 
20°0 
20°2 
17°9 


SS 


© 


| 


| 
& 


De 


40°1 
39°3 
36°92? 
37°8 
39°6 
41°8 
37°8 
39°0 
38°7 
36°9 
42°8 


37°8 
38°9 
39°7 


39°7 
38°5 


38°9 


39°9 
40-4 
40°8 
39°9 
39°8 
38°0 
39°3 
39°9 


35 


40°8 | 
43°32? 
44-7? 

45°8 

42°0 
40°2 
45°1 | 


N 
| 
GL | GB| | NH | NH | 
NH R L NB | DS | | D4 | | SC |O,R/0,L| | 0/L| 0.R | 0,1 | G,’ | 
?| 86-8 126% | 52-2 509 [51-2 [24-9 | 131 | 20-8 | 36-0 | mm | mm | 41-8 | 42-4 | | 40-2 | 36-8 | 35-9 
| 56-1 | | 54°0 | 25-2 | | 345 | 42-9 | 41-6 38°6 | 33-2 | 32-1 | 47-12 
86°11 | 5) 6231) 525 [53-2 | 22-9 | 130 | | 38:5 | 36°7 | 33°6 | 34-3 | 47-97 
124 | 49°0 | 49-0 47-4 | 13-2 | | 34-9 39-0 | 38-4 36°8 | 34-6 | 33-7 | 53-0 
| 128°5 | 53-9 | 53-2 | 53-4 | 22-9 | 13-2 | 36-0 | | 40-9 | 41-6 36°1 | 33-6 | 34-9 | 44-7 
93-02 | 138-5 | 54-1 | 53:3 | 53-0 | 21-9 | 14-0 | 36-0 1M9 | 43-2 | 42-4 40°8 | 33-1 | 33-9 | — 
92°9 | | 122°5 | 48-2 | 49-4 | 48-8 | 22-9 | 10-9 325 9-4 | 39°3 | 39°3 37°6 | 31-7 | 31-2 | 48-9 ee 
| 128°5 | 48-9 | 49°0 | 48-1 | 22-9 | | mum | 32-0 10-1 | 41-1 | 39°9 38-7 | 32-6 | 33-9 | 44-9 
182 | | | | 26°6 | 10-4 | 19°3 | 33°5 9:4 | 41-4 | 41-6 39°3 | 35-1 | 33-9} — 
88°02 — | 509 | 51-3 [51-5 | 23-8 | 12-2 | 20°9 | 33-5 96 | 41-6) — | — | 33-6] 33-82] — 
98-0 | 125°5 | 508 | | 489 | 24-1 | 13:2 | 21-0 | 35-0 9-1 | 39-1 | 38-9 | 37-1 | 31-9 | 32-0 | 43:3 
89°9 135°5 | 54-0 | 53-9 239 | 129 | 17-1 | 34-7 | 8-2 | 45-9 | | 32-3 | 32-5 506 | 
88S MMM} 129 [49-2 [51-2 | 501 | 23-1 | 134 36-2 | | | 40-1 | 38-9 | be 32-9 | 32-9 | 48-2 
19°8 | 15-0 | 221 | | 26 | 8-9 | — 39°8 | 31°12| 33°6 | 48°7 | 44-7 | 
79 | 252 | | 198 | 322 52 | 101 | 407 | 405 38°8 | 35°8 | 35-9 | 380 | 356 
| 133-5 50°8 — | 10°3 | 23-0 | 34:8 | 3-7 | 8-1 | 43-0] 41-0 39-2 | 33-1 | 33-9) — 
125°5 | 53-9 | | 54°8 | 23-7 | 12-6 | 20-9 | 35-0 | 3-9 | 41-2 40°G | | 39-9 336/339) — | — 
129°5 | 500 | 50°3 22°6 | | 19°0 | 32-9 | 5-0 | 9-8 | 40-1 | 39-7 | 35-0) 353 | 489 59 
| 131 | 52-0 | 52-7 | 525 | 23-9 | 11-9 | 22-0 | 35-7 | 5-0 | 11-7 | 40-8 418 393 402 32-1) 22-9 489 | 
| 499 | 500 | 500 | 23-2 | 124 | 92-2 | 35-9 | 47 | 39-2 | 38-7 35-8 | 36-6 32-2 | 32-7 473 |437 
HH | 50-2 | | | | | 47 | | 41-9 41-7 | 40-0 | 40-7 | 31-8 | 32-1 | 50-2?| 45-07 
50°0 | 50°8 510 | 21-0 | 131 | | 37-2 | 64 | 13-1 | 40-1 | 39-7 | 39°L | 38-9 | 31-2] 81-1 | 40°7 
| 18:8 | 450 23°8 | 15°0 | 20°0 | 36-7 | 65 | 9:3 | 390] — | 37-2 | — | 323] — | 422 | 400 
| 48-0 | 49°0 | 47°8 | 22-0 | 10-9 | 19-7 | 32-0 | 5-4 | 11-2 | 39-2 | 39-6/37-9 | 38-5] 33-1 | 33-6 | 443 | 41-7 
| 21-6 | 13-4 | 22-3 | 36-9 | 4-9 | 8-0 | 41-1) 41-0] 38-0 | 37-4 | 31-3] 39-0 | 446 | 409 
| | | 37% | 4-2 | 10-6 | 41-7 | 41-1 398 | 39-7| — | 32-0 | 46-02) 4227 
54°8 |53°5 |53°9 | 99-1 | | 20°9 | 365 | 5-0 9°3 | | 40°3 | | | 34°8 | 34-1 | 483 | 45-0 
| —|—}—|— || 
= 24-9 | 13:5 | | 32-9 | 4-0 41-9 | | 
23-4 | 102 | 24-7 | 32:9 | 4-9 — | — 1391] — | 460 | 416 
99°87] 83-8 22-2 | 127 | 21-7 | 37-0 | 5-0 | 42-4 | 39°6 | 32°3 | 31-8 | 15-67 
94°9 56°0 | 54-9 | 5 | 22°8 | 12-2 | | 33-3 | 6-1 | | 41-9 39-2 | | 37-0 | 485 | 49-7 | 
| 90°8 49°8 | 49-1 | 21-8 | 12-0 | 348 | 4:1 | 41-8 | 41-6 407 32331-0491 
90-02 | 91:7 152-0 | 539. | 24°07! 166 | | 371 | 59 | 43-0 | 43-0 
922) — | | MMM | 1-7 | | 349 | 75 | — | 388 — 69 
91:72 | 80°6 549 [558 | 55-1 | 22-2 | 11-0 | B31 | 5:2 40°6 | 49°2 37°9 | 32°8 | 32-9| — | — | 
87°72 | 85°9 | 54-9 570 |56°7 | 23-2 | 19-2 313 | 61 | 40-1 | — 
94:2?) 87-9 | {50-7 | 48 | 48°3 | 93-0 | 11-3 | gm | 354 | 5-6 41°6 | 40°8 | 301/306) 306) — | 
907 | 128-8] 51-9 | 51-8 | 51-4 | 93-2 | 12°5 | 21-1 | 348 | 4-9 | | 41-2 | 40-7 | 39°1 | 33°6 | 33°5 147-0 | 43:3 | 
7 «(| 31 341/37 [35 135 |37 |37 |37 |37 |37 | (35 


BASQUE SKULLS FROM ZARAUS IN THE MUSEE BROCA. 


Palate Indices (omitting 100’s) 
in) B |(B-H’) G'H | NB |NB _|0, 0. 0. G, Gs 
G, G, Ga | EH i Oc. I Gp | wa 0," R 0,” L 0,” R G, 
9} 45°1 | 40°8 — | 74°6 | 73°3 | 74°0 | 101°8 | 100°7 1°3 | 62°9 | 82°02] 47°7 | 48°9 | 48°6 | 88-1 | 84°7 | 91°8 — pe 
47°12; 43°32) — — | 76°7 | 72°7 | 73°0 | 105°6 | 105°2 3°8 58-4 — 44°9 | 46°7 | 46°7 | 77-4 | 77°2 | 84°5 — as 

B 47°92) 44°72| 42°72) -— | 77°92) 70°52) 70°84 110°47% 11071? 7°12 | 59°72] 75°5 | 43°82] 43°3 | | 86°8 | 87°7 | 91°12] 89°22] 95:5? 
53°0 | 48°9 | 35°1 | 12-1 | 76°6 | 68°8 | 68°8 | 11°3 | 111°3 78 57°1 79°02} 43:1 43°1 44°5 | 88°7 | 87°8 | 91°5 66°2 71°8 

)}44°7 | 411 | 41°42?) — | 77°5 | 68°8 | 69°3 | 112°7 | 111°8 8-2 55°5 _ 42°5 | 43°0 | 42°9 | 82-2 | 83°9 | 84°8 92°67?) 100°7 2 

i_ on = ~ | 75°7 | 69°8 | 70°6 | 108°5 | 107°3 5°2 58-1 _ 40°5 | 41°1 | 41°3 | 76°6 | 77°6 | 79°2 — —_ 

2} 48°9 | 45°8 — -_ | 79°2 | 68°3 | 68°9 | 116°0| 115°0| 10°4 58°2 | 74°4 | 47°5 | 46°4 | 46°9 | 80°6 | 79°4 | 83°8 _ at 

» | 449 | 42°0 | 37-4 8:0 | 77°0 | 67°7 | 67°4 | 113°8 | 114°2 9°6 55°5 | 78°2 | 46°8 | 46°7 | 47°6 | 79°3 | 85°0 | 84°9 83°3 89-1 

(7 — — — — | 78°9 | 68°2 | 67°1 | 115°7 | 1176} 11°8 58°5 — 53°3 | 52°3 | 53°9 | 84°7 | 81°5 | 90°0 — — 

— — | 75°32) 68°57) 68°87?) 110°0 | 1L09°5 6°52 | 57°3 46°8 | 46°4 | 46°2 | 80°8 86°8 

)| 43°3 | 40°2 | 37:5 | 13°5 | 74°7 | 66°3 | 66°3 | 112°7 | 112°7 8°4 57°1 | 78°3 | 47°4 | 47°9 | 49°3 | 81°6 | 82° 86°4 86°6 93°3 

> | 50°6 | 45°1 | 40°0 | 16-1 | 77°1 | 74° | 73°9 | 103-1 | 104-6 3°3 56°0 | 77°2 | 44°3 | 44°3 | 44°8 | 70°4 | 73°7 75°5 79-1 88°7 

) | 48°2 | 45°7 | 36°97) 20°27) 82°5 | 68-0 | 68°6 | 121°3 | 120°4 13°9 58°3 | 81°9 | 47°0 | 45°1 46°1 | 82°0 | 84°6 | 87:0 76°67! 80°8? 

3 |48°7 | 44°7 | 40°6 | 10°6 | 79°0 | 69°1 | 69°3 | 114°4 | 114-0 9°6 56°3 39°8 | 41°4 | 41°9 = 81°6 — 83°2 90°8 

»| 38°O | 35°6 | 38°07} — | 79-9 | 70°1 | 70°1 | 113°9 | 114-0 9°8 | 54°8 | 75°5 | 53°5 | 54°2 | 54°3 | 87-9 | 88°6 | 92-0 | 100-02) 106-72 

— |785| — 75°1 — 104°4 3°4 59°1 — — — 

— 76°8 | 75°4 | 75°7 | 101°9 | 101°5 1-1 57°9 — | 82°7 | — 

yj; — — 75°5 | 70°5 | 70°5 | 107-0 | 107°0 57°0 44°0 | 43°3 | 81°6 | 83°5 | 84°6 — _ 

3/489 1459 | — 7°7 | 76°0 | 76°0 | 102-2 | 102°1 16 62°3 | 78°62] 45°2 | 44°9 | 42°6 | 87°3 | 88°9 | 90°9 — 

9} 48°9 | 43-9 | 35°67?) — | 73-9 | 70°7 | 70°8 | 104°5 | 104°9 3°4 59°5 | 78°12] 46°0 | 45:4 | 45°5 | 78°7 | 78°7 | 81°7 72°82) 81-1? 

7 | 47°3 | 43°1 | 35°2 | 11°6 | 74°8 | 65°7 | 66°2 | 114-0 | 113°1 8°7 55°9 | 83°4 | 46°5 | 46°4 | 46°4 | 82°2 | 84°4 | 90°0 74°4 81°7 

1 | 50°27?) 45°0?} — — | 76°2 | 74°8 | 74°0 | 101°8 | 103°0 2°2 | 62°4 | 67:82] 45°42) 46°2?| 46°62] 75°9 | 77°0 | 79°5 — = 

l | 45°3 | 40°7 | 35°72) 12°67| 77°6 | 67-2 | 67°2 | 115-4 | 115-4} 10°4 55°3 | 78°6 | 42°0 | 41°3 | 41°2 | 77°8 | 78°3 | 79°8 78°82| 87°72 
42°2 |}400 — 81°4 | 73°0 | 73°5 | 111°6 | 110°7 57°0 40°9 | 52°9 | 50°4 | 82°8 86°8 — 

5 | 44°3 | 41°7 | 40°4 | 10°2 | 79°5 | 72°1 | 72°3 | 110°3 | 109°8 71 60°2 | 76°2 | 45:8 | 44°9 46°0 | 84°5 | 84°8 | 87-4 91°2 96°9 

) | 44°6 | 40°9 | 38°62?) — | 80°8 | 72°8 | 72°8 | 110°9 | 110°9 79 55°0 | 70°8?| 43°4 | 43°4 | 44°8 | 76°2 | 78°0 | 82-4 86°52?) 94°32 

)| 46°02} 42°22) — — | 74°0 | 70°3 | 70°8 | 105-3 | 104°5 3°2 $70. | .— 77°9 — 

1 | 48°3 | 45°0 | 39°0 | 13°8 | 74°4 | 71°5 | 71°3 | 104°1 | 104°5 3°2 60°8 | 85°0 | 40% 41°3 | 41°0 | 84°7 | 84°6 | 89-4 80°8 86°6 
49°0 | 46°3 _ 82°0 | 74°9 | 74°9 | 109°5 | 109°5 71 59°0 | 79°6 | 44°2 | 44°0 | 45°0 | 89°5 | 88°3 | 94:0 —_ = 
46°0 | 41°6 — — | 78°5 | 74°3 | 74°5 | 105-8 | 105-4 40 64°4 — 38°5 | 39°6 | 38°9 | 89°0 — 93°8 — — 

8 | 48°27?) 45°82?) — - 77°7 | 64°5 | 65°5 | 120°6 | 118°7 | 12°2 57°2 | 83°52] 42°6 | 41°9 | 42°9 | 76°2 | 793 | 79°9 — — 

)| 48°5 | 42°7 | 32-97 79°4 | 66°3 | 66°6 | 119°8 | 119°3 | 12°8 | 55:1 | 84:3 | 40°7 | 41°5 | 42°9 | 88°5 | 88°3 | 92°6 67°8?| 77:12 

)|49°1 | 44°2 | 35°77 -~ | 74°6 | 70°5 | 70°0 | 105°7 | 106°6 4°6 57°6 | 78°S | 43°8 | 44°4 | 4491 | 77° 74°5 | 81°0 72°72) 80°72 

— -- - ~ 70°8 | 65°6 | 65°6 | 108-0 | 108-0 52 65°8 | 73°12] 46°22?) 44°57) — 81°0 | 80°9 | 87°4 —_— — 
49°5 | 46°9 | 40°87? 75°3 | 69°0 | 68°8 | 109*1 | 109°6 6°6 56°7 45°5 | 47°9 | 48°0 — 82°2 — 82°47] 87°02 

— —- _ 76°9 | 75°6 | 75°6 | 101°8 | 101°8 13 58°9 | 94°97] 40°4 | 39°8 | 40°3 | 80°8 | 81°8 | 86°3 —_— — 

= — — | 75°4 | 65°0 | 64°7 | 116°1 | 116°6 | 10°7 54°1 | 83°32| 42°3 | 40-7 | 40°9 | 83°0 | 84°5 | 86°8 — — 

6); — ~- — | 78°7 | 65-2 | 65-7 | 120°7 | 119°7 | 13°0 56°2 | 77°42] 45°4 | 47°8 | 47°7 | 83°2 | 84°8 | 86°7 -- _ 

5 |47°0 | 43°3 | 38-0 | 12°9 | 77°2 | 70°2 | 70°5 | 110°2 | 109°9 6°8 58°3 | 78°9 | 44°8 | 45°2 | 45°2 | 81°9 | 82°3 | 86° 81°3 88°3 
28 28 | 18 | 10 39 37 39 37 39 39 39 26 35 35 34 34 34 34 18 18 
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Angles 
Gy Gy EH | fmb| DS | SS PL 
a | fat | | 30 | Contour Ne | Az | Be | | No. 
— — | | 54°3 90°°7 56°°5 | 78°°6 | 44°9 | 32°°8 | 12°1 1 Nearly all teeth lost, but sutures oy 
— | 88°9 | 56°6 | 44-1 3 | Ageing; edentulous; sagittal and | 
89°27] — | 51-1] — 44°92) — | — 4 | Sawn skull-cap. 
66°2 | 71°8 | 34°5 | 87-1 | 65:0 | 63°°6? | 76°-42| 40°02} — 5 | Complicated sutures. 
92°6?| 100°72| — | 81°9 | | 61-0 = 10 | Ageing ; several teeth lost ; sagitta 
— | 84°6 | 63°3 | 55°9 13 | Aged ; edentulous; all sutures clo: 
— | 87-2] 50°2| 52-1] 84°°4 | 68°4 |69°°6 | 42°0 | 27°2 | 14°°8 14 Several teeth lost. 
83°3 | 89-1 | 21-4 | | 50°5 | 34°7| 86°-4 | 64°*4 | 73°1 | 42°-5 | 29°2 |13°3 | 15 | Four molars lost ; sagittal suture 
pe = — | 80°5 | 53-9 | 38°3 —_ — — = — _ 16 | Aged; edentulous ; all sutures closi 
= 85°9 | | 40°7 77°32) 41°62) — — 17 Edentulous. 
86°6 | 93°3 | 36-0 | 86°8 | | 52°7| 89°-0 | | 73°°0 | 40°5 24°5 |16°O | 21 | No teeth lost; sagittal suture begi 
79-1 88°7 | 40°3 | 87°3 | 75°4 | 63°4 | 93°1 57°°0 |77°°6 | 45°4 | 29°-9 | 15°°5 23 One molar lost ; sagittal and lam 
R. and L.; healed wound on R, 
76°67| 80°82 | 54°82] 84°4 | 54°8 | 48°6 | | | 711 | 46%4 | 27°1 | 18°3 2h Ageing ; all but 5 teeth lost ; sagitt 
small epipteric bone R. ; 
83°2 90°8 | 26°1 | | | 29°2 | | 65°-4 | 76°°0 | 38°°6 | 29°1 9°°5 27 No teeth lost ; wide diastema betw 
106-72) — | 90°9 |57°7 |79°9 | 42°4 |31°%4 |11°O | 28 | Some teeth lost; sutures beginnin; 
— — — | — — 29 | Calvaria only; sagittal suture begi 
= : — | 88°7 | 44°8 | 45°7 — a = = — — 30 | Edentulous ; sutures beginning to ¢ 
— — | 77°71 | 60°3 | 42°8 — 31 | Edentulous ; sutures beginning to 
= — | 81°5 | 58°4 | 51°0 — 60°-G6?| 78°-42| 41°02} — _— 32 | Ageing; all but 2 teeth lost ; sagit 
72°82} — | 82°2| 54:1 | 42°7 | 91°52 | 56°12] 78°92 | 45°-02| 32°°42| 12°62) 35 Ageing ; half teeth lost; sagittal aq 
74°4 81:7 | 33°0 | 72°6 | 55°9 | 50°0| 89°°5 =| 663 | 72°1 | 41°6 | 24%2 | 17°4 39 | Two premolars lost and 1 molar cai 
— | 93°3 | 63:3 | 66°2 — 64°-72| 74°82] 40°52, — 40 =| Ageing; edentulous ; all satures cl 
78°8?| 87°72 | 35°37] 87°7! 56-21 48°9| 89°5 | 61°8 | 74°8 | 43°4 | 28°7 | 41 | Two molars lost ; one molar cariot 
— | 82°6| | 69°9 63°12] 76°°42| — 43 | Ageing ; nearly all teeth lost ; all 
91°2 96°9 | 25°2 | 83°2 | 55°3 | 48°2 | 63°0 |73°4 | 43°6 | 30°O | 13°6 44 No teeth lost; 3rd moiar R. not 
sutures ; small ossicle of lambd: 
86°5?2| 94-32| — | 90°5 | 60-1 | 60-1 | 89°°5? | 62°-62| 77°62) 39°82] 27°92] 11°92] 48 Ageing ; 3rd molars R. and L. only 
— | 88°7 | 57-9 | 39°6 62°02 | 78°02} 40°02} — 55 | Edentulous; sagittal suture closing 
80°8 86°6 | 35°4 | | 68-4 | 53°7 | 86°°4 65°°7 |70°5 |438°8 | 27°°9 | 15°°0 58 No teeth lost ; small ossicle in lam 
— | 88°7 | 65:5 | 40°8 | 82°°0 | 63°6 |67°3 | 49°1 | | 14°-7 2 | Half teeth lost ; sutures beginning 
— | 86:9] 41-3 | 56°3| 93°°6 | 52°-62| 75°92) 51°52) 33°82] 17°°7 3 Nearly all teeth lost ; metopic ; com 
= — j; 78°9 | 58°5 | 45:1 63°02) 75°52) 41°52] — — 4 | Edentulous ; sutures beginning to 
67°82| 77:12| | 89°1 | 57°3| 73°5 | 88°-4 | 59°%5 | 71°7 | | 32°1 | 16°7 5 Three teeth lost ; 1 premolar cariog§ 
72°7 — | 849) 54:7] 87°9 |70°3 | 42°0 | 24°4 | 17°6 8 | Two molars lost ; complicated suti 
7°5 | 78°7 | 50°4 — 86°92 | 37°62) — 9 | Aged; edentulous; all sutures nes 
82°47?| 87°02| — | 87°8| 585 | 85°2| 89°-7 | 64°O | 69°6 | 46°4 | 26°3 | 10 | Several teeth lost ; sutures beginni 
— — | 83°6 | 54:2 | 54:2 — 60°12] 73°72 | 46°22) — 14 | Ageing ; edentulous ; sutures closiy 
— | | 68-1 | 66°3 60°12 | 75°22) 44°72) — 15 | Edentulous ; sutures well open ; 2 
— — — | 85°6 | 53°3 | 51°4 — 66°-0?| 73°02) 41°02} — 16 | Ageing; edentulous; sagittal and 
81°3 88°3 | 34°2 | 85-1 | 59°4 | 52°0| 88°°7 61°9 | 75°°O |43°°1 | 29°1 | 14°°9 
18 18 10 39 37 37 19 31 31 31 19 19 
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Remarks 


Nearly all teeth lost, but sutures open. 

Complicated sutures ; sagittal closing at obelion ; calvaria only. 

Ageing; edentulous; sagittal and lambdoid sutures half closed, but coronal open. 

Sawn skull-cap. 

Complicated sutures. 

Ageing ; several teeth lost ; sagittal suture closed, but others open. 

Aged ; edentulous; all sutures closing ; wormians in lambdoid suture R. and L. ; precondyles. 

Several teeth lost. | 

Four molars lost ; sagittal suture closing at obelion. 

Aged ; edentulous ; all sutures closed or closing. 

Edentulous. 

No teeth lost; sagittal suture beginning to close ; complicated sutures. 

One molar lost ; sagittal and lambdoid sutures closing, but coronal open ; epipteric 
R. and L.; healed wound on R. parietal and temporal. : 

Ageing ; all but 5 teeth lost ; sagittal and lambdoid sutures closed, but coronal open ; metopic ; 
small epipteric bone R. ; wormians in lambdoid suture R. and L. 

No teeth lost ; wide diastema between central incisors ; os triangulare in L. lambdoid. 

Some teeth lost; sutures beginning to close ; depressed obelion. 

Calvaria only ; sagittal suture beginning to close. 

Edentulous ; sutures beginning to close. 


nes 


| Edentulous ; sutures beginning to close ; small epipteric bone L. ; single precondyle. 


Ageing; all but 2 teeth lost ; sagittal suture nearly closed, but others open. 

Ageing ; half teeth lost; sagittal and lambdoid sutures closed, but coronal open. 

Two premolars lost and 1 molar carious. 

Ageing; edentulous ; all sutures closing ; small ossicle of lambda. 

Two molars lost ; one molar carious ; complicated sutures ; large epipteric bone L. 

Ageing ; nearly all teeth lost ; all sutures closing. 

No teeth lost; 3rd molar R. not erupted; canine L. below level of other teeth ; complicated 
sutures ; small ossicle of lambda. 

Ageing ; 3rd molars R. and L. only lost; all sutures closing ; falling-in at obelion. 

Edentulous ; sagittal suture closing. 

No teeth lost ; small ossicle in lambdoid suture R. 


Half teeth lost ; sutures beginning to close. 

Nearly all teeth lost ; metopic ; complicated sutures ; small wormians lambdoid suture R. and L. 
Edentulous ; sutures beginning to close and complex ; ossicle of lambda. 

Three teeth lost ; 1 premolar carious ; sutures beginning to close. 

Two molars lost ; complicated sutures. 

Aged ; edentulous; all sutures nearly closed. 

Several teeth lost ; sutures beginning to close ; epipteric bones R. and L. 

Ageing ; edentulous ; sutures closing. 

Edentulous ; sutures well open ; 2 epipteric bones R. and 1 L. 

Ageing ; edentulous ; sagittal and lambdoid sutures nearly closed but coronal open. 


To face p. 82 
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G. M. Morant 83 


Q’ = Frankfurt vertical transverse are from auricular point R. to auricular point L.* 
Bregmatic (j’ = transverse are similar to Q’ through bregma. Broca’s transverse 
are=are terminating at points sus-auriculaires R. and L. and passing through 
bregma. Bi-auricular B=breadth between points sus-auriculaires R. and L. 
S=median sagittal are from nasion to opisthion. S,=are nasion to bregma. S, = are 
bregma to lambda. S;=are lambda to opisthion. S,'=chord nasion to bregma. 
S,’=chord bregma to lambda. 8,’ =chord lambda to opisthion. U= maximum 
horizontal circumference above superciliary ridge and through ophryon. Glabella 
U=maximum horizontal circumference through glabella. fml=basion to opisthion. 
Jmb = maximum breadth of foramen magnum. PH = tip of anterior nasal spine to 
alveolar point. G'H=nasion to alveolar point. @L=basion to alveolar point. 
GB=chord between lowest points on malar-maxillary sutures R. and L. J= 
maximum bi-zygomatic breadth. External bi-orbital B= maximum breadth 
between external surfaces of orbital processes of frontal bone. Bi-jugal B= breadth 
between Broca’s points jugals R. and L. NH’=nasal height from nasion to base 
of anterior nasal spine. WH, R. and L.= Frankfurt nasal height from nasion to 
lowest point on edge of pyriform aperture R. and L. NB=maximum breadth of 
pyriform aperture. DC=chord dacryon R. to dacryon L. DA =are dacryon R. to 
dacryon L. DS = minimum subtense from bridge of nose to dacryal chord. SC = 
minimum chord between naso-maxillary sutures. SS=subtense from bridge of 
nose to simotic chord. O,, R. and L.= maximum breadth of orbit R. and L. using 
curvature method (see Biometrika, Vol. 1. p. 130 and Vol. vit. pp. 311 and 312). 
Oy, R. and L. = orbital breadth from dacryon R. and L, QO, R. and L. = orbital 
height R. and L. whether taken perpendicular to 0; or O,’.. G,= palate length from 
tip of posterior nasal spine to median point on an imaginary line tangential to inner 
alveolar borders of the central incisors. G,' = palate length from base of posterior 
nasal spine to same anterior terminal. G,= palate breadth between inner alveolar 
walls at second molars. HH = palate depth from G, chord taken with Pearson’s 
uraniscometer. Basio-palatal J =basion to tip of posterior nasal spine. 

Various indices are calculated from the above absolute measurements. The 

Ss 
Occipital Index (Oc. I.), defined to be 100 G5 4/ 5779-——e7> Was found with the 

S3 24 (S3 — S3’) 

aid of Tildesley’s table of this function (Biometrika, Vol. x11. pp. 261—262). PZ is 
the angle between the line joining nasion to alveolar point—not the prosthion— 
and the Frankfurt horizontal plane. WZ, AZ and BZ are the angles of the 
triangle of which the nasion, alveolar point and basion are the apices. They were 
found from the chords G’H, GZ and ZB in the manner described by Fawcett 
(Biometrika, Vol. 1. p. 418) with the aid of Pearson’s trigonometer. 6, is the angle 
between the line joining basion to nasion and the Frankfurt horizontal, i.c. 
180°—PZ—NZ. 6. is the angle between the line joining basion to alveolar point 
and the horizontal, ie. PZ —AZ. Daubenton’s Z is, by Broca’s definition, the 
angle between the sagittal axis of the foramen magnum (i.e. the chord joining 


* These auricular points correspond to Martin’s ‘‘porions.” 
7—2 
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84 A Contribution to Basque Craniometry 


basion and opisthion) and the line joining the opisthion to the meet of the ligne 
sous orbitaire with the median sagittal plane. It is positive if the basion falls below 
that line. 


Plates. Plates I—-V show five aspects of a normal male Basque skull taken 
with the focal plane of the camera parallel or perpendicular to the Frankfurt 
horizontal plane. The specimen is No. 58 of the first (1862) series in the Musée 
Broca, and its measurements are given in Appendix II. The reduction is approxi- 
mately to eight-tenths natural size. 
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Biometrika, Vol. XXI 


Plate 
Morant, 7he Basque Skull 


Skull of Adult Male. Norma facialis. 
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Plate III 


Biometrika, Vol. XXI 


Morant, Zhe Basgue Skull 


Skull of Adult Male. Norma verticalis. 
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Biometrika, Vol. XXI 


Plate IV 
Morant, Zhe Basque Skull 


Skull of Adult Male. Norma basalis, 
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Biometrika, Vol. XXI Plate V 
Morant, Zhe Basque Skull 


Skull of Adult Male. Norma occipitalis. (The bright elliptical spots be:ow inion 
belong to craniophor.) 
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ON MEASUREMENT OF THE INTERNAL DIAMETERS OF 
THE SKULL IN RELATION: 


(1) TO THE PREDICTION OF ITS CAPACITY, 


(Il) TO THE “PRE-EMINENCE” OF THE LEFT 
HEMISPHERE. 


By M. F. HOADLEY (with some assistance from K. PEARSON). 


(I) On the Prediction of Cranial Capacity from Internal and from External 
Measurements. 


(i) Introductory. Tt is well known, at any rate to readers of Biometrika, that 
prediction formulae for the capacity of the skull can be based on the measurement 
of external diameters or external ares, and that within a definite race they give 
fairly satisfactory results. But the application of formulae found from the data for 
one race to the determination of the capacity of a second race is not so satisfactory 
and caution must be used in drawing inferences from even mean capacities so 
determined. The need for such formulae is considerable; it may arise: (i) from the 
condition of a series of crania being such that either from their broken or from their 
fragile condition it is not possible to obtain the cranial capacity directly ; (ii) from 
a desire to ascertain cranial capacity from measurements on the living. The latter 

. need can of course not be met by any proposal to replace external by internal 
measurements. The present paper arises from the consideration of whether in the 
former case we shall much improve our prediction formulae by using internal 
instead of external measurements. This involves a consideration of the further 
question of whether the gain is so considerable that it more than compensates for 
the increased labour of taking the additional measurements. 


After a consideration of various suggested instruments for measuring internal 
lengths of the cranium by insertion through the foramen magnum *, we saw in the 
Anthropologischer Anzeiger, Jahrg. 1, S. 129—31, an article by Dr Hans Weinert 
entitled “Ein neuer Messzirkel zur Ermittelung von Innenmassen,” and we con- 
cluded that it was easier to experiment with an already constructed instrument 
than to experimen’ in constructing one. Accordingly we procured from Messrs 
Alig and Baumgii:tel, of Aschaffenburg, one of Dr Weinert’s instruments. No 
directions for the use of the instrument are provided with it or in the above 
paper, only in the latter we find a diagram illustrating what is apparently 
the median sagittal plane of the skull with the instrument set for measuring 
the length. In this diagram the maximum foraminal length is »lmost as great 


* Including an ingenious model by Sir W. Flinders Petrie. 


86 On Measurement of the Internal Diameters of the Skull 


as the distance from the basion to the tip of the dorsum sellae; with such a 
magnitude of the foramen it is possible to place the hinge of the measuring 
circle (Weinert’s callipers) entirely within the foramen as in the diagram. 
With crania with more moderate foramina we have not found this possible, 
and greater difficulty may then arise in taking the internal measurements; it is 
less easy to grope for the maximum diameter. It is ungracious to criticise an 
instrument which has been designed and constructed with considerable thought 
and care, but if it be feasible to reduce the size of the hinge and of the arms in the 
immediate neighbourhood of the hinge, we believe it would be a distinct advantage. 
For taking the internal height of the skull this instrument was not used. The skull 
in norma basalis was adjusted to the Frankfurt plane and the height (#;) from 
basion to inner table then measured by a vertical rod. The maximum internal 
breadth (B;) was ascertained by aid of Weinert’s callipers. We found it required some 
experience for the same person to repeat closely the same measurement, but after 
practise this became easy. Several measurements were taken, and if these were in 
close agreement the largest was adopted as the maximum internal breadth; if the 
measurements were not in close agreement the measurer started afresh. The 
greatest care was taken to maintain the line between the measuring points of the 
callipers horizontal and perpendicular to the median sagittal plane; the skull rested 
during the measurement with foramen upwards in the standard position. After 
considerable practise the taking of breadths internally seemed to have reached a 
satisfactory degree of accuracy, but no craniometrician could, we believe, purchase 
Weinert’s callipers, and straight off, without a large amount of experimenting, hope 
to obtain exact results even for the internal breadth. The handiing of the callipers 
requires to be patiently learnt. 

Now the object of measuring the internal diameters of the brain box is to obtain 
a system of measurements more nearly representing the cavity itself than can be 
found when we include (by using external diameters) the thickness of the bone and 
that of the frontal sinus. Lr Weinert has applied his callipers to determine the 
internal diameters, in particular the length of the cranium, in numerous specimens 
of mammals and in particular of the primates including man*, but we cannot find 
that he has given any very detailed account of how the length is to be taken. On 
pp. 354—356 we have much the same account of his callipers as in the Anthropo- 
logischer Anzeiger. The diagrams, p. 344, seem to suggest that he takes it in the 
sagittal plane. Now it seems to us that the objections to this are twofold, one 
arising from the purpose to be obtained by the measurement, and the other from 
the difficulty of manipulating the instrument. The reader who will examine a sec- 
tioned skull will find that the median sagittal section is ridged to a greater or less 
extent both anteriorly and posteriorly; we have the crest for the attachment of the 
faix cerebri, the crista galli of the ethmoid, and the internal occipital protuberance 
and the sagittal ridge associated with it. These ridges are difficult to feel with the 
tip of the callipers, and if one tip has been adjusted to the anterior ridge, it will 


* See his memoir ‘‘ Die Ausbildung der Stirnhéhlen als stammesgeschichtliches Merkmal,” Zeit- 
schrift fiir Morphologie und Anthropologie, Bd. xxv. 8. 243—357, 365—418, 
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be almost sure to slip off while the other tip is being adjusted to the posterior 
ridge; we found it practically impossible to determine satisfactorily, by groping 
about in the unseen cavity of the skull, the maximum distance between two 
ridges of this kind. We do not believe that the maximum internal diameter in the 
sagittal plane can be satisfactorily determined, at least with callipers pointed as in 
Weinert’s instrument; to fix the reading face of the callipers on the ridge a flat 
surface to the tip is needful. But we hold that if the ridges could be obtained by 
successful groping and the maximum distance between them ascertained, we should 
be reducing the true cranial maximum distance by bony excrescences in precisely 
the same manner as the external length is fictitiously magnified by the thickness 
of bone and the frontal sinus. We therefore rejected after trial the attempt to 
obtain an internal diameter in the sagittal plane. A slight examination of the brain 
bex shows that the maximum longitudinal diameters of the cavity lie right and 
left of the anterior and posterior median ridges; these are relatively easy to ascertain 
and accordingly we took as our maximum internal length (2) the mean of the two 
internal maximum lengths measured right and left of the median ridges and 
parallel to the median sagittal plane. The success of this approach to the problem 
will be appreciated when we say that Z; thus found had the high correlation of 


‘*8193 with the cranial capacity as found by seed in the usual manner of the 
Biometric Laboratory. 


(ii) Material Selected. The material chosen for this investigation consisted of 
729 adult male skulls of the long 26th—30th Dynasties Egyptian series in the 
Biometric Laboratory. The necessary external measurements, viz. L = glabellar- 
occipital length, B = maximum parietal breadth, H =basion to point vertically above 
it with skull adjusted on craniophor to Frankfurt horizontal, and also C = capacity 
obtained by packing skull tightly with mustard seed and then weighing, were of 
course already available. The three internal measurements L;, B; and H; were 
taken as described in the above introductory note. 


Twenty correlation tables were formed between the various measurements. It 
was then possible to obtain all the other twenty-seven correlations by aid of formulae 
involving the correlations already found and the known standard deviations. This 
simplification arises, because we are dealing with various differences in the thickness 
of the skull found by subtracting an internal from an external measurement. The 
correlations 7, ;; and 7p, x», were found both by forming tables and by formulae, 
in order to estimate the degree of divergence when such formulae are used instead 
of forming tables. We have 

‘78042 by table 
=°'78169 by formula. 
= — 12761 by table 
=— 12831 by formula, 


These differences are due to the grouping in the tables and are of no importance 
for our present purpose. 
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The formulae used for calculating these indirectly deduced correlations were 
the following: 


( ) Ve, = 9 ° 

CxO x; 
From this were found ry, 2; and rg, 


From this were found r;, ;;,, 11;,1-1; and the four corresponding correlations for 
breadth and height. 
Ty Vx, y x, 
(3) = 
This gave and two corresponding ones further 
TL, 14, TL, "Lj, H—-Hy 2nd the eight corresponding correlations 


(4) = + Fx xy — Fx x, yg — Fy—yi 
This provides ry, x, and rz, 
Table I gives the means, standard deviations and coefficients of variation. The 
internal length is considerably more variable than the external length while in the 


TABLE I. 
Mean 8.D. V 
1440-30 + 2°84 113-67 +2°01 7°89+°14 
L 185°53+ °14 5°63+ °10 3°04 + °05 
L; 170444 +14 °20 3°39 + 06 
3 139°16+ °11 465+ -08 3°34+°06 
132°14+ °11 -08 3°33 + -06 
H 134°31+ ‘13 502+ 3°74 + ‘07 
128°85+ 4°86+ ‘07 3°77 +°07 
1510+ +09 07 24°95 + °47 
TOB+ 215+ ‘O4 30°58 4°59 
H-H, 5464 32°23 + °63 
3472°91 45°67 266-98 + 4°71 7°69+°14 
2906°52 + 5°82 232°96 + 4°11 8°02+°14 
L,* 171°04+ °15 °11 3°48 + 
170°05+ 569+ +10 3°35 + 
| 


case of the breadths and heights the difference in the coefficients is negligible, 
being well within the probable error. Consequently the internal product is slightly 
more variable than the external one. 

The correlations are given in Table IT and are classified in Table III (p.91). There 
is no significant difference in the correlations rg, q and but shows a con- 
siderable increase on 7¢,;, While 7¢, z; is slightly greater than 7¢,z. The total result 
of these values is to produce a correlation between capacity and internal product 


* From second series of measurements, L,=4(L,+L,) in this table is from the first series. 


| 
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TABLE II. 
Correlations. 
| | 
L L; B H H; L-L, | B-B, | H-@, P 
“67246 | *81933 | 67563 | -72414 | -54730 | -53434 |—-25085 | — -02296 | + -08525 | 82081 | *89586 
+0137 | + 0082 | + °0136 | +-O119 | +-0175 | +°0178 | +°0234 | +0250 | +-0248 | +0082 | +0049 
| 
L "78042 | -41280 | -38576 | -32110 | -26979 | -29586 17102 
+:°0098 | +°0207 | +°0213 | +0224 | +°0232 | +-0228 | +-0247 | +°0243 fig 
L. 78042 -42861 | -46530 | -46709 | 45800 |—-36448 | — -02667 | -06730 
+-0098 +0204 | +-0196 | +°0195 | +°0197 | +°0217 | +°0250 | +-0249 
— 
B 41280 | -42861 = "88827 | °33392 | -28140 |- -04011)| °34156 | 17553 
+°0207 | +-0204 +-0053 | +-0222 | +-0230 | +-0249 | +°0221 + 
*38576 | -46530 | -88827 27035 | -24149 | —-13668 | —-12761| -10429 
‘ +0213 | +-0196 | +-0053 +0232 | +-0235 | +-0245 | +°0246 | +°0247) 
| | 
H *32110 | -46709 | -33392 | -27035 °93734 | —-23597| -16779 | -26368 iy 
+°0224 | +-0195 | +-0222 | + -0232 +:0030 | +°0236 | + -0243 | +°0232 
"26979 | -45800 | -28140 | -24149 | -93734 — 29866 | °11324 | —-08892 = 
é +°0232 | +°0197 | +-0230 | +°0235 | +-0030 +°0228 | +°0247 | +°0248 
| °29586_ | 36448 | — 04011 | — *13668 | -- -23597 | — -29866 | "19306 | 15225 
+0228 | +°0217 | + -0249 | +°0245 | -+-0236 |+-0228 | +-0241 | +°0244 
°10195_ | —-02667) 34156 | - *12761| -16779 | -11324_ | -19306 16618 
© | +0247 | | +°0221 | +-0246 |+-0243 | +-0247 | +°0241 +0243 
a, | 17102 | 06730 | -17553_ | 10429 | -26368 | — 08892] -15225 | -16618 
+0243 | ad + +0242 | + +0247 | +0232 | +°0248 | +0244 
| 


of 89586 as compared with *82081 for external product and capacity. The corre- 
lations 77, TH,H; ave all high, H and H; being the most closely correlated 
and Z and the least. 


It must be remembered that whereas H — HH; is a measure of the thickness of 
the bone at the top of the skull, B—B; and L—JL; are respectively twice the 
thickness of the parietal bone and the thickness of the frontal plus the occipital 
bones. The mean thickness on the parietal bone where the skull has greatest hori- 
zontal breadth is thus 3°52 approximately. 

On the few divided male crania in the Laboratory these values for the bone 
thickness were by no means unreasonable, especially considering the light build of 


/ : 
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the Egyptian skull. Of the 15 mm. thickness of bone in the cranial length about 
% may be taken to be frontal and 2 occipital. 


The correlations 17, Tn, are all positive and lie between ‘25 
and 35 indicating that the thickness increases significantly but not rapidly with 
increase of the external measurement. On the othc~ hand, it is interesting to note 
that ry, Tri, TH, We all negative, but the only one of importance is 
the first which is — 36. 

We conclude from the first of these results that a large skull has on the average 
a large thickness of bone, and that a large brain cavity has on the average a small 
bone thickness. It will be seen that these conclusions are what we should expect 


as an outcome of “spurious correlation,” if the internal and external measurements 
were really uncorrelated. 


Next turning to the three thicknesses J — L;, B— B; and H — H; we see that 
while only very moderately correlated with each other, the correlations are all 
positive, or a thick brain case tends to be thick in all directions. Thickness of bone 
in the length is more highly correlated with that of the breadth, i.e. on the parietals, 
than with that of the height, i.e. at the apex of the skull; and the thickness at the 
apex is slightly but not significantly more correlated with that on the parietals 
than with the sum of the thicknesses on the frontal and occipital bones. As a 
matter of fact none of these bone thickness correlations are really significantly 
different, and it would suffice to say that the thicknesses of the skull in those places 
tested have with one another the very moderate correlation of about ‘17. From 
this it is clear that there is a great deal of independence about the thickness of 
cranial bone at different points. Turning to the influence of bone thickness on 
cranial capacity, we see that the thickness on the parietals has no sensible influence 
on the capacity; that at the apex has a very slighi positive effect, or if a skull has 

3 a thick crown the capacity might be expected to be very minutely larger. 

It will be seen that the highest correlations are between corresponding external 
and internal lengths, these correlations being in the descending order heights, 
breadths, lengths*. The correlations of the length, breadth and height thicknesses 
with the external diameters are on the whole so small that there is little hope of 
obtaining any close estimate of the thicknesses from these external measurements. 
To this point we shall return later. As a rule an external measurement is more highly 
correlated with another external measurement than with the corresponding internal 
measurement, but the external breadth and height are more closely associated with 
the internal than with the external length; this is markedly the case for the external 
height. In the case of the internal measurements they also are not always more 
highly correlated with each other than with the corresponding external measure- 
ments. Thus L; is more highly correlated with B; than with B, but is slightly more 
correlated with H than B;. B; again is more highly correlated with Z; than with 
£, but slightly more correlated with H than H;. Finally H; is far more highly 
correlated with Z; than with Z, but somewhat less correlated with B; than B. 


* This order is precisely that of the thickness of bone in these directions. 
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The first line of Table II indicates the advantages to be obtained by using 
internal rather than external measurements. We note that the correlations of the 
internal and external heights with capacity are nearly equal; what advantage there 
is being in favour of the external height. But the internal breadth with capacity 
exceeds by 7:'2°/, the external breadth with capacity correlation, while that of 
capacity with internal length is 21°8°/, better than that with external length. 
It thus appears clear that the internal measurements, difficult as they are to 
make, will give in the case of the length considerably and in case of the breadth 
slightly better results than the corresponding external measurements. Accordingly 
the continuous products P for the external and P; for the internal diameters were 
formed and the regression equations of the capacity C on these determined, with 
the following results for probable capacity C: 


C = -0008495 P+ 22652 444/Vn (a), 
C =-0004372 P;+ 169°57 + B4/Vin (b). 
It will be seen that the probable error of the estimate is reduced from 44/Vn to } 


34/Vn or 22:7 °/, by using internal instead of external diameters. The correlation 
between capacity and continuous product was raised from ‘82081 to 89586, the 
chief factor here being undoubtedly the change from Z to L;. 

Now this increased accuracy of prediction is of great importance, but it involves 
serious consequences, for undoubtedly the determination of the internal measure- 
ments is a difficult task and not to be lightly undertaken. Accordingly attempts 
were made to determine Z;, B; and H; from LZ, B and H, and then to use (0). 

The regression formulae are: 


2°251138 
L;='69527 L + 09155 B + 25867 H — 604011 + 
n 
B; = 02423 L +°84103 B--03156 H +14: 81886 (c). 
n 


1113385 

H; =—°02217 L—-02797 B+ 92439 H + 12°70355 + 

n 

A first sample of 20 skulls was taken, but not at random, being distributed with 

rough uniformity over the whole range of capacity, rather than at random over the 
distribution of frequency. The results were as follows: 


Table of 67449 x Square Root Mean Square Residual. 
Ist 20 crania. 


(i) Internal Product from (b) ... 39°69 cm.*, expected 34 
(ii) Internal Diameters obtained by sub- 
tracting mean thicknesses a | 42°15 ,, 
external diameters and using (b 
(iii) Z; found from (e), and B; and H; by 45°75 
subtracting mean thicknesses 


(iv) External Product from (a)... 48°33 ,, expected 44 cm.* 
(v) Z;, B;, H; all found from (ce) and) 
then (b) used 
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(iii) was undertaken with a view of redneing the labour of (v), as H; is not better 
than H, and B; is only slightly better than B. The result is somewhat anomalous. 
After actual internal measurement of the three diameters, we obtain the closest 
estimate by merely subtracting the average thicknesses from the corresponding 
external measurements. The next hest result is when we obtain Z; only from the 
regression formulae (¢), and B; and H; by subtracting mean thicknesses. The worst 
result—worse than using the external diametral product with (@)—arises from 
finding L;, B; and H; from the regression formulae (c). This is of course paradoxical, 
but the source of the paradox is to be sought, we think, in the sample, which had 
emphasised too much the skulls with very small and very large capacities, and it is 
usually towards the tails that the linear regression equations prove less satisfactory. 


It will be noted that the values obtained by both (a) and (b) are considerably in 
excess of the expected. 


It seemed advisable accordingly to select a second sample, this time of 24 skulls, 
choosing them at random from the frequency, actually by taking out every thirtieth 
card from the pack of data cards. 


Table of ‘67449 x Square Root Mean Square Residual. 
2nd Sample, 24 crania. 


(i) From Internal Diametral Product ... = 33°27 cm.°, expected 34 cm.* 
(ii) From values of Z;, B;, H; from (ec) ... 42°62 
Gii) From External Diametral Product ... one 43°32 cm.*, expected 44 cm.* 


(iv) By subtracting mean thicknesses from 
external diameters 
(v) By subtracting mean thicknesses to vm 2 


44:97 cm.? 


B; and and determining from 
and H* 
(vi) By subtracting mean thicknesses to no} 


45°84 cm.3 


B; and H, and determining Z; from ZL, B 
and 


45°93 cm.3 


| 
| 


The expected result from external measurements is 44 cm.3; the sample gives 
43. The best result obtained by endeavouring to estimate the internal from the 
external diameters is provided by (ii), practically 43 also. All the other values are 
in excess of 44, and none in any way approaches the internal diametral product 
value of 33. Accordingly we do not seem able to predict with any serviceable degree 
of accuracy Z;, B; and H; from L, B and H with a view to using (6). 


The general conclusions of this section of our paper are: (i) that internal 
measurements have an accuracy about 23°/, greater than external measurements; 
(ii) that the thicknesses of the bone are so slightly correlated with the external 
measurements that it is not possible to obtain from the latter good approximations 
to their values; and (iii) that we must either be contented with the degree of accuracy 
provided by the external diametral product, or if we wish to improve on that accuracy 
we must practise the rather difficult technique of internal measurement. 


* The requisite regression formula is L;=-722492 L +°277203 H — +84803. 
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If the process of internal measurement has only to be applied occasionally to 
isolated skulls, we are inclined to doubt whether the technique is worth learning 
and facility in it maintained for the case of such increased accuracy, and this con- 
clusion may be emphasised by the fact that such isolated skulls may not belong 
to the same race or even to a race allied to the race (or possibly one or two races) 
for which the prediction formula for internal measurements may have been ascer- 
tained. 


(II) On the Pre-eminence of one or other Cerebral Hemisphere. 


(i) Introductory. Aretaeus, a Greek physician of the first century of our era, 
was probably the first observer who has recorded the decussation of the pyramidal 
tracts, those from the left side passing to the right hemisphere and those from the 
right side to the left hemisphere*. But he did not apparently note that injuries 
to the left side of the brain were accompanied no% only by paralysis of the right side, 
but often by loss of speech. Though there may have been isolated cases previously 
noted, Dax in 1865 appears to have been the first who emphasised the view that 
injury to the left side of the brain was often accompanied by aphasia. The associa- 
tion of aphasia with paralysis of the right side as a result of injury to the left side 
of the brain has accordingly been spoken of as Dax’s Lawt. On the basis of this 
law the faculty of speech was associated with the left hemisphere and taken in con- 
junction with right-handedness it became customary to speak of a “pre-eminence” 
of the left hemisphere. There has, as far as we are aware, been no exact definition 
of this “pre-eminence” as to whether it is to be sought for in sensation, perception, 
volition, ete., but it was supposed that if it existed it would certainly manifest itself 
in physical characters, which could be measured or appreciated. And search was 
made for somewhat gross physical differences between the right and left sides of the 
brain, in particular between the right and left cerebral hemispheres, at first in 
weight or volume and later in the depth of furrows and complexity of folds. The 
investigation was rendered exceedingly difficult owing to the task of dividing the 
hemispheres from one another, to the fact that some of the brains may have belonged 
to sinistral not dextral individuals, and that even if the ante-mortem laterality of 
the individual had been ascertained the factor of lateral educability could be called 

* In his Book v, Chapter vii ‘‘On Palsy,” he writes: 

‘*Should any part below the head beg‘n to be affected such as the membrane enclosing the spiral 
marrow, then parts which are synonymous and connected suffer from the resolution, viz. those on the 
right from an affection of the right side.... But if the head is first affected on the right side, the nerves 
on the left suffer, and again the nerves on the right from a resolution taking place on the left, which is 
owing to a change in the course of the nerves, for those that begin from the right do not run in a straight 
line on the same side to their extremities, but immediately after their origin or rise pass to the opposite 
side, interchanging one with another like the letter X.” Aretaeus, consisting of eight Books on the Causes, 
Symptoms and Cure of acute and chronic Diseases; translated from the original Greek. By John Moffat, 
M.D., London. 

+ “Lésions de la moitié gauche de l’encéphale coincidant avec l’oubli des signes de la Pensée,” 
Gazette hebdoinadaire de médecine et de chirurgie, T. 11. Série 2, pp. 259—262, Paris, 1865. Dax collected 
371 observations, and in 87 cases a lesion of the left hemisphere coincided with a lesion of the faculty 
of speech; 53 cases of lesion of the right hemisphere were accompanied by conservation of this faculty. 

Six cases appeared to contradict the law and 225 cases provided no information one way or the other. 
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into play to account for apparently exceptional cases.. Added to all this there is the 
question of errors of observation, and in none of the investigations we have come 
across, although the errors of measurement were admitted to be large, was there any 
attempt to distinguish them from the errors of random sampling. Various writers 
decided not to pay attention to differences in weight, for example, under 3 grs. or 
under 10 grs., as they imagined the order of their errors of measurement to be lower 
or higher. Considering the amount of fluid in the brain, and how it may drain off 
when the hemispheres are separated, it is quite conceivable that if an anatomist 
had the habit of measuring the left hemisphere before the right, he would find the 
former the heavier*. The difficulties of hemisphere weighing are so great that it 
is little wonder that the “pre-eminence of the left hemisphere,” if it be associated 
with greater weight, has remained unproven. 

The principle of the “ pre-eminence” of the left hemisphere was carried far in 
England by Boyd and Ogle, and in France by Broca, and seems to have become 
almost dogmatic until quite recent times+. 

R. Boyd published in the Phil. Trans. a long series of brain weights in 1861. 
Unfortunately he did not provide the individual values, but only the means in 
certain age groups. His Table II (pp. 254—262) contains the results of measuring 
the weights of 295 male and 233 female patients of the Somerset County Lunatic 
Asylum. In the case of 290 of the former and 229 of the latter the weights of the 
right and left cerebal hemispheres are given separately. Unfortunately no details 
are provided of the methods of measurement nor are we told how the hemispheres 
were divided. 

The results in ozs. are as follows: 


Mean Weights of Hemispheres. 


Men Women 
Ages in 
years 


No. Right Left No. Right Left 


Under 30 At 20°89 21°05 30 19°21 19°51 
30—40 61 19°82 19°94 46 18°63 18°84 


40—-50 7 19°49 19°67 48 18°05 18°24 
50—60 42 20°44 20°73 39 18°66 18°75 
60—70 39 20°66 20°86 41 18°37 18°53 
7O—S80 20 20°25 20°47 20 17°97 18°09 
Over 80 8 18°97 18°62 5 17°20 17°39 


* 100 grs. of fluid may pass out of an extracted brain and it can lose 5 grs. by evaporation per two 
hours. 


+ See for example Byron Bramwell in the Lancet, 1899, Vol. 1. pp. 1473—9. ‘‘In perfectly healthy 
right-handed persons who do not inherit a tendency to left-handedness, the driving or leading speech 
centres are (with perhaps rare exceptions, but I know of no recorded cases which definitely prove this) 
situated in the left hemisphere of the brain; and vice versa in left-handed persons the leading or driving 


speech centres are so far as we know usually but probably less constantly situated in the right 
hemisphere.” 


Vol. cur. pp. 241—262. 
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In all fourteen classes, except that of men over 80 years of age, the mean weight 
of the left hemisphere exceeds that of the right. If we exclude individuals over 80 
years of age, we have 


Mean for Men Mean for Women 
No. Right Left No. | Right | Left 
} 282 | -20°137 20°322 924 18-482 18-662 
ar | 570°55 575°79 523°66 528°76 


These numbers might be considered by some as fairly conclusive, although no 
probable errors are given. But when we find directly opposed results given by later 
writers, we wish that some details of his procedure had been provided by Boyd. 
Could he possibly have measured his left hemisphere usually before the right? 

Wagner, in a work* published in the year following Boyd’s, found in the case, 
however, of only 18 brains: Right hemisphere 427 grs., Left hemisphere 426 grs., 
the latter having a slightly less mean weight; but to judge by his average weights 
his method must have been wholly different from Boyd’s. Thurnam in 1866 mea- 
sured the brains of 257 males and 213 females and in all but two cases the cerebral 
hemispheres apart+. He found for the mean male right hemisphere 570°63 grs.—a 
value extraordinarily close to Boyd’s 570°55 grs.—but his value for the male left 
hemisphere was only 569°78 grs., slightly less than that for the right, but really 
insignificantly different; the excess of right, however, was present in six out of eight 
age groups. For the females the mean right hemisphere weighed 51113 grs. and 
the left again less—510°85 grs. In the age groups two means were equal, three in 
excess for the right and three in excess for the left. Thus Thurnam’s results by no 
means confirmed Boyd’s, but seemed to indicate if anything equality in the hemi- 
spheres as far as weight wes concerned. 

Broca appears very early to have cast in his lot with the supporters of the pre- 
eminence of the left hemisphere. Broca’s actual measurements have we believe 
never been published and we owe the account of them to his pupil Topinardt. 
Broca is said to have weighed 264 male and 139 female brains, and to have found 
the mean of the right hemisphere greater than that of the left by 1°93 grs. in men 
and 0°03 gr. in women. Thus Broca’s results seem to accord better with those of 
Thurnam than with those of Boyd. The fact which Broca states—that on 19 out of 
20 occasions the lesions which produce aphasia are on the left—led him to insist that 
the left side of the brain is that which works by preference. Broca added that manual 
dextrality in virtue of 
Ventre-croisement des faisceaux médullaires dans la moelle allongée est une autre preuve du 


fonctionnement plus ordinaire du cerveau gauche. 


* Vorstudien des menschlichen Gehirns, 1862, Bd. 11. §§89—92. 
+ Journal of Mental Science, April, 1866, 
t Eléments d’ Anthropologie générale, Paris, 1885, p. 581. 
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Not daunted by the failure to show the left hemisphere the heavier, Broca pro- 
ceeded to the harder task of separating the lobes of the hemispheres and weighing 
each separately. He divided into frontal, temporo-parietal and occipital lobes, and 
found the following results for mean values: 


Weights of Men (258) Women (135) 
Right — Left Frontal Lobes — 2°50 grs. — 1°50 grs. 
», Temporo-parietal Lobes +192 grs. + °80 gr. 
» Occipital Lobes +157 grs. + °03 gr. 


Thus according to Broca the male frontal lobe is heavier on the left by 2°50 grs. 
and the remainder of the hemisphere heavier on the right by 3°49 grs. We cannot test 
the significance of these results, because no probable errors can be found without 
the individual measurements. Topinard says that Broca’s register indicates that the 
weights of the frontal lobes were equal in 12 cases, the left in excess in 136 and 
the right in 94, the total of which, 242, does not accord with the 258 male cases in 
which we are told the frontal lobe was weighed. Topinard (p. 584) tells us that 
with these extracts from Broca’s register he has confirmed the results drawn from 
the two series, one from Bicétre consisting of 19 subjects and the other from Saint- 
Antoine of 18 subjects actually published by Broca, for therein Broca found the right 
hemisphere somewhat heavier than the left as a whole, but the left frontal lobe in 
excess by “une quantité trés notable.” Topinard gives no figures and the numbers 
were far from adequate to base any sound conclusions on*. Topinard, however, 

* The data appear in the Bulletins de la Société d@ Anthropologie, 2 série, 1875, pp. 534—6, in a paper 


under Broca’s name entitled: ‘Sur les poids relatifs des deux hémisphéres cérébraux et de leurs lobes 
frontaux.” The following results are given: 


Hemisphere Frontal Lobe 
R. L. R. L. 
Hospice de Bicétre (mean age 62 years 6 months) 
19 males: 53131 530°84 227°57 232-10 
Hopital Saint-Antoine (mean age 50 years 1 month) 
18 males: 575-83 574:39 245-05 248-50 


In this paper Broca says that since 1861, when he recognised that the faculty of language is localised 
in the third frontal convolution of the left hemisphere, he had weighed separately the two hemispheres 
and their principal components in all the autopsies he had made at the hospitals. He had made, he 
said, 440 detailed observations, which filled three great registers and awaited reduction. Meanwhile, he 
gives an abstract of the cases (37!) cited above. In the discussion Broca was asked if he thought the 
greater weight of the left frontal lobe was due to the part played by the third convolution. He replied 
that the frontal lobe contained more than this convolution, but that the third convolution was situated 
at the level and behind the small cranial region, which is called the pterion; he considered that the 
size of the pterion depends in part on the volume of the third convolution, and he asserted that the 
mean value of the left pterion is a little larger than the right. Broca gave no figures, and the problem 
would be an interesting one if a satisfactory measure of the pterion could be derived. Pressed further as 
to whether he thought the influence of the third convolution could affect the development of the frontal 
lobe, Broca replied that he was ‘‘ tout disposé a croire 4 cette influence” (p. 536). Bertillon remarked that 
there were probably cerebral dextralists and sinistralists as there were manual sinistralists and dextralists. 

Dr Morant kindly measured for us the are from the krotaphion to the sphenion on the left and right 
sides of 65 Egyptian male crania of the 26th to 30th Dynasties. This arc seems a reasonable measure 
of the size of the pterion. The right arc was greater in 28 cases, the left in 35 and there was equality in 
2 cases. The mean value of the right are was 11-677 + -3741, and of the left are 12-195 +-3599. The dif- 
ference of the means, left minus right, was ‘518+ °519, or the difference was, on the number of skulls 
measured, insignificant. On these crania accordingly it was not possible to confirm Broca’s opinion that 
the pterionic area was greater on the left side. 
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clearly holds that excess of weight is a measure of excess of functioning, and believes 
that the brain is left-handed for certain functions and right-handed fer others, 
a point of view adopted later by Riese as we shall note below. 


It will be seen that Broca did not base a pre-eminence of the left hemisphere 
on greater general weight. Topinard would apparently account for the discrepancy 
between Boyd and Thurnam on the ground of the latter having measured the brains 
of the insane; this in fact Broca was also doing in his 1875 paper, and it must be 
borne in mind when considering later Braune’s data. Meanwhile mention must be 
made of two English investigators, Bastian and Ogle. The characteristic of the first is 
cautious statement accompanied by hesitation to push undemonstrated theories to 
extremes; the tendency of the latter was to seize an hypothesis which, if true, would 
much simplify our ideas and press it forward before its foundations were well 
established. It is not our purpose to deal with the whole of the wide literature 
discussing the “pre-eminence of the left hemisphere,” still less with that of the 
still more extensive topic of the localisation of function. But as some of the doubts 
expressed by Bastian are again coming to the fore, it may be well to recall them to 
the reader. Bastian wrote two years before Ogle’s paper*: “Iam therefore strongly 
inclined still to believe in the similarity of function and practical equality of 
education of the two cerebral hemispheres, notwithstanding all that has been said 
of late in opposition to this doctrine,” and later on in the same paper he continues: 


In short, if anything like localisation of function is possible in the cerebral hemispheres, 
then I believe it would occur, and could be accounted for, rather in this way: that insomuch as 
we have certain distinct avenues of knowledge (through the Sense Organs and their proximate 
nerve ganglia), and that the cerebral hemispheres are the parts concerned in the elaboration of 
impressions so derivedt, we can well understand that the impressions entering through one gate 
or sense-avenue, may pass through the substance and towards the periphery of these Cerebral 
hemispheres in certain definite directions, and according to accustomed routes. Then, the im- 
pressions entering through another gate of knowledge, or avenue of sense, may, and probably do, 
pursue a different direction through its substance, so that at the periphery the fibres and cells 
concerned in the condition and elaboration of these impressions may exist in maximum quantity 
in different portions of the surface of the hemispheres—though in part they may occupy jointly 
the same area, and be intertwined with the fibres and cells concerned in the elaboration of the 
previously mentioned set of impressions. And so on with the various sense organs and their 
ultimate expansions in the form of what I would call “ Perceptive centres” in the cerebral hemi- 
spheres. Thus, though there may be much overlapping of areas, and though the area pertaining 
to the impressions of any particular sense in the cerebral hemispheres may be a very extended 
one (not to speak of the still further complication brought about by the communication established 
between the nerve cells of one sense area with those of others in the same hemisphere, and of the 
probable union by means of commissural fibres between analogous parts of the two hemispheres), 
still it may well be that certain portions of the surface of the cerebral hemispheres might corre- 
spond more especially to the maximum amount of nerve cells and fibres pertaining to some one 
or other of the various senses. I should expect, therefore, that the parts concerned in the pro- 
duction of the emotional feelings related to any particular sense or senses, as well as in the 


* Journal of Mental Science, January, 1869, ‘‘Note on the Localisation of Function in the ‘Cerebral 
Hemispheres.’” 


+ “Converting them in fact into what I call Perceptions—using this term in its ordinary psychological 
acceptation.” (Footnote by Bastian.) 
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production of volitional stimuli to which these might give rise, would be those parts of the Con- 
volutional grey matter that represented, as it were, the Perceptive Centres of the senses in 
question. 


In his lectures of six years later* Bastian takes a somewhat modified view, but 
is still unprepared to give absolute predominance to the left hemisphere. Here he 
admits that in the great majority of cases in which a right-sided paralysis ac- 
companied by aphasia presents itself it is produced by a lesion of the left hemi- 
sphere. “In fact a long series of observations has compelled us to recognize the 
greatly superior activity of the left hemisphere, as compared with the right, in 
initiating motor acts subservient to intellectual expression. Just as the left hemi- 
sphere has undoubtedly to initiate the muscular acts by which writing is effected in 
right-handed individuals so it would appear that from this same half of the brain 
the incitations habitually pass over which are destined to excite the motor acts of 
speech—even though the muscles concerned are bilaterally disposed, and always act 
in concert on two sides of the larynx, fauces, tongue and lips ” (pp. 205—6). 


Bastian suggests that this initiatory action of the left hemisphere in relation to 
speech-movements may be connected with a slight precedence in its development, 
and this itself be a more or Jess remote consequence of an inherited tendency to 
right-handedness (p. 206). He considers that the situation in the left hemisphere 
affected in aphasic individuals may be (i) in or around the 3rd frontal convelution, 
(ii) in the white substance between this convolution and the left corpus striatum, or 
(iii) in the latter itself. On the whole, he prefers the third or Broca’s convolution + 
as the source of the volitional stimuli which incite motor acts of speech; it is a 
portion of the brain having intimate functional relations with many other parts of 
the hemisphere. 


Bastian then turns to certain difficulties attached to a theory of absolute 
dominance of one hemisphere; he recalls the fact that there seem to be de- 
finite cases where aphasia occurring with left-handed persons goes with left rather 
than right-sided hemiplegia. Further, he considers that while the left hemisphere 
is more especially concerned in the performance of voluntary motor acts of speech 
it would appear that there are also certain peculiarities of the function pertaining 
more especially to the right hemisphere. Lesions on that side are more frequently 
and rapidly fatal than those of the left and hemiplegic symptoms more severe and 
lasting. Lesions of the right hemisphere lead more frequently than those of the 
opposite side to disorders of nutrition (p. 210), and further, hysterical paralysis 
occurs more frequently in left than right limbs}. Another noteworthy point is that 


* H. Charlton Bastian: On Paralysis from Brain Disease in its Common Forms, London, 1875, See 
especially Lecture IV. 

+ The inferior frontal convolution on the left has been given Broca’s name. 

+ Brown-Séquard recorded left side paralysed in 97 as against right side in only 24 instances. 
N. Saveliew (‘* Gehirnembolie,” Virchows Archiv, Bd. 135, p. 121) states that the left hemisphere is the 
chosen locality for embolisms. But this does not follow from his own data of 104 cases in which 29 were 
on right side, 39 bilateral, and 36 left sided. What we have to compare are 29 R. and 36 L. occurring 
in 65 cases; the mean for indifference would be 32°5, and the difference 3-5 does not seem significant 


8—2 


| 
| 
| 
| 
A 


100 On Measurement of the Internal Diameters of the Skull 


lesions of the right hemisphere are more apt to give rise to paralysis or convulsions 
on the same side of limbs or face than in the case of lesions of the left hemisphere, 
and such cases Bastian holds cannot all be due to error of record though perhaps 
some are. “The occurrence of paralysis or convulsion on the same side as the brain 
lesion is with our present state of knowledge quite inexplicable ; still more mys- 
terious when we find one hemisphere apparently more apt than the other to 
produce such an anomaly” (p. 212). 


If Bastian’s views tend, as we think, to a differentiation of function rather than 
a dominance of the left hemisphere, there appears little reason & priori to anti- 
cipate a greater weight or size in the left hemisphere. 


We now pass to Dr William Ogle, whose paper, entitled “On Dextral Pre- 
eminence,” was published in 1871*. It is by no means clear whether Ogle in 
speaking of pre-eminence of the left hemisphere intends to attribute to it the 
same kind of dominance in mental functioning that the right hand usually has in 
manual, but his statements suggest this. 


He begins by speaking of dextrality as a characteristic peculiar to many forms 
of life. In man he found 57 men out of 1000 or 5°7 %/, and 28 women out of 1000 
or 2°8 Y% manual sinistralists, a conclusion pointing in the same direction, but not 
as sweeping as Hippocrates’ yuri ovdeuia audidéEvos. Ogle says that out of 23 
monkeys in the Zoological Gardens, 20 were right and only 3 were left-handed, but 
he admits the experiment requires great cauticn. He states that the leg on which 
a parrot stands when it is given a nut is always the same, and that of 86 parrots, 
63 stood on the right asd 23 on the left leg—a fair Mendelian quarter! He meets 
the objection that 63 out of the 86 parrots took the nut in their left claw and so 
were sinistralists by the statement that they must select a leg to stand on before 
they can take the nut. But the mental process of the parrot might be: “ Here is a 
nut, I must take it with my more efficient left claw, and so I will stand on my right 
leg.” Ogle following Dax asserts that the mental faculties concerned in speech are 
lodged in the left cerebral hemisphere (p. 292). In 1867+ Ogle had suggested that 
in left-handed men they would be lodged on the right. In 100 cases with palsy, 97 
had palsy on the right and were right-handed, 3 had palsy on the left and were left- 
handed. On the basis of this “ there can remain no fair doubt that right-handedness 
depends on some predominance of the left brain, and left-handedness, when it occurs, 
on a transposition of this structural peculiarity whatever it may be” (p. 292). 


Ogle next cites Boyd’s measurements on weights of the two hemispheres, and 
quotes Bastian’s results as to the specific gravity of grey matter on the left side being 


on 65 cases. The data of Strauss (22 cases) and Butin (38 cases) do not seem comparable with Saveliew’s, 
for they contain not a single instance of bilateral embolism which occurs in 34 °/, of Saveliew’s cases. 
For the same reason Meissner’s 32 cases showing only 10°/, of bilateral attack are hardly comparable. 

* Medico-Chirurgical Transactions (Roy. Med. and Chir. Soc.), Vol. xxxv. 2nd Series, 1871, pp. 279— 
301. 


+ St George’s Hospital Reports, Vol. 1. p. 122, 1867. 
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higher than on the right* in order to pass from a pre-eminence in functioning to 
a predominance in physical characters. There is no reason really, if there be a pre- 
eminence in functioning, which might solely connote a pre-eminence of commissures, 
why this should involve a preponderance in size or weight, or even in the complexity 
of convolutions, which, however, Ogle asserts that Dr Broadbent and he have both 
found for the frontal convolutions on the left side. The left hemisphere is not only, 
Ogle tells us, heavier, but more highly developed than its fellow, and this is the 
explanation of dextral pre-eminence. To prove his point Ogle obtained the brains 
of two left-handed women and submitted them to Dr Broadbent; the latter reported 
on them with drawings (not reproduced), and the conclusion is stated thus: “The 
ordinary conditions of the two hemispheres were in each of these brains reversed, 
the greater complexity of convolution occurring in both on the right side and not 
on the left” as—Ogle adds—“I had anticipated” (pp. 294—5). 


It will be seen that the ordinary condition, i.e. greater convolutional complexity 
on left, is here assumed to be proven. Broca himself—without providing actual 
statistics—had limited his assertion to the frontal lobe: “The convolutions are 
more numerous in the left frontal lobe than in the right, and the converse condition 


exists in the occipital lobes, where the right is richer in convolutions than the 
left.” 


It is clear that if we may suppose, as indeed we know, that man is bilaterally 
asymmetrical, then the odds are only three to one that a pair of left-handed women 
will exhibit pre-eminent hemispheres both on the right side. The data are far too 
slender to carry complete conviction. To meet the objection that the greater 
development of the left brain may be the consequence not the cause of the greater 
use of the right side, Ogle cites Gratiolet’s remarks, that the convolutions of the 


* Bastian’s results are given in a paper, ‘On the Specific Gravity of different parts of the Human 


Brain,” Journal of Mental Science, No. 56, January 1866, p. 29. They seem to have been averaged for 
27 brains, and the results are as follows: 


Averages of Grey Matter 


Convolutions Left Hemisphere Right Hemisphere 


Frontal 1-0291 1:0276 
Parietal 1-0300 1-0296 
Occipital 1-:0320 10316 


How far these results are of real significance it is not possible to say as no statement is given as to 
the variation due either to errors of measurement or to random sampling. 
For the sane Bastian found for averages: 


Specific gravity of grey matter: Left side 1-0300, Right side 1-0296. 
For the insane, without regard to side, 1-0325. 

The specific gravity of white matter was always higher than that of grey matter, and without dis- 
tinction of side was 1-04C4 for sane and 1-0405 for; insane. Our author did not find the heaviest or 
lightest brains with the highest or lowest specific gravities. 

Danilewsky (Medic‘nisches Centralblatt, 1880, No. 14, April 3), taking three brains only, considered 
the grey and white substances of the brain separately, also dealing with their specific gravity. He found 
the distribution of grey and white substances in the two hemispheres nearly alike (‘‘nahezu gleich”). 
The differences between the specific gravities obtained by different observers are all of the order of the 
differences recorded by Bastian as existing for right and left hemispheres or for sane and insane. 


| 
| 
| 
| | 
| 


102. On Measurement of the Internal Diameters of the Skull 


left frontal lobe appear earlier in the foetus than the corresponding convolutions on 
the right. As Gratiolet has been frequently quoted as in some way confirming the 
pre-eminence of the left hemisphere, we searched his book* and could only discover 


a single very modest paragraph on this point, where he is discussing the develop- 
ment of the brain: 


Il m’a semblé, par suite d’une série d’observations consciencieusement étudiées, que les deux 
hémisphéres ne se développaient pas d’une manibre absolument symétrique. Ainsi le développe- 
ment des plis frontaux parait se faire plus vite 4 gauche qu’A droite, tandis que l’inverse a lieu 
pour les plis du lobe occipito-sphénoidal. Du moins, dans tous les cas que j’ai observés, ai-je vu 
la scissure paralléle qui distingue le pli marginal inférieur se dessiner 4 droite avant de se montrer 
& gauche. (p. 241.) 

Here is no dogmatic assertion as to pre-eminence of the left hemisphere ; in 
certain districts Gratiolet thinks he has observed the left, in others the right develop 
earlier; he makes no statement that earlier development is accompanied by greater 
complexity. Ecker, a first-class anatomist, dealing with the development of the 
furrows and convolutions of the brain in the human foetus+, states that he had 
found in foetal twins, in the one both frontal furrows present, in the other the first 
frontal furrow wholly absent on the left. That the left side always precedes the 
right in the development of furrows and convolutions, “as Gratiolet has asserted,” 


Ecker could in no way confirm. But Gratiolet really made no sweeping assertion 
of this kind. 


We now return to Ogle and cite the following words, in which we are respon- 
sible for those italicised : 

Seeing, however, that we ‘now, if the arguments I have used in the earlier part of this paper 
be valid, that some or other anatomical difference between the two sides must precede the right- 
handedness, and moreover that this difference must be somewhere in the brain (for how other- 
wise can the facts I have brought forward concerning aphasia be explained?) it appears to me 
only rational to suppose, when one finds such an anatdmical difference between the two hemi- 
spheres as that now revealed, that this anatomical difference is the antecedent for which one was 
searching. (pp. 295—6.) 

This paragraph begs two questions: (i) whether the difference of function must 
necessarily involve macroscopic differences, and (ii) whether the evidence of such 
differences existing has really been provided. 


Ogle now proceeds to settle what has given rise to this “ pre-eminence of the 
left side of the brain.” He examined the cervical vessels and says that he found 
in 12 out of 17 cases of right-handed men the common or internal carotid was 
larger on the left than the right. He admits that the interpretation of the larger 
left carotid is rather dubious{, but tries to strengthen his result by saying that 
the left carotid is also less tortuous and so blood will flow more abundantly to the 


* F, Leuret et P. Gratiolet: Anatomie comparée du Systeme, considéré dans ses Rapports avec UIn- 
telligence, T. m (Gratiolet), pp. 241—2, 1857. 

+ Archiv fiir Anthropologie, Bd. m1. S. 215, 1868. 

} If there be no essential differentiation, then the anticipated number would be 8-5, while the ob- 
served number is 12, a deviation of 3°5, which is only 2-5 times its probable error of 1:39. The result is 
therefore dubious statistically as well as anatomically. 
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left hemisphere and to this he would attribute its [supposed] greater development *. 
Naturally persons with the viscera inverted should be left-handed. This is not 
universally the case; no statistics are, however, provided. Cases of inverted viscera 
and right-handedness Ogle attributes to education in dextrality. He cites G. St 
Hilaire’s statement that inversion of viscera is more common in men than women, 
and holds that this is in accordance with manual sinistrality being more common 
with men than women. Finally he says that carotids in parrots confirm his views 
(see our p. 100). 


Such is the memoir of Ogle, which created much interest in its day, and spread 
almost as a dogma the view that the left hemisphere is pre-eminent, without de- 
fining in which of many characters the pre-eminence is supposed to exist! 


We are not able in this slight study to consider all the papers that have been 
published on this very obscure problem, but before we turn to quite recent work 
we may refer to a paper by Wilhelm Braune, entitled: “Das Gewichtsverhiltniss 
der rechten zur linken Hirnhilfte beim Menschen” (Archiv fiir Anatomie und 
Entwickelungsgeschichte, Jhg. 1891, 8. 253—270). This is a good paper not only 
for its references and criticism of earlier works, but to a certain extent for its new 
data. Braune considers that up to 1891 no definite dominance had been proved for 
either hemisphere, and holds that the observed differences were within the error- 
limits. We do not feel clear that he distinguished between the errors of random 
sampling and of measurement; or between the error of the mean and that of an 
individual measurement. Neither he nor any of his predecessors makes the slightest 
investigation of what these error-limits may be. He considers that if the result of 
the “Nervenfaserkreuzung” produces for dextralists a greater development of the 
left hemisphere, then manual dextrality should always to some degree cause excess 
of the left hemisphere or at least some part of it, and there should only be excess 
of the right in cases of left-handedness. This he states is in nowise true (S. 259). 


Braune’s 100 weighings were made on hospital cadavers, partly by himself and 
partly by other anatomists, and he says they were made in uniform or standard 
manner, and included no insane or criminals. The brain as a whole was measured 
and also its parts. We are compelled regretfully to doubt his statement as to the 
absolute standardisation of methods of measurement, because in the cases of some 


* Moutier (cited by Bonvicini, Wiener medicinische Wochenschrift, No. 23, 1926) argues in favour of 
asymmetry, but did not find the left side vascular system pre-eminent. 

+ A good illustration of this occurs in a paper by Hasse, ‘‘ Ueber Gesichtsasymmetrie” (Archiv fiir 
Anatomie, 1887, 8. 124). Hasse is very properly defending the Greek sculptors against an anatomist’s 
charge that they were not true to nature, because their creations are not symmetrical. No human 
being is symmetrical, he says. But he then goes on to attribute this asymmetry to the dominance of 
one hemisphere, and this the left one; this dominance is a sequence to its greater volume, which is again 
the result of greater muscular development of the right side due to a greater use of the right upper part of 
the body (!). In the same way Lombroso speaks of the left hemisphere in normal persons as being more 
pre-eminent than the right in both weight and complexity of convolutions. He then proceeds to state 
that criminals reverse this ordinary rule of normal persons, and says that among criminals 41 °/, were 
asymmetrical on right, 20°/, on left and in 38°/, the heads were equal, that is we suppose symmetrical. 
It is not easy to understand how if the head be asymmetrical it can be described as asymmetrical on one 
side rather than the other. 
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of his contributors the sum of the weights of the parts nearly approaches the weight 
of the whole, while in other cases that sum may differ by as much as 100 grs.* It 
looks therefore suspiciously as if some of the anatomists had weighed the brain as 
a whole before and others after separation into parts. Further as nine of the hun- 
dred cases were suicides, one died of chronic alcoholism, and two in the “Zuchthaus” 
(besides the failure to state that the remainder had never been in asylum or jail), 
we cannot convince ourselves that Braune’s statement as to the absence of the 
insane and of criminals is wholly correct, or that his material is thereby raised above 
that of Boyd, Thurnam, or Broca. 


Braune has not given the means of the several series of measurements, but these 
we have taken with the following results: 


Encephalon Cerebrum Cerebellum 
Right Half Left Half Right Half Left Half Right Half Left Half 
630°62 grs. 629°99 grs. 551-23 grs. 549°66 grs. 78°93 grs. 79°76 grs. 


Or, the right encephalic hemisphere is 0°63 gr. in excess, the right cerebral hemi- 
sphere is 1°57 grs. in excess and the right cerebellar hemisphere 0°83 gr. in defect. 
Even should any of these differences prove to be significant+ it is very hard to 
believe that they are sufficient to indicate a higher development or pre-eminence 
on either side of the brain. 
Braune gives the above results in the form: 
Encephalon: R. excess 47, Total excess 267-98 grs. Average 5°70 grs. 
| »  213°2 grs. af 4°10 grs. 
One case of equality. 
Cerebrum: BR. excess 54, Total excess 273°4 grs. Average 5°06 grs. 
| 129°0 grs, 3°49 grs. 
One case of equality and eight not measured. 
Cerebellum: R. excess 33. Total excess 85°75 grs. Average 2°60 grs. 
» 168°55 grs. 3°12 grs. 
Five cases of equality, and eight not measured. 

‘Braune emphasises this excess of the left cerebellar hemisphere, and says that 
the predominance in weight of the left cerebellar hemisphere corresponds with a 
53°8 °/, of bulging which he found in 91 skulls of various races he examined. The 
case is more in favour of left bulging than he credits it with being, for he has 
counted those with no bulge as if they bulged to the right. He says that 12 cases 
occurred in which the right hemisphere weighed 10 grs., or more, in excess of the 
left, but none of those was associated with left-handedness. 


On the whole Braune’s paper is good, when we consider how little appreciation 
most anatomists have of the need of statistical reduction. Braune concludes by 


* Let the reader examine the relative equality of the sum of the parts and the whole after Brain 
No. 86, and note how little equality there is before No. 86. Note especially No. 25. 

+ We have deiermined the probable from the mean errors based on the excess differences of R. and 
L. values published by Braune. We reach the results 0°63 + -41, 1°57 + °35, 0°83 + +22. Thus in the 
cases of the cerebrum and the cerebellum significant differences can possibly be said to exist in weight 
between R. and L. sides, for these differences are 4°5 and 3°8 times their probable errors. 
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stating that if size or weight be causally associated with the unequal muscular 
division on the two sides of the body then this asymmetry ought constantly to 
follow the muscle and bone distribution, but this is not the fact. Clearly we are 


justified in saying that the work of Thurnam and Braune is at least as weighty as 
that of Boyd and Ogle. 


Braune’s data (if not his statements) confirm Thurnam’s results that the right 
hemisphere is slightly heavier than the left, and they support the view of Wilde, 
although less emphatically, that the left cerebellum is heavier than the right (see our 
p- 96 and p. 109). 

We will now pass to the more recent literature and consider to what extent it 
throws further light on the nature of this “pre-eminence of the left hemisphere.” 
In the first place we have an inaugural dissertation by Eugen Riibel entitled: 
Ueber das Gewicht der rechten u. linken Grosshirn-Hemisphdre im gesunden und 
kranken Zustand, Wiirzburg, 1908. Our author begins with an account of other 
investigators’ work and enlarges on the difficulty of the problem, the dividing of 
the brain, the drainage of the fluid and so forth. He considers they have come 
to opposed conclusions owing to imperfections and want of standardisation in their 
methods of separating the hemispheres. But he gives no evidence that other anato- 
mists have used less care than himself, nor does he explain in detail his own method 
of procedure. He says that, up to his own investigations, no author had in the 
problem of the relative weight of the hemispheres taken into consideration the 
skull capacity. He remarks: 

Wenn die Differenz in Prozenten zwischen Schiidelkapazitit und Hirngewicht eine pathologische 
ist, so muss man nach derselben annehmen, dass das Gehirn selbst in seiner Materie, durch eine 


akute oder chronische Gehirnkrankheit veriindert war. Eine aufillige Gewichtsdifferenz der 
Hemisphiiren wire dann natiirlich in erster Linie als Folge der Gehirnkrankheit anzusehen. 


(S. 8.) 

Riibel now proceeds to table his cases according to the percentage difference be- 
tween “Schiadelkapazitat und Hirngewicht,” which reads as a difference between a 
volume and a weight! He neither explains how he reduces volume to weight, nor how 
he has determined the skull capacities of the subjects from whom the brains have been 
extracted. We have no statement or numbers supplied for the reduction, and as the 
specific gravities of the grey and white matters differ, and their relative proportions 
vary from brain to brain, and further the lateral ventricles differ in size, surely some 
detailed explanation is essential for the proper understanding of tables which speak 
merely of the percentage difference between skull capacity and weight. The author 
concludes that when there is no one-sided influence of disease both hemispheres are 
of equal weight. He thus appears to have reached the same point as Braune, but 


we have no idea of how he gets there and feel desperately inclined to echo the 
Schlagwort: “Weg mit Dissertationen!” 


The next writer we have to notice is far more suggestive. M. Inglessis proceeded 
to take “frontal sections” of hardened brains*. These sections were taken 8 to 


Zeitschrift fiir die gesamte Neurologie und Psychiatrie, Bd. xcv. S. 464—472. 1924. ; 
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10 mm. apart parallel to the plane through the auricular axis perpendicular to 
“Rieger’s horizontal plane*.” Photographs were then taken of the faces of these 
slabs and the areas right and left measured on the photographs by aid of a plani- 
meter. No attempt seems to have been made to reconstruct the volume of the 
hemispheres from the known thickness of the slabs and the areas. It may be re- 
marked that asymmetry in the positions of the auricular passages would produce 
artificial asymmetry of the sections. Taking 3 °/, difference as negligible our author 
proceeds to measure the percentage difference of his hemispheres; he does not as 
far as we can see state on what his percentage difference is measured. We take it 
that symmetry means in his case equality of areas, and that he terms that side 
“asymmetrical” which has the greater area. He divides the brain into a “forward” 
part, i.e. that in front of the standard plane through the auricular axis, and a 
rearward part, namely that behind this plane. On the basis of measurements for 
200 brains Inglessis found: 
Forward part symmetrical, rearward part symmetrical, 13 : 6°/,. 

» asymmetrical, 168 : 84°/,. 

» asymmetrical, » symmetrical, 0:0°/,. 

» asymmetrical, 19 :5°/,. 
Thus of the forward parts 181 were symmetrical and only 19 asymmetrical, but of 
the rearward parts 187 were asymmetrical and only 13 symmetrical. The 19 brains 
with asymmetrical forward parts were chiefly those of persons with organic brain 
disease, in particular, paralysis. Age and sex seemed to have little influence on the 
asymmetry, and the influence of disease was not definitely significant for this 
number of brains. 

It will be seen that if we can trust Inglessis’ results the asymmetry was practically 
confined to the occipital lobes, and we must answer the question put to Broca as 
to whether the enlarged frontal portion of the left hemisphere was due to the organ 
of speech being on the left side, by saying that the frontal portion of the left 
hemisphere is not greater than that of the right, and thus it is idle to question 
whether it is due to the pre-eminence of the left third frontal convolution behind 
the pterion. Inglessis thus directly contradicts Broca’s view. Turning now to right 
and left asymmetries, i.e. to which is larger, Inglessis finds that of the 19 forward 
asymmetries 11 were left and 8 right, i.e. the difference is not significant, but of 
the 187 cases of rearward asymmetries 161 were left and only 16 right. Thus 
according to our author the brain is asymmetrical, but this asymmetry is confined 
chiefly to the occipital part of the hemispheres and here the left hemisphere pre- 
dominates. If we combine the conclusions of Braune and Inglessis we should accept 
a predominance of the left side of the encephalon in the occipital portion of the 
cerebrum and in the cerebellum. But if this be true, is it needful to associate it 
with differentiation of psychical function in the two hemispheres? May it not be 
that a majority of persons having their hearts on the left side find it easier to sleep 
for the major portion of the night on the right side? While the brain is growing this 


* For a definition of this plane the author refers to an inaugural dissertation of Gertrud Wolf: 
Ueber die Lage der Ohrachse, in Beziehung zum Schdédel und Gehirn. Wiirzbuarg, 1918. 
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must give greater pressure on the occipital than on the frontal portion of the right 
hemisphere, while the left hemisphere would be free of such pressure. Hence 
might arise the asymmetry observed by Braune and Inglessis. We do not press the 
point, but it seems as worthy of consideration as any theory of left pre-eminence. 
It is also consistent with the view of H. Reichardt*, who holds that there is no 
sensible difference between the weights of right and left hemispheres even when 
the skull is asymmetrical. 


We now turn to a second memoir by Inglessis entitled: “Ueber Kapazitiits- 
unterschiede der linken und rechten Halfte am Schiidel bei Menschen (insbesondere 
Geisteskranken) und iiber Hirnasymmetrien +.” The object of this paper is to show 
that there is an extensive agreement between the skull and the brain sides which 
predominate (“iiberwiegen”). Inglessis does not appear to have had the whole skulls 
from which the brains were extracted, but only the skull-caps (“Kalotten”) which 
were removed for the purpose of extracting the brains. These caps were taken off by 
saw-cut; and he says that they were sawn off at the plane going through the upper 
borders of the orbits and the uppermost points of the auricular passages. Now our 
own experience shows us that the upper borders of the orbits and the two auricular 
points in the vast majority of crania do not lie in one plane, and to take off a skull- 
cap with any exactitude in this way would be a task of the greatest difficulty 
demanding an accuracy hardly attainable in the post-mortem room. Inglessis 
considers the skull-cap thus obtained gives the most important portion of the 
cerebrum. He then divides the skull-cap into the right and left halves by a sheet 
of lead. This is taken through the crista galli, in the concavity through the sulcus 
longitudinalis superior, and posteriorly through the “middle” of the protuberantia 
occipitalis. He does not say how he cut the lead sheet to fit the individual skull- 
cap, or how, having done so, the right and left capacities were determined by 
water up to a border which could not be uniplanar. The whole process seems an 
extraordinarily difficult and necessarily rough one, but Inglessis concludes that the 
capacities thus determined agreed with the frontal section method in showing the pre- 
dominance of the left hemisphere; thus the predominance of the left hemisphere in 
the case of the skull-cap must have been in the capacity of the occipital region. Our 
author attributes in chief although not entirely the difference in capacities to the 
deviations of the falx cerebri to right or left}. 


Deviation of Falx to right Falx straight Deviation of Falx to left 
59°4°/, 19°8°/, 20°8 °/, 

Asymmetry to left Symmetrical Asymmetry to right 
63°5 °/, 63°/, 30°2°/, 

Predominance of left in skull-cap Equality Predominance of right in skull-cap 
63°5 °/, 52°/, 31:3°/, 

Lateral Ventricle greater on right | Ventricles equal Lateral Ventricle greater on left 
66°8 °/, 17°8°/, 15°4°/, 


* Arbeit aus der psychiatr. Klinik zu Wiirzburg, Heft 1, 8. 44, und Heft vr. 8. 341, 611. 
} Zeitschrift fiir die gesamte Neurologie und Psychiatrie, Bd, xcvn, 8. 354—373, 1925. 
As determined by the sulcus longitudinalis superior deviating to right or left, but this does not appear 
to measure the full possibility of deviation in the falx cerebri. 
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The measurements were made on 96 skull-caps only. Our author terms this an 
“ausgedehnte Uebereinstimmung im Ueberwiegen der linken Seite.” In women 
Inglessis found that the predominance of the left hemisphere was less; this should 


be correlated with more left-handedness in women than men, which does not appear 
to be the case. 


If we might trust Inglessis’ method and results, they would give us confidence 
in the belief that internal measurements on the skull will more or less accurately 
describe what is the position with regard to the brain. 


A paper by Rasdolsky, entitled “The Asymmetry of the Hemispheres of the Brain 
in Man and the Animals,” appeared in 1925*. The author starts with the statement 
that the functions of speech, writing, reading, customary and expressive actions, the 
visual and auditory gnosis are only perfectly developed in man in one predominant 
hemisphere ; and that except in man the two hemispheres are quite symmetrically 
organised. Presumably therefore manual laterality does not occur in apes, monkeys 
or parrots (see our p. 100). He attributes right-handedness to the position of the 
heart and the effect that the expenditure of much energy on the left side would have 
on the heart (described as the theory of Astuazaturoff and Weber). There are no 
experimental data given and the paper is a somewhat dogmatic attempt to account 
on a developmental basis for the pre-eminence of the left hemisphere which 
Rasdolsky considers proven. If apes and monkeys, having a left-sided situation of 
the heart, be considered as animals, is it correct to assert that their hemispheres 
are symmetrical and they have no manual laterality? 


In 1926 we have a paper by C. U. A. Kappers on “The relative Weight of the 
Brain Cortex in Human Races and in some Animals, and the Asymmetry of the 
Hemispheres+.” Here we are concerned with the weights of the grey matter in 
right and left hemispheres taken in relation to the total weight of the hemisphere 
and of the brain. Kappers’ procedure is clearly a long and laborious one, and it 
could not be easily applied to determine in adequate numbers either the mean of 
the difference of these relative weights or the probable error of this difference, He 
applies it only to three Dutch and three Chinese brains which are far too few to 
really determine (i) average differences, (ii) any excess or defect in right or left 
hemisphere, or (iii) any differentiation of European and Chinese brains. 

J. Wilde in the same year, in a paper entitled “Ueber das Gewichtsverhaltniss 
der Hirnhialften beim Menschen f,” returns to the old problem of weighing the two 
sides of the brain. He dealt with 200 brains of individuals from 17 to 77 years 
of age of which 125 were male and 75 female, and says that his greatest error as 
shown by control measurings was 0°25 gr. The brains were those of Letts, Germans 
and Russians. We have only seen Wallenberg’s account of the paper in the 
Zentralblatt f. d. gesammte Neurologie u. Psychiatrie (Bd. Lv. S. 393—4), but the 
divisions and measurements seem to have been carefully made. The total weight 


* The Journal of Nervous and Mental Disease, Vol. uxt. pp. 119—132, N.Y. 1925, 
Ibid. Vol. pp. 1183—124, N.Y. 1928. 


}{ Paper from the Neurologic Institute of Riga. Latvijas Univ. raksti, Vol. x1v. pp. 271—288, 1926. 
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of the right side was somewhat the heavier, and this applied also to the cerebrum. 
On the other hand the (cerebellum + pons Varolii + medulla oblongata) was heavier 
on the left side than the right. Thus this last brain weight paper appears to con- 
firm the results of Thurnam, Broca and Braune, who found the right hemisphere 
somewhat heavier (see our pp. 96, 97, 104), and of Braune again who found the cere- 
bellum heavier on the left (see our p. 104), and to confute those of Boyd (see our 
p- 95), who found the left-hand hemisphere heavier. Our author concludes that : 


“The weight of the brain is accordingly no witness to the functional superiority 


or inferiority of the brain (exception being made of that of the microcephalic idiot 
which falls below the normal limits).” 


Walther Riese in the following year (1927) published a paper* on: “Die Uber- 
wertigkeit der einen Hemisphiire auf Grund hirnmorphologischer und hirnpatho- 
logischer Untersuchungen.” He criticises strongly the view that superiority belongs 
to one hemisphere or to the other. He asserts that we must investigate in each 
locality which hemisphere has the greatest area of functioning substance, furrows 
and convoiutions both being examined. It will be found in this way that one 
hemisphere may dominate for one tract and the other for another. Riese considers 
that all grades of superiority may occur and these may vary from one tract to a 
second. A manual dextralist may inherit only the laterality of one tract, and this 
give rise to a very complicated laterality in the brain. Our author cites with ap- 
proval Kleist, who considered that for any brain tract there might be sinistrality, 
equality or dextrality. Thus a genuine manual dextralist might on his supposed 
inferior right hemisphere actually have tracts of superior brain dextrality(S. 227—8). 
According te Riese (who does not cite Ogle, but appeals to a single case examined 
by Flechsig) there may be a superiority of blood vessels on the left side, but it is 
not yet proven 

Direct investigations of whether the left hemisphere is wholly directive have 
recently been made. We may refer first to R. A. Pfeifer, who has considered the matter 
in his “Bemerkungen zur Links- und Rechtshiandigkeit}.” He starts by saying that if 
we accept the “ Aproxielehre” of Liepmann we are forced to the conclusion that the 
superiority of the left hemisphere almost entirely excludes any participation of the 
right in action. But observations on left and right-handedness teach us that both 
hemispheres influence each other in alternating manner in action; this Pfeifer 
says is very obvious in the use of bilateral innervatory identical musculature, as 
when the two hands make the same or opposed movements. In the use of bilateral 
innervatory identical musculature the anatomical certainty of the course of the 
motion is most remarkable, and we attribute it to the linkage of homologous 
districts in the brain by the nerve fibres of the corpus callosum (“ Balkenfasern”) and 
thus the transit of innervatory impulses from one side to the identical innervatory 


* Monatsschrift fiir Psychiatrie und Neurologie, Bd, ix1v. 8. 195—228. 

+ Riese’s main material consisted of three brains of manual dextralists with disturbance of speech 
and right-handed lesions. In these cases he was able from convolntions and sulci to show morphological 
right side superiority. 

t+ Miinchener medizinische Wochenschrift, Bd. uxx1v. i. 8. 346, 1927. 
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musculature of the other. Thus in writing with the right hand arises by way of 
latent co-practice the mirror writing of the left hand; bad writing of the left hand 
flows from this acquired tendency to mirror writing. From these and other instances 
and illustrations, Pfeifer draws the conclusion that the so-called dominance of the 
left_is not independent of the corresponding tract on the right hemisphere. 


Some attempt to measure this reciprocal influence of the cerebral hemispheres 
has been recently made by J. Wysocki* and by Wysocki in conjunction with L. 
Zbyszewski*. Their process was associated with the phenomena termed by Brown- 
Séquard “dynamogénie.” 
Lentre-croisement de deux excitations dans un groupe de cellules nerveuses, & lintersection 


de deux neurones, ne détermine pas toujours des actions d’arrét, mais peut donner lieu, au contraire, 
4 un renforcement de l’excitation. (oc. cit. p. 1009.) 


The same class of phenomena has been termed by Exner “Bahnung.” Choosing 
homologous motor tracts of the surface of the two hemispheres of the brain, our 
authorsexcited them in diverse ways, and found that these excitations had areciprocal 
influence. It would thus seem possible by exciting one hemisphere in a definite 
region to strengthen the effects which flow from exciting the other hemisphere in 
the same region, or there is some evidence to indicate that the two hemispheres to 
a greater or less extent cooperate. 


(ii) Our own Material. It will be seen from the previous analysis of papers 
dealing with the pre-eminence of one or other hemisphere that the earlier and 
somewhat dogmatic views have been largely called into question, and that the pre- 
eminence claimed for the left hemisphere has not been shown hitherto definitely to 
be associated with corresponding pre-eminence in such gross characters as weight 
or size. The measurements referred to in the first section of this paper permit a 
definite answer to be given to the relative pre-eminence of the hemispheres in one 
measurement of size, namely their length. The maximum lengths of the right and 
left sides of the cranial cavity were taken in 729 male Egyptian skulls. These lengths 
were taken on either side of the crista galli to points above the occipital protuberance, 
the instrument being held parallel to the median sagittal plane, and endeavours 
made to pass from the most anterior point of the frontal to the most posterior point 
of the occipital bone. Three trials were made to obtain the maximum on each side, 
and the greatest of these was selected as the maximum for each side. If these lengths 
be Ly and L,, then }(1z2+L,) was the quantity used for correlation purposes in 
connection with the capacity of the skull. This quantity 4 (Lz + Z,) was entered on 
the card of the skull, and no record preserved of which component length was Lz 
and which L;. The same system of measurements was again repeated for the whole 
729 crania, record being kept of Lz and L,, separately. The maximum values right 
and left were read to the nearest half millimetre and Fig. 1 provides a complete 
statement of all the corresponding values and a picture of the results. 


* Comptes rendus de la Société de Biologie, Tom. xcvi. pp. 572—575, March, 1927, and Tom. xcr. 
p. 1009 (1925), Tom. xcrr. p. 1629 (1925). 
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We will investigate first how we can determine the error due to the measurer. 
Let z, be the mean of the two lengths in the first measurement and zg be the corre- 
sponding quantity for the second measurement. Let Lz and L, be the true lengths 
of the hemispheres, and ¢;, é2, €;’, 2’ the errors made in the measurements taken of 
the four lengths, then 

L,)+ + hey, 
and accordingly 
22 = & — — 
and if o denotes a standard deviation 
= t(o%, + + + 
approximately, for there is no reason to suppose high correlation of errors. 

Now o*,, = 0%, and o*,, = 0%, for they represent the variation in measuring the 
same quantity at a short interval. Further we have no strong reason to assert that 
any sensible difference was made in the manner of measuring left and right hemi- 
sphere lengths. Thus it seems fair to take o%, =o%,, and accordingly we have 
Oz,-z,=., Where e€ stands for €, €, € or €. In the next place the frequency 
distribution was formed of 2;— 2, i.e. the difference of }(Lp+ L,) at the first and 


second measurements, and the mean and standard deviation obtained of this dif- 
ference. They are in mm.: 


Mean (1st measurement — 2nd measurement) = — +1104, 
Standard Deviation o,,_,, = 17856. 
Hence: Mean/probable error of mean — “1104/0446 = 2°47, 


and accordingly as the ratio is less than 2°5, it is not at all improbable that the 
difference in the means of $(L,p + L,) at first and second measurements may be due 
to errors of measurement. Now let us consider the means of Lz and L,; the probable 
error of measurement of both is ‘0446, and accordingly the probable error of their 
difference, if due to errors of measurement, is ‘0631, but the means of Zp and L, 
differ by 9945 mm. or by 15°75 times the probable error of the difference. Thus al- 
though the probable error of a single measurement ="67449 x 1°7856 = 1'2043 mm. is 
considerable—as it must be when we remember the difficulties of taking an internal 
measurement by way of the foramen magnum—yet the process is sufficiently ac- 
curate when we take the means on 729 crania to prove that a mean length of right 
hemisphere of 171°0446 is significantly greater than a mean length of left hemi- 
sphere of 170°0501 mm, In other words, if we may take our sample of over 700 
male Egyptian skulls as representative, the right hemisphere is in the main of 
greater length, and therefore probably of greater capacity than the left. 
The actual constants obtained from the measurements are: 
Mean Lp=L,= 1710446 mm., Standard Deviation = 59551 mm. 
Mean L,= L,=170°0501 mm., Standard Deviation = 5°6908 mm. 
Correlation coefficient = 9603 *. 
* From the grouped Table IV on p. 112. Worked from the formula 


we have 1,,, ="9602. 
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If we work from the formula: 


Correlation coefficient = _ (Le- L,))\? 
N 


where = is a summation for all values of Lz — Lp greater than L, —T,, we find 
Correlation coefficient = *9614. 


These values are, of course, uncorrected for errors of measurement, and the last 
two obtained by very different methods are in good accordance. 


Since Lp = Ly +, and we may suppose e, independent of the length measured, 
we have 
and this leads to 


1, = 5°681053, and = 5403434, 


for the true variabilities of Lz and L,. Thus the true variabilities of Zp and L, are 
3°18 and 3°03 times the variability due to error of measurement, i.e. 1°785568. 


We are not able, however, to correct r,, 7, for the errors of measurement; for if 


we multiply the crude value ‘9603 by wtsC Es we fird the corrected value somewhat 


exceeds unity or our o, is too large. This we believe arises from the hypotheses 
(a) that measuremental errors in determining Lz and L,, are uncorrelated, for corre- 
lation may arise from the approximate symmetry of the skull which creates the 
same type of difficulty on either side, or again from the nature of the individual 
foramen magnum; and (b) the same conditions may influence the errors ¢, e,' (or 
€, €2) When meastring the same length twice. Such correlations will influence not 
only the size of o, and so the sizes of oj, and o;,, but also the value of the product- 
moment S(L;,L,). Actually 


¥ 
V S(Lp— Lp) (Ly Ly) 


Li = 2 2 5) 2 
— Fe) (O71, — 
but as our data are inadequate to find r,,., (= probably r.,.,), and we do not know 
(= probably OF Te, (=probably we cannot determine o2. Our results, 
however, do indicate that these correlations differ from zero, even if the associations 
be only slight. 


We have seen that the errors of measurement are unlikely to account for the 
difference between mean Zp and mean L,, we may now consider whether their 
difference “9945 could easily arise from random sampling*. As we do not know 


* hence: mean L,=mean L,+mean In taking the mean L,—mean L,=mean 
L,-mean £, we merely suppose mean ¢,=mean e, and not necessarily mean ¢;=zero. It might 
be supposed that mean ¢, could not be zero as we are aiming at L,;=true maximum length, but it must 
be remembered that this length is to be measured parallel to the median plane, and if there be error in 
this adjustment we may exceed the true maximum, further there may be errors in excess in reading the 
instrument or in resetting it after extraction, so that we cannot by any means assert that all e’s are 
positive. 
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the true value of the correlation of ZL, and L, we are compelled to use that of Lp 
and Ly, i.e. 9603, which cannot differ much from it. We have then 
O75 = — 207,07, X “9603 
= 2°514,4343, 
or, = 1°585,697. 
Accordingly the probable error of Ly —L,, or ‘9945, is 0396; thus the difference is 
over 25 times its probable error. 

Lastly if we consider the observed difference of mean Lz — mean L,, its observed 
standard deviation is 1°664,3155 and therefore the probable error of the difference 
is 0416, or the difference is 23°9 times the probable error, this last proceeding 
neglecting the distinction between variation due to random sampling and that due 
to measuremental errors. Whichever way we approach the problem we find the 
significance of the difference between the lengths of right and left hemispheres 
emphasised. 


We may attempt to compare our results for greater right hemispherical length 
with those of Braune and others for the relative weights. Thus let us consider 
two skulls both of which are symmetrical, but one of which has the mean internal 
length 171-0446 and the other 170°0501—..e. the mean right and left hemisphere 
lengths—further, we will suppose the internal height and breadth to have their 
mean values, the capacities of these would be, by the formula on p. 92, 1435°39 
and 1442°80 cubic centimetres*. Now Braune gives 1260°61 grs. for the mean 
weight of the German encephalon; assuming his material was chiefly male, the 
cranial capacity of Germans would be about 1500 cm or 1 cm.? of capacity corre- 
sponds to ‘8406 gr. of brain weight. Our two symmetrical brains would therefore 
correspond to weights of 1206°59 and 1212°82 grs. respectively for the entire brain. 
But Braune found the ratio of weight of encephalon to cerebrum to be 1260°61 to 
1100°89, or the factor is ‘87329, accordingly the weights of the cerebrum in these 
two symmetrical brains would be 1053:70 and 1059°14 or their hemispheres 
526°85 and 529°57. If these two hemispheres be put together to form a single 
asymmetrical brain with the larger weight on the right side, they would correspond 
to a mean skull with the difference in length of right hemisphere over the left equal 
to ‘9945 mm. This would give a preponderance in weight of right hemisphere of 
brain = 2°72 grs. Braune found a difference of 1°57 grs., which we have shown to 
be significant, and Broca of 1:97 grs. The difference between our result and Braune’s 
is about three times the probable error of the difference. Such a difference might 
very well be anticipated for we are dealing with two very different races at very 

* The reader must bear in mind that the mean value P, of the internal diametral product is not the 
product of the three mean internal diameters, i.e. L;B;H;, which is 2901-94 cm.° corresponding to a 
capacity of 1438-30 cm.3, and not 1440°30 cm.*, the mean value. The true mean P; to a first approxima- 
where the v’s are coefficients of variation. This gives P;=2906-03 cm.3— a reasonable approach to the 
true value 2906°53 cm.*, The slight difference 0°5 cm.* is due chiefly to the effect of grouping in deter- 


mining the means of P;, L;, Bj; and H,, and not to the need for a further term in the approximate 
value. 
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different periods of history, and we have further neglected all differences in size of 
the hemispheres except their length. It may well be that there exists some com- 
pensatory factor at work, so that a long cerebral hemisphere may be less high and 
broad. Further our method of approximation is very rough, it being improbable 
that the weights of encephalon and cerebrum are really proportional to their cubic 
capacities. Still the fact remains that the best weighings and the most complete 
series of measurements yet made lead to the same conclusion, a pre-eminence of the 
right, not the left side of the cerebrum. If it were not that so many anatomists 
have sought to associate a psychical pre-eminence of the left with size or weight, 
we should have been inclined to say ab initio that such pre-eminence, if it exists, 
would have little relation to such crude physical characters as these. Indeed 
we should doubt whether it would be found markedly exhibited in anything short 


of microscopic differences in corresponding tracts of the grey substance of the two 
hemispheres. 


Before we conclude this matter we may draw some further inferences from 
our Fig. 1, on p. 110 above, where the readings are taken to the nearest half 
millimetre. The dotted diagonal line marks the cases in which to within the unit 
of measurement the two hemispheres were of equal length. There are 81 cases or 
1111 °/,. Adding up the cases in lines parallel to the diagonal line we get the 
accompanying frequency distribution for L,—L,, the length of right hemisphere 
minus length of left. This shows us that in 68°59 °/, of cases the right hemisphere 
was larger than the left, and that it was only less than the left in 20°30 °/, cases. 
If we divide up the 11°11 °/,, in which to our unit of measurement the lengths are 
equal, in the ratio of the excess of left over right to excess of right over left, we find 
on adding these 2°54 °/, and 8°57 °/, to the 20°30°/, and 68°59 °/, respectively, 22°84°/, 
of cases of the left hemisphere in excess and 77:16 °/, cases of the right. As the 
process is a rough one these percentages are close enough to 25°/, and 75 °/, for a 
very ardent Mendelian to suggest that lesser size of left hemisphere is inherited as 
a Mendelian recessive, and corresponds with the asserted 25 °/, of left-handedness. 
But if size has anything to do with dominance of control this relationship will 
scarcely work, as it is the left hemisphere which is supposed to control the right- 
handed person’s movements. 


TABLE V. 
Lp Ly in mms. 
ess +] +] 4] +] +] 4]+ 
27|46/37| 81 |73|88/89/91/68| 38| 20 17|11| 2 3] 729 | 
Left greater 148 81 500 Right greater 729 | 
20°30°/, °/, 68°59 °/, 100°/, | 
22°84 °/, | 77°16 °/, 100°). | 
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To test the percentages still further the frequency was fitted with a Pearson 
Type IV curve (see Fig. 2) and the areas on either side of zero read off with a plani- 
meter; the percentages then obtained were: 


Length of R. Hemisphere > Length of L. Hemisphere 75°48 °/., 
” ” < ” 24°52 


In other words the number of cases in which the left hemisphere is shorter than 
the right is exceedingly close to the Mendelian quarter. 


We may judge from these results that the right hemisphere of the cerebrum, so 
far from being inferior in size or weight to the left hemisphere, is slightly superior 
to it, and the proportion of cases in which it is in excess of the left corresponds closely 
to the number in which the right side of the skeleton exceeds the left, or, as some 
have asserted, the proportion of right-handed to left-handed individuals, which has 
been claimed to be a Mendelian three-quarters. We do not consider that this is in 
any way opposed to the view that—at any rate for some functions—the left 
hemisphere may predominate, because we do not believe that a volitional pre- 
dominance is of necessity associated with such gross characters as size or weight. 
Consequently we do not think that the present result must be taken in any way to 
strengthen the assertion recently made on the basis of monumental art that the 
ancient Egyptians were a left-handed race*. 


) 


193) 


21-9640 


igi 503496, and fr mode +°477868. 
the distance from origin of curve to mean being — 18°503496, and from mean to mode +°477 


( 


There is a slight—a very slight—predominance of gross physical characters, 
possibly in the ratio of 75 to 25 for the right side of the body, and this extends to 
the right side of the brain notwithstanding the decussation of nerves, which it has 


been held must connote a gross physical pre-eminence of the left hemisphere 
in manual dextralists. 


The standard deviation = 3°328631 = 1°6643155 in mm. 


5 : A ppendia of Tables. 
Capacity and Internal Breadth. 
IIL. » Internal Height. 
TY. » Lxternal ,, 
= V. » Internal Length. 
VE. » External 
VII. Length Thickness and Breadth Thickness. 
VIII. » Height 


IX. Breadth __,, 

X. External Length and External Breadth. 
XI. » Breadth ,, Height. 
» Length ,, 


» »” 


* See Man, Vol. xxvuit. p. 137, but also Vol. xxrx. p. 24. 
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Internal Length and Internal Breadth. 


» Breadth ,, » Height. 
» Length ,, 
External Length and Internal Length. 


Internal Breadth and External Height. 
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External Diametral Product and Capacity. 
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TABLE III. Capacity and Internal Height. 


Internal Height in mm. (Central Values). 
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TABLE V, 


Inte 
147 148| 149 | 150 151 | 152 153 | 154 | 155 156 | 157| 158 | 159 | 160 | 161 | 162 | 163 | 165 | 165 | 166 
1175 | —| —|—|5]15] 5 | 2] 1 | — 
| 1225} — | —| —| —| —] -5] 1-25] 1 | — | | 9-95 | 9-75 | 4-25 | 9 25 | 1-75 | 
> | 7975 1 1 | -75] 25/3 | 5-75] 3-875] 3-195] 2-25 
—|—|—]—] — 9-95] 4-5. | 7-625 | at-a75 | 11-251 7-25 
1375} | —| —] —]1 | 475 | 595119 
S| 1425 —|—|—] — | —] —] — — 2 275 | 25 | 65 
| 1675 — | —| — | — | — — | — — — 
Totals} 75 | 25 | 1}1j—|s]2 | 1-75 | 75 | 3 | 1 | 8-25 | 5-25 | 9-5 1275) 16 | 20°25 25°25 | 27-75 | 32-75 


168 | 169 171 172 173 |174| 175 | 176 |1 
. | 1075 F — | — | — | — | — | — | — | — | — 
1175 — | — l 3 
| 12257 8 5 
1275 — | — 1 142 4 
| 
1475 — — — a) 3) 
1925 — |} — | — | — 
Totals} | 4 |—|—] 5 | 6 8 
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TABLE V, Capacity and Internal Length, 4(L;,+ L,). 


Internal Length in mm. (Central Values). 


3 | 164 | 165 | 166 | 167 | 168 | 169 | 170 | 17a | a7v2 | 173 | 17% | 175 | 176 | ; 
3125] 8 2-25| 3-25| 2-75| 1-75 | 1-25 — qe 
11875 | 11:25 | 7-25! 675) 10 4 325 | 25 | 2 | 75 
4°75 | 5251/12 |12 | 16-25|13-375| 9°875| 7-75 | 625 | 4 | 1 
2-75 | 25 | 6-5 | 8-25 | 12°25| 15-875 | 21°95 | 21 17°375 | 12:5 | 475 | 3 
| 2°75) 4 9°25 | 15 | 11-625| 9-625 | 17-125 | 9-625 | 7-75| |2 
1:75 | 2°75 | 15 6875 | 7-625| 825 | 6-625] 6875 |14-:75/12 |8 

— | 275 | 2-375| 3:875| 83 | 7:5 8-251 4:25 | 9 
25°25 | 27-75 | 82-75 | 51°5 | 60°75 53 50 | 52°25 | 34-25 40 | 32°5 


TABLE VI. Capacity and Eaternal Length. 


External Length (Central Values). 


| 181 | 182 | 183 | 184 | 185 | 186 | 187 | iss | 189 | 190 

495| 95 | 25 3 

775/115] 65 | 85 17 | 3 2 15] 3511 
11°75 | 675 | 83) 5 6 55 2°5 

7 7 9°25 | 12°25 | 12°5 | 15°75 | 11°75 | 7°5 | 10°5 | 6 

55 | 95| 6 8-5 |10 | 18-95] 9-25] 65 | 6-5 

| 5 | 25 |10 | 15 451) 6 | 5:5 

1 5} 2 35 | 2 | 53 | 4 3:5 | 

516 | 8 21 | | 36 | 38-5 56°5 | 415 | 53 | 48 | | 49 | | 34 


175 | 176 | 177 | 178 | 179 | 180 | 181 | 182 | 183 | 184 | 185 | 186 | 187 | 188] 189 Totals 
7-751 5 |2-75 |3 75 |2-25| — | — 
14:75|12 | 8-625 | 5-625 | 4-25] -5 | -75/1-75| — | 925 
8-25 | 4-25 | 9-625 | 3°375|5°5 | 2-75] 2-25/1-5 | 2-25] —| —|—|—| 66 
[275 (2:75 |1-75/2 | 2-35] -25}1 75 
1 75| -75 11-25 | -3 |2-75/3-75/3 2-25] 2-25 | -75]1-5|-75 — | —] 92-5 
— | -75| -25| — }--75| —| +4 
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6 |65| 7 | 8 | 85 9 10 | 10-5) 11} 11°5| 12 | 12:5] 18 | 13-5 
[15] 25 1 2°5 2 3 2 115) 3 
S| 5] 1 (15) 5125115] 5] 35 
1 |—] 56/3513 | 35] 4:51] 35 19-5] 65 
| |—|—]—] 3] 1 a4 2 | 25) 4 
7 8/1 —] 1 512 | 65) 1 15 |5:5| 5 
2 5 | 4 15 | 3 3515 5 
| —jl1 |1 9 15/2 | 2 
| — | — | —| — —] — J — | — | 

Totals] 2 | 4 3 11 | 15 | 125 | 13-5 | 24 29°5 | 26°5 | 31°5 | 33 | 


6 |e5| 7 75 | 8 | 85 9 | 10 | 11 | 125 | 12 | 13 | 

= 3 3] — 2 13 1% 

35 | — — {1 2 |35| 9 15 | 15 1-5] 4 

= 4 5] | 2 3 13 | 25)15]95/3 | 4 

1 25/15/15] |5 | 2 614 | 15 
Bal -3]1 5115) 151251] 15]15]1 | 25) 55] 9 | 
= 55 | —| 15] 15)—| — 9g 3 5 45 |4 5 4 

—|—} — — | 25] 125) 15] 45 |] a5] +5] 45 
6571 | 5/1 — |] 5] 1 115] 2 1 1 |3 | 3% 
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TABLE VII. Length Thickness and Breadth Thickness. 


Difference of External and Internal Lengths in mm. 
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TABLE VII. Length Thickness and Height Thickness. 


Difference of External and Internal Lengths in mm. 
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External Height in mm. (Central Values). 


TABLE XI. Brea 
External Breadth in mi 


126|127| 128 | 129 | 130! 131! 132 | 133 | 134 | 135 | 136 | 137 | 138 | 139 | 140 | 1g1 | 19211 

S| 5 | | — [35 [25 [1-75] 7) — | — 
| —| — | — 5 135 | 5 |35 |25 |3 [2 *75 | 1 
S| 129 |} -5|—] -75/1-75/1 |1 |35 15 | 8-25|5°25/3 [1:5 | -75)4 
| 130 | -5|—| 25] 5 j2 |7°75/375/4 145 135 | — 1- 
| 131 | 15 [4 [35 13) 1525145 115 [5 | 2 
5 | + 22514 |1°75/8 |5 |8 |2-75/ 8-75] 4-75] 2- 
7513 |3 |3 |4:75/65 |6 7-75 | 2-75] 7-25] 2 
38 — —] — 225/383 4:25|3 3°25 | 4 3 4 
| 1399 — | — | —| —] 1 2°25 | 2°75 | 5 6 |3 3 
— | 4+] 25] 295] 4 |45 |1 5 |2 
42 15 | 1-25 | 1-25] 1 “75 | 1: 
us }—|—| —| | — | | 15 
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TABLE XII. External Len 
External Length in mt 


168 169 | 170 171 I72| 173 | 174 | 175 | 176| 177 | 178 | 179 | 180 | 181 | 182 | 183 | 184 | 185 | 186 
1 

i: | — | | —| — | 
4 — | 3 | | 25/198) — | 

199 }—| —| —| —| —] 1] 5] [35 4 | 225] |1-25]4 3 
| — | — | — | 5] 1 3 a5 | 25 16 2-75 15°75 [5 
— — |2 | 55 | 2°75 | 6-25 | 3°75 | 1-78 
mo —| —| —| — 2 2-5 |2 15 
14414 — | —| 35 | — jl 15 1 25 |2 3 
us 3] 1 25 | -25 2 — 13% 
us —| —] —| —| 
|Totals 15} | 5 | 6 8 265) 36 [385/565] 41-5] 53 | 48 | 58 


ternal Breadth and External Height. 


adth in mm. (Central Values). 


41 | 142 | 1483 144 | 146 146 | | 148 | 449 | 150| 151 | 152 158 | 164 | 156 156 | 157 | 158 | 15: 161) Totals 


bo 


Or 
o 
o 
— 


w 
te 


u 
ch ch nb ch 


oro 
be 
| 
be 
cn 


| 


| ch | 


or 


o 


& 
Ke we we 


or 


L | 


30 | | | 10 


ternal Length and External Height. 


ngth in mm. (Central Values). 


io | | | | | | | | 
185 | 186 | 187 | 188 | 189 | 190 | 191 | 192 95 | 195 | 196 | 297 | 198| 19 201 | 202 | 203 | 204 


1 | py 


o 


| 


ob te 


| | 


cu Or Or 


o 


oud 


oor 


wo 


m © 


bo 
oO 


oe 
bo Stor 
oe 
bo 


to 


wm 
, 


w 
no 


bo 


2 
—  — ws 
+75 5% 11 | — | — } | — | — — | — | — — A; 
1 | —| 5] 
| 53°5| 33 | 34 | | 6 729 
Totals 
| — | 2] -25)1 |—|—|—|—|—|—] 33 
75) — | — | — | — | — |—|—| — ams 
l | 2° 115 | 1 — 
| 1°75 | — {1s | —|— | 
49 | 475) 34 | 34 | 26 | 22 9 | a5 [7 | 3 [is] 2] 2 | | 729 


4 
ae 
; 


mor 


147 


148 | 149| 150| 151 
i 


Internal Breadth in mm. (Central Values). 
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Internal Height in mm. (Central Values). 


eee | = 152 | 153 | 154 | 135 | 156 [157 | 158 | 159 | 160 | 161 | 162 | 163 | 165 | 165 | 
| 790 | —|— | “125 — | —} — — | —_|— | | —|— | 
| 123 | — — | —|-125 | | — | 25 25 | -375| -375 
| | —|}—|—]|] —]| — | - — | [1-25 |2 ‘875 | “625 
126 | — | — = — 25 | — | — — | 17125 | §§375 | 9-375 : 
iy —| — | — | — —} -75 | -25 | “375 | "375 | 875 | 1 1°625 | | 
228 | | — — "875 | 1125] — | -875| -195] — | | 
— |= | — | “25 | 75 | — | +125] -375/ 1-125] 
Totals} 1 |—| | 2 [1-75] -75| 3 | 1 | 3-25 5-25 | 95 1275| 16 | 20-25 25°25 | 27-70 
TABL 
ix 119 | 120| 121 | 122 | 123 | 124 | 125 | 126 | 127 | 128 | 129 
—|—|— | =| —|—1 —} 
—+— | — | 5) 5 
121 3 
122 : 
12 
12 
12 
12 = 
128 }—|-5 | | 35 | 2°5 
| 129 | — | 
131 J}—|— | 5 — 
| 132 — | — -95 
| 133 J} —| —| — | — | -95] -95 
Totals} 2 35 | 5-5 | 6 | 13 | 16°5 | 26 | 28:5 | 34-5 | 63: 


TABLE XIII. Internal Length and Internal Breadth. 


Internal Length in mm. (Central Values). 
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TABLE XIV. Internal Breadth and Internal Height. 


Internal Breadth in mm. (Central Values). 
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TABLE XIX. Internal Breadth and External 


Internal Breadth in mm. (Central Value 


~ 


120 121 | 122 123 | 124 | 125 | 126 | 127 | 128 


129 | 130 | 131 | 132.| 1338 134 | 135. 


149 


Totals 


—1 —| —} — 5.11 15 |1 — fos 5 |1 
LS —| —-| |\— | | 225) 1 25 | |1 6219 
197 | —| —| — | 1°25) 1 1 |2 3 1:25}15 3 | 15 | 1 4 
| —|—|—] -5| 75 | 3°25 | 1°25 | 2°75 | 2°25 | 1-75] 3 1 3 3 | 
=} 780 | | — | | 1-25 | 2°25 | 2-25 | 3°75 | 7-25 | 4:75 | 5°75 | | 2-25] 1-75] - 
— | 2 3 2 | 3:5 | 3-25] 4 1 
—| —| 5] | 2-5 | 4:25 | 2°75 | 4°25 | 5°25 | 2-25 | 3°75] 2 25 | - 
plugs. —| —i —| —| | 225/25 |2 3°25 | 9°75 | 5 3°75 | 5°25 | 4 6 4°75 | 1 L 
—| —| —| | 1 2°75 | 4:75 | 4°25 | 9 2°75 | 6 8 4°25 | 2 2 
| 1 3 3 3° |3°75135 | 4 5-5 | 3-25 | 3-25 | 2 
huge —| 2 -| —] | 1:25 15 | 4 1 35 (25 [5 5°75 | 7°25 | 4 5°75 | 3:25 | 1 
‘3 | 19 —| 36] | | 1S | 1°25)1-75/65 16 | 3-751 1-25] 3-75 
f—|—|—|1 | 15 | 1d | 4 1 25 |i 1°25} 
— —|—}1 | 6/1 1 5 13 2°75 | 5°75 | 2 
—| —| —1 — — — — — 1 D 1°75 "75 | 1°5 | 


| 6 | 13 | 26 | 28:5 


34:5 | 63-5 | 47 
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TABLE XXI. External Diametral Product and Capacity. 
External P, Length x Breadth x Height in em. (Sub-ranges). 
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TABLE XXII. Internal Diametral Product and Capacity. 


Internal P, Length x Breadth x Height in em.’ (Sub-ranges). 
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ON THE DISTRIBUTION OF THE RATIO OF MEAN TO 
STANDARD DEVIATION IN SMALL SAMPLES FROM 
NON-NORMAL UNIVERSES. 


By PAUL R. RIDER, Px.D., Department of Mathematics, Washington Univer- 
sity, St Louis; Sterling Research Fellow (1928—29), Yale University. 


INTRODUCTION. 


Ler X and s be the mean and the standard deviation respectively of a sample 
of m drawn from a universe having mean M and standard deviation o. Let x be 
the deviation, X — M, of the mean of a sample from the mean of the universe. 


The ratio z = «/s (or t=zVn—1) plays an extremely important part in a number 
of statistical problems such as determining the probability that the mean of the 
sample does not deviate from the mean of the universe by more than a stipulated 
amount, comparing two mean values, and finding the sampling errors of re- 
gression coefficients*. The distribution of z for samples of n from a normal 
universe has been completely determined—originally by “Student,” who applied 
it to the first of the problems just mentioned—and tables of the distribution for 
various values of n have been constructed +. 


The derivation of this distribution is based upon the following assumptions: 

1. That the means of samples of » are normally distributed with standard 
deviation a/Vn. 

2. That the distribution of standard deviations, s, is given by 


/2 gn—2 e—ns?/202 


f(s)ds= 
(n—3) /2 ~_n—1 


in which f(s) ds is the probability, except for infinitesimals of higher order than 
ds, that a value of s will fall within the range (s, s + ds). 


* See R. A. Fisher, “ Applications of ‘Student’s’ distribution,’’ Metron, Vol. v. (1925), pp. 90—104 ; 
‘* Statistical Methods for Research Workers,” passim. 

+ ‘Student,’ ‘The probable error of a mean,” Biometrika, Vol. v1. (1908-9), pp. 1—25 (see also 
Tables for Statisticians and Biometricians, pp. xliii—xlv, 36); ‘Tables for estimating the probability that 
the mean of a unique sample of observations lies between — and any given distance of the mean of 
the population from which the sample is drawn,” Biometrika, Vol. x1. (1915—17), pp. 414—7 ; ‘‘ New tables 
for testing the significance of observations,” Metron, Vol. v. (1925), pp. 105—8, 113—20. R. A. Fisher, 
loc. cit.; also ‘‘Note on Dr Burnside’s recent paper on Errors of Observation,” Proceedings of the Cam- 
bridge Philosophical Society, Vol. xx1. (1923), pp. 655—8. 
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3. That « and s are independent. 


While these assumptions have been justified for the case of a normal sampled 
population *, they do not hold otherwise, and we do not know how well “Student's” 
probability integral applies. It has been shown in some interesting experiments 
by Shewhart and Winters+ that it applies—as is to be expected from theory— 
to normal universes, and that for certain types of non-normal universe it gives 
better results than does the normal probability integral (i.e. than assuming z to 
be normally distributed). However, these same experiments indicate that it fails 
to a degree sufficient to warrant further extension of theory. 


The failure seems to be due chiefly to the correlation which always exists 
between # and s in samples from a non-normal universe. If the Pearsonian f’s of 
the universe satisfy the relation 8, — 8,;— 3 = 0, the regression of the variance, s*, 
on « is linear; in other cases the regression is well represented by a second order 
parabola{. For points in the §,8,-plane lying above the line 8,—§,—3=08, 
the parabola in the («, s?)-plane is concave upward (that is, its branches are directed 
in the positive sense of the s-axis), while for points lying below this line the 
parabola is concave downward. (See Fig. 3, p. 132.) For the sake of definiteness, 
let us consider the latter case. For large numerical values of « the value of s? 
tends to be smaller than its mean value, which denotes that s is smaller on the 
average, and that | z|=| # |/s tends to be larger. As a consequence, a greater 
number of z’s would be expected to lie outside a certain value of | z | than in the 
case of a normal universe. On the other hand, for values of # near zero the value 
of s*, and also that of s, have a tendency to be larger, causing the values of | z | to 
be smaller. The effect of this would be to make a greater number of 2’s lie 
inside a certain value than when the sampling is from a normal universe. The 
actual existence of the first effect was verified by the Shewhart-Winters’ experi- 
ments. Both effects are shown theoretically in the present paper. 


Several types of universe have been investigated, but the rectangular has 
been studied in greatest detail, as it is the simplest from the standpoint of the 
method employed, The rectangular distribution may be regarded as a special 
case of a considerable number of Pearsonian types||; it is sufficiently different 
from the normal distribution to test whether such a difference causes an appreci- 
able departure from the theory which is based upon an assumption of normality 


* In addition to the references already cited, see R. A. Fisher, ‘‘ Frequency distribution of the values 
of the correlation coefficient in samples from an indefinitely large population,’ Biometrika, Vol. x. 
(1914—15), pp. 507—21; and Karl Pearson, ‘‘On the distribution of the standard deviations of small 
samples,” Biometrika, Vol. x. (1914—15), pp. 522—9. 

+ See W. A. Shewhart and F, W. Winters, ‘‘Small samples—new experimental results,” Journal of 
the American Statistical Association, Vol. xxu1. (1928), pp. 144—53. See also ‘*Sophister,” ‘Discussion 
of small samples drawn from an infinite skew population,” Biometrika, Voi. xx4, (1928), pp. 389—423., 

+ See J. Neyman, ‘‘On the correlation of the mean and the variance in samples drawn from an 
‘infinite’ population,” Biometrika, Vol. xvu1. (1926), pp. 401—13. 

§ It is assumed that the positive direction is to the right on the 6,-axis and upward on the f,-axis. 
| See T. L. Kelley, Statistical Method, p. 128. 
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in the sampled population ; moreover, it is one of the types of universe employed 
by Shewhart and Winters in their experiments. 


Besides the distribution of z, the distributions of various statistical para- 
meters (mean, median, range, extreme average, greatest variate and least variate) 
of samples from a rectangular universe are discussed. It is shown that it makes 
little difference in the distributions of these ,parameters whether the sampled 
population is continuous or discrete. ; 


RECTANGULAR UNIVERSE. 


If with the quantity X; ((=0, 1, ..., m—1) is associated the probability 
pi(Xpi=1), the chance that a random sample of n X’s will contain ny Xo's, n, X1’s, 
X m_18 (Mp + + = N) 


n! 


Ng! My! ... 
which is the general term in the multinomial expansion of 


(Po + Pi + + 

Let us apply this to samples of 4 from an infinite* rectangular distri- 
bution of five classes. Suppose that the variate XY may assume the values 
0, 1, 2, 3, 4. Then, since the probability that X will have a specified value is 1/5, 
we see by the foregoing that the probability of getting a sample.in which all the 
digits are alike is 1/625; the probability of getting a specific sample in which 
three are alike, such as 0004, is 4/625; the probability of getting a specific 
sample in which two are alike of one kind and two alike of another, e.g. 1122, is 
6/625; of getting a specific sample of two alike and two different, e.g. 1124, 
is 12/625; and of getting a specific sample in which all are different is 24/625. 
Thus we know the probability of obtaining a specified sample, and it is of course 
a simple matter to calculate the value of 2=(X —M)/s for the sample. The 
distribution of z, which is symmetric, may be seen in Table I. 


We can now compare our results with those for a normal universe. Perhaps 
the best way to do this is by plotting on probability papert+. This is done in 
Fig. 1. The smooth curve shows the cumulated probability for random samples 
of 4 from a normal universe}, while the series of irregular steps shows the 
corresponding probability for samples of 4 from the rectangular universe of five 
classes. It is seen that although for the larger numerical values of z the broken 
line lies on the concave side of the curve, it quite often crosses it for smaller values 
of |z|, say |z|< 1. 

* For a description of what is meant by sampling from an infinite population: see A. E. R. Church, 
“On the means and squared standard-deviations of small samples from any population,” Biometrika, 
Vol. (1926), p. 323. 

+ For an explanation of probability paper see G. C. Whipple, Vital Statistics, Chapter x11. 

+ Values were obtained from Tables for Statisticians and Biometricians, p. 36. 
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TABLE I. 


Cumulated Probability 
z 625 
(Exact) (Decimal) 
for —2z for +z 
85 “D680 9680 
51/51 1400 2 *4320 5872 
4/35/35 1690 24 6256 
V3/9 *1925- 16 “3744 6512 
V 19/19 2294 12 “3488 6704 
V11/11 3015+ 24 “3296 7088 
1/3 3333 18 ‘2912 7376 
V5/5 “4472 24 7760 
3/43/43 *4575- 12 2240 7952 
V3/3 ‘5774 28 8400 
319/19 “6882 12 “1600 8592 
8165- 12 *1408 8784 
3V11/11 “9045+ 12 “1216 “8976 
9623 4 “1024 9040 
1 1-0000 12 “0960 9232 
J2 14142 12 ‘0768 9424 
1-5076 12 “0576 9616 
V3 1°7321 8 “0384 ‘9744 
5V3/3 28868 4 0256 “9808 
3 30000 6 ‘0192 9904 
7 V3/3 4:0415+ 4 ‘0096 “9968 
2 “0032 1-0000 
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Probability of z for Samples of 4 from Rectanguiar Universe of five Classes. 


The cumulated probability is the sum of all the probabilities from z= — «© to z= inclusive. 
It is the probability that the mean of a random sample will not exceed (in algebraic sense) the 


mean of the universe by more than z times the standard deviation of the sample. 


Tables II and III give the probabilities for samples of 3 and 2 respectively 
from the five-class rectangular distribution. They may be compared with the 
/ tables of “Student ”* for samples from a normal population. 


* Student,” “‘Tables for estimating the probability that the mean of a unique sample of observa- 
tions lies between - and any given distance of the mean of the population from which the sample is 
drawn,’’ Biometrika, Vol. x1. (1915—17), pp. 414—17. 
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/ 


w 


/ 


nN 


(X - M)/s=2/s. 
° 


1 5 2 10 30 50 70 90 98 99:5 99-9 
2 1 5 20 40 60 80 95 99 99-8 


Fig. 1. Cumulated Probability of z. 
The curve is for samples of 4 from a normal universe. 
The steps are for samples of 4 from a rectangular universe of five classes. 


TABLE II. 


7 Probability of z for Samples of 3 from Rectangular Universe of five Classes. 
Cumulated Probability 
(2 | (Exact) (Decimal) | Probability 
| of z 
for —2z for +2 
| 0 ‘00 19 ‘576 576 
| 4/26/26 20 6 "424 ‘624 
| 14/14 27 6 ‘376 672 
“35+ 6 “328 ‘720 
/14/7 ‘D3 6 ‘768 
/3/2 71 9 "232 “840 
6/2 1°22 6 ‘160 “888 
J2 1-41 6 ‘112 ‘936 
| 2°83 3 064 “960 
| 5 V2/2 3°54 3 ‘040 ‘984 
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TABLE III. 


Probability of z for Samples of 2 from Rectangular 
Universe of five Classes. 


25 x 
Cumulated 
— Probability 
2 “08 
2 16 
-1 4 
-1/3 2 
5 “60 
1/3 2 “68 
1 4 *84 
3 2 92 
2 1°00 


A better picture of the situation can be obtained if we employ a rectangular 
universe having ten classes. Suppose then that the variate XY can assume the 
values 0, 1, 2, ..., 9, with the probability of its equalling a specified digit being 1/10. 
The results are shown in Tables IV and V and in Fig. 2. 


3 
{ 
1 
= 6 
| 
=} 
§ 
a 
-3 
5 20 40. 60 80 95 99-9 
2 2 10 30 50 70 90 98 99-8 


Fig. 2. Cumulated Probability of z. 
The curve is for samples of 4 from a normal universe. 
The small circles are for samples of 4 from a rectangular universe of ten classes. 
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Table V and Fig. 2 compare the probabilities, for a ten-class rectangular 
universe and a normal universe, that the deviation of the mean of the sample 
from the mean of the universe, expressed in terms of the standard deviation of 
the sample, will not exceed a given amount. Perhaps the most noticeable pheno- 
menon, evident from the table rather than from the graph, is that the cumulated 
probability curves cross for values of z between —0°8 and — 0-7, at z= 0, and again 
between 0°7 and 0:8, This not only proves theoretically the existence of the effect 


TABLE IV. 


Probability of 2 for Samples of 4 from Rectangular 
Universe of ten Classes. 


Probability 
Below — 4°25 ‘0077 
—4 “0022 
“0026 
-3 “0032 
—2°5 “0074 
-2 “O188 
-1°5 ‘0267 
“0692 
*2000 
0 *B244 
0°5 *2000 
1 “0692 
1°5 ‘0267 
2 “0188 
2°5 
“0032 
3°5 “0026 
4 “0022 
Above 4°25 *OO77 


discovered experimentally by Shewhart and Winters*, but also shows the other 
effect anticipated in the Introduction, viz. a greater clustering of values of z about 
the origin. This other effect is not marked, and Fig. 2 would indicate that for 
z <1 “Student's” theory, based on the hypothesis of a normal universe, is an 
excellent approximation in the case of a rectangular universe. The irregularity, for 
large numerical values of z, of the graph of the probability for the rectangular 
universe, is due to the paucity of such values+. 
Before taking up other types of universe let us study the regression of 
variance on mean for the rectangular universe of five classes. The scatter diagram 
of variance and mean is shown in Fig. 3, from which it will be seen that the 
second order parabola of regression as given by Neymant? is in excellent agreement 
* loc, cit. 
+ For the effects of the grouping see ‘‘ Student,” ‘‘The probable error of a mean,” loc, cit. p. 14. 


+ J. Neyman, “ On the correlation of the mean and the variance in samples drawn from an ‘infinite’ 
population,” Biometrika, Vol. xvu1. (1926), pp. 401—13. 
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with the actual curve of regression. Table VI exhibits the data from which the 
regression chart was constructed. 


OTHER TYPES OF UNIVERSE. 


The other universes considered are shown in Table VII. Each has but five 
classes. Universe N has its first two §’s (the moments are uncorrected for grouping) 
identical with those of a normal universe, B is the symmetric binomial (1 + 1)*, 


TABLE V*. 


The Cumulated Probability of z, or Probability that the mean of a Random 
Sample of 4 will not exceed (in algebraic sense) the Mean of the 
Universe by more than z times the Standard Deviation of the Sample. 


Cumulated Probability Cumulated Probability 
Rectangular Universe + Normal Universe 
for -z for +2 for —z for +z 
0 5335 50000 *50000 
‘1 +4281 *5719 “43676 56324 
“3649 6351 *B7595+ *62405- 
3 *B109 “6891 “31962 “68038 
“4 *2621 “7409 *26912 *73088 
5 2167 "7857 *22509 “77491 
“1811 “8189 *18755— *81245+ 
“1517 “8483 "15606 “84394 
9 "8871 “10846 | “89154 
1°0 “0905 “9095 “09085- *90915*+ 
“0853 ‘9147 “07642 92358 
1°2 ‘0737 “9263 “06460 “93540 
13 “0659 “9341 “05488 “94512 
“0565 "9435 “04688 “95312 
*0537 “9469 *04025* *95975-— 
1°6 “0451 “9549 *96525- 
17 *0439 ‘9561 *03015— *96985+ 
1°8 ‘0383 ‘9617 “02628 ‘97372 
"0347 ‘9653 “02302 “97698 
2°0 “0335 “9689 *02026 “97974 
2°1 “0271 9729 “01790 “98210 
2°2 “0231 ‘9769 “01589 “98411 
2°3 “0231 ‘9769 *01415* “98585 
2°4 *0223 ‘9777 01266 ‘98734 
2°5 ‘0223 ‘9783 01136 “98864 
2°6 ‘0193 “9807 “01022 “98978 
2°7 “0169 “9831 ‘00923 ‘99077 
2°8 *O157 9843 *00837 “99163 
2°9 ‘0137 ‘9863 *00760 “99240 
3°0 “0125 “9875 “00692 *99308 
3°5 “9901 *00450* *99550- 
4:0 “0087 ‘9919 “00308 “99692 


* A more detailed table is given in an Appendix to this paper. 


+ Having ten classes. 
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Mean Value 


of Variance i 


Variance of Sample. 


32 


7 


-¥9 -1 “5 1 1-5 2 
x= Mean of Sample Mean of Universe. 


Fig. 3. Regression of Variance on Mean (Rectangular Universe of five Classes). 
The circles, connected by the solid curve, are the means of the columns 

of the scatter diagram. 

: The crosses, connected by the dashed curve, are points on the second 

i order parabola of regression as given by Neyman. 


TABLE VI. 


Regression of Variance on Mean for Samples of 4 from 
Rectangular Universe of five Classes. 


x L x te 

0 1°8353 85 +1°25 7875 20 

+ 1°75 80 +1°5 “45 10 

+ 5 1°6324 68 +1°75 “1875 4 

Lg + °75 1°4567 52 +2 0 1 
+1 12 35 


s,2=mean variance of column. 
J; =frequency of variances for a given column. 
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B’ is the asymmetric binomial (3 + 2). Results for samples of 4 from N, B and R 
(rectangular universe of five classes) are compared in Table VIII. The table can 


readily be completed for positive values of z. Table IX gives results for the asym- 
metric binomial universe. 


The grouping in these universes is so coarse that results are unsatisfactory. 
The method, however, can be applied to any type of (discrete) sampled population 


and it is desirable that it be applied to other universes with more classes as it was 
applied to the ten-class rectangular universe. 


An interesting case is that in which the sampled population contains only two 
classes of individuals. For such a population the relation B,—8,—1=0 is satisfied 
and the variance, s’, is a definite function of «. For example, suppose the variate X 


can assume the values Xo and X, with the probabilities 1—p and p respectively. 
Then it can be shown* that s?=(X,—«) (a— Xp). 


The probability of obtaining r X,’s and (n—r) X,'s in a sample of n from this 
universe is (") p’(1—p)"-*. The mean of such a sample is (1/n)[(n— 1) 
and its deviation from X9+p(X,—X,), the mean of the universe, is 

a =(r/n— p)(Xy— Xo). 
The standard deviation of the sample is s = (1/n) Vr (n—1r) (X,— Xo), whence 


r--np 
Vr (n—r) 
TABLE VII. 
Universe N B B' 
Xx f f 
0 1 1 81 
1 20 4 216 
3 54 6 216 
3 20 4 96 
4 1 1 16 
Totals 96 16 625 
Bi 0 0 0°04 
Bo 3 2°5 2°54 


* See Neyman, loc. cit. p. 403. The formulae for o? in (9) and (10) are incorrect; they should be 


ot= P (y—a)? in (9), and o2=(b- (Z-a) in (10). 


* 
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TABLE VIIL 


Cumulated Probabilities of z for Samples of 4 
from Universes N, B and R. 


z N B R 
‘0019 -0039 “0032 
4°04 “0019 “0042 -0096 
‘0019 “0056 0192 
— 2°89 “0023 0256 
-1°73 ‘0226 ‘0333 ‘0384 
-151 “0228 “0377 ‘0576 
‘0258 ‘0553 ‘0768 
“1084 ‘1113 -0960 
- 96 “1084 ‘1116 “1024 
~ -90 ‘1167 “1380 1216 
| — +82 ‘1167 *1409 “1408 
69 ‘1179 ‘1526 “1600 
58 2813 +2386 
+46 ‘2393 +2240 
— 45 2874 “2624 
33 *2875- -2789 ‘2912 
-30 “3485+ “3503 “3296 
= “3568 +3767 
19 “3583 “3923 “3744 
- 17 -3586 4011 +4128 
14 ‘3586 “4320 
0 6414 | “5982 “5680 


TABLE IX. 
‘ Cumulated Probability of z for Samples of 4 from Universe B.. 
| 1) 
Probability Probability Probability | 
| | 
| ‘0146 "5254 | ‘78 
—3'12 ‘0176 — *5272 | *80 "9144 

— 2°20 ‘0296 ‘10 “5367 “9152 

1:96 ‘0510 "12 ‘5536 || “89 9162 

1:27 ‘0540 14 ‘5821 104 ‘9254 

1°08 ‘O781 18 “6582 1°06 *9279 

— *20 “6583 114 “9283 

— “19938 “25+ *6625- 1°39 “9340 

‘81 *2564 *28 “6672 | 1°40 “9344 

— "65+ 33 “6926 1°50 “9598 

‘60 *2698 *35- “7496 1°80 ‘9767 

- ‘49 *2805- 36 ‘7500 | 1:98 “9792 

- *42 ‘3447 “40 7669 1-99 9796 

— ‘35 “3449 "44 ‘7711 | 2°19 ‘9797 

*32 “7787 2°66 "9847 

‘27 “3841 “7790 | 3°80 

‘21 *B859 ‘D7 *8551 3°81 “9851 

- *20 *4715- “60 *8692 4:97 *9852 

‘5182 70 | 8693 x 10000 
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The probability that the mean of a sample will not exceed (in algebraic sense) the 
mean of the universe by more than z times the standard deviation of the sample 
is the incomplete binomial moment of order zero, 


THE DISTRIBUTIONS OF VARIOUS STATISTICAL PARAMETERS IN SAMPLES 
FROM A RECTANGULAR UNIVERSE. 

Mean. The distribution of means from the five-class rectangular universe is 
shown in Table X. As usual, # is the deviation of the mean of the sample from 
the mean of the universe; p is the probability. It is found that the third differ- 
ences are constant, except for discontinuities at «=0, + 0°25. Changing the unit 
by the substitution #=5€, in order to compare with certain results of Irwin* for 
a continuous rectangular universe, and fitting with cubic curves, we have 

{ (8/3) (1:02 — 0-12 | | — 2484 48 | for = 1/4, 

05 (0:99 — 5°98 |£ +12€— 8| for €21/4. 
(The decimal values are exact.) The value °05 is the class interval. Compare these 
equations with those obtained by Irwin’s method for a continuous rectangular 
universet, viz. 
y _ (8/3)(1— 248 + 48 | for |£| 1/4, 
dé &\§) for | 21/4. 
It should be stated that the values for the probabilities in the continuous universe 
are obtained by integration. For purposes of comparison with the distribution of 
means from a discrete universe they are shown in Table X in the column headed 
Sy dé. 

TABLE X. 
Distribution of Means of Samples of 4 
from a Rectangular Universe. 


Pp 

0 0 *1360 *1327 
+ °25 +:°05 *1280 °1257 
+ +°1 “1088 “1075- 
+ “75 #°15 “0832 “0829 
+1 +°2 “0560 “0567 
+1°25 +°25 “0320 
+15 +°3 -0160 ‘0173 
+°35 “0064 “0074 
+2 *0016 “0023 
+2°25 +°45 0 *0003 
+2°5 +°5 0 “0000 


p=probability of given value of x (or &) for a discrete universe of five classes. 
fydé=probability, for a continuous universe, that » (or &) will fall in the given 
class interval. 


* J. O. Irwin, ‘On the frequency distribution of the means of samples from a population having 
any law of frequency with finite moments, with special reference to Pearson’s Type II,” Biometrika, Vol. 
xIx. (1927), pp. 226—39. 

} See Irwin, loc. cit. p. 238. 
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TABLE XI. TABLE XII. 
Distribution of Medians of Samples Distribution of Ranges of Samples of 

of 3 from Rectangular Universe 4 from a Rectangular Universe. 
of ten Classes. 
Median Probability Range W Pp foo (7) av 

0 — °45 028 “0010 *00041 3 

1 “076 1 “0115 

2 — °25 112 2 “0400 “0388 

3 -°15 136 3 077 *O757 

4 — “1164 115 

5 05 5 "1510 "1495 

6 "15 136 6 1736 

7 "25 7 177 

8 ‘O76 8 *1540 "1522 

9 “45 9 “0974 “0955 

10 01403; 


p=probability of given range for discrete 
universe of ten classes. 

Jo,(W) dW=probability, for a continuous 
universe, that range will fall in the 
given class interval. 


The distribution of means of samples of 3 for the discrete universe is fitted by 
the quadratic 


p(&)_ (9/4) (1019 — 12€?) for | 1/6, 

1/15 ((27/8) (0995 —4| &| + for | > 1/6. 

The variable has the values 0, +1/15, + 2/15, + 3/15, + 4/15, + 5/15, + 6/15. 
Irwin’s results for samples of 3 from a continuous universe are 


{ (9/4) (1 12€%) for | £| = 1/6, 


For samples of 2 the result is the same for discrete and continuous universes, viz. 
=y/d& =2 (1-2) 


It is worthy of note that the discontinuities in the polynomial representations 
occur at the same points in the discrete universe and in the continuous universe. 


Median*. Suppose we have a universe in which the variate takes values 
between 0 and 1, all such values being equally probable. Take a point X in the 
interval (0, 1). The probability that the variate will lie in the interval (0, X) is X 
and in (X, 1) is 1—X. Consider 2k+1 values of the variate, X,, Xo, ..., Xoxss. 
The probability that one of these values will fall in the interval (X, X +dX) is 


* Cf. E, 8. Pearson and N. K. Adyanthaya, ‘‘ The distribution of frequency constants in small 
samples from symmetrical populations,” Biometrika, Vol. xxA. (1928), pp. 356—60. 
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(2k+1)dX. The probability that k of the remaining values will lie in (0, X) and 


the other & in (X, 1) is I X*(1—X)*. Consequently the probability that the 
median will fall in the interval (Y, X + dX) is 


Let us shift the origin to the centre of the interval by letting X =£+1/2. Then 
&), and 


is the probability that the median will lie in the interval (&, & + dé). 


For samples of 3 from the discrete rectangular universe of ten classes the 


medians are distributed as shown in Table XI. The distribution is perfectly fitted 
by the parabola 


p(&)/01 =1:495 — 62. 
If 2k+1=3, then /=1, and the distribution of medians of samples from the 
continuous rectangular universe is given by 


15 — 62. 


Range*. The probability distribution of ranges for samples of 4 from the 
rectangular distribution of ten classes is shown in Table XII in the column headed p. 
If the first two groups (range 0 and range 1) are combined, the distribution is 
perfectly fitted by the cubic 

p(W)/0:001 =— 12 W* + 120W?-—2W + 20, 
in which W = range. 


Table XII also gives, for comparison, the probability distribution of ranges for 


samples of 4 from a continuous rectangular universe. This has been determined 
by Neyman and E. S. Pearson‘. 


Their formula (xxxviii) on page 210 is 
$o(W) =n (1 — W]w), 


in which W is the range of the sample and w the range of the universe. In our 
case n= 4, w= 10, and for ¢d:(W)dW we get 


¢2(W) dW =0012 W2(1-01W) dW. 
By a simple integration we find the probability of each class. 


* Cf. E. S. Pearson and N. K. Adyanthaya, ‘‘The distribution of frequency constants in small 
samples from symmetrical populations,” Biometrika, Vol. xxA, (1928), pp. 356—60; also the article 
by Neyman and E. 8S. Pearson referred to in the next footnote. 

+ J. Neyman and E. S, Pearson, ‘‘On the use and interpretation of certain test criteria for purposes 
of statistical inference,” Biometrika, Vol. xxA. (1928), pp. 175—240, 263— 94. 
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The substitution W = 10€ enables us more readily to compare the two equations. 

In the notation employed for means we have 
p (&)/0'1 = — + 12& — 0:02£ + 0:02, 
y/dé =— 126 + 128. 

Extreme Average. By extreme average is meant the mean value of the greatest 
and least variates in a sample. The distribution of extreme averages for a sample 
of 4 from the rectangular universe of five classes is shown in Table XIII. If £ is 
the value of the extreme average, then the substitution #=5£+2 reduces the 
range of the extreme average, which is the same as that of the universe, to a unit 
interval centred on H=2. The distribution is then fitted exactly by the cubic 

p (&)/O'1 = — 32 | + — 23°84 | + 3:92. 
Compare this with the equation 
f = — 32| + 482 +4 
for the distribution of the extreme averages of samples of 4 from a continuous 
rectangular universe, which may be deduced from a formula given by Dodd*. 


TABLE XIII. 


Distribution of Extreme Averages for Samples of 4 
from Rectangular Universe of five Classes. 


Extreme ‘ 625 x Probability 
Average E Probability p 
-"4 1 “0016 
“0224 
1 —*2 51 “0816 
15 -'l 124 "1984 
2 0 245 +3920 
2°5 124 *1984 
3 2 51 “0816 
3°5 3 14 *0224 
4 “4 1 *0016 


Greatest Variate and Least Variate. The distribution of greatest variate and 
that of least variate can be obtained from the correlation table of these two para- 
meters (Table XIV). The entire table is for a ten-class universe, the part set off 
by dotted lines is for a five-class universe. 


The regression surface is fitted (except for the diagonal of 1’s) by the equation 
(& = 12 +2. Ifthe table be made symmetric after the manner described 
by Tippettt, the lack of fit along the diagonal will be overcome. 


* E. L. Dodd, ‘Functions of measurement under general laws of error,” Skandinavisk Aktuarie- 
tidskrift, Vol. v. (1922), pp. 133—58. The formula for a sample of n from a continuous rectangular 
universe of range unity is (¢)/d&=2""'n (1/2 

+ Biometrika, Vol, xv1t. p. 381. 
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TABLE XIV. 


Simultaneous Frequency Distribution of Greatest and Least Variates 
(Rectangular Universe). 


Least Variate. 


0 | 1 2 3 4 5 6 rs 8 9 
2 50 14 1 -~ — —|— 
é 3 110 50 1 — 
4 194 110 | 50 14 1 — |— 
> 302 194 110 50 14 1 
6 434 302 194 110 50 14 1 
os 7 590 434 302 194 110 50 14 1 —|— 
8 770 90 434 302 194 110 50 14 
dS 9 974 770 590 434 302 194 110 50 14] 1 
Totals | 3439 2465 1695 1105 671 369 175 65 15 | 1 
Mean 7-09 7°34 7°58 7°82 8°07 | 8°31 8°54 | 8-75t | 8-93) 9 


The entire table is for a ten-class universe, the part set off by dotted lines is for a five-class 
universe. 


General Conclusions. A number of statistical parameters (mean, median, range, 
extreme average, greatest variate and least variate) in samples from a rectangular 
universe are distributed in polynomials, which are apparently, except in the case of 
greatest variate and least variate, of degree one less than the number in the sample. 


There appears to be little difference in the distributions of these variates when 
the universe is continuous and when it is discrete. 


GEOMETRIC METHODS. 


The distribution of means of samples from a continuous rectangular universe 
has been derived by Hall* by considering a sample of n as a point in space of 
n dimensions. The sampled population is represented by a unit hypercube. (See 
Fig. 4.) Let P be the point representing the sample (Xy, X9, ..., Xn); let OI 
be the diagonal of the hypercube from the origin to the point J, each of whose 
coordinates is unity; and let PM be the perpendicular from P upon OJ. Then 
the mean, X, and the standard deviation, s, of the sample are OM/OI and MP/OI 
respectively. Hall’s method consists of ingeniously finding the content of the 
(n—1)-dimensional region cut from the hypercube by the hyperplane [X;=nX. 


* Philip Hall, ‘The distribution of means of samples of size N drawn from a population in which 


the variate takes values between 0 and 1, all such values being equally probable,” Biometrika, Vol. x1x. 
(1927), pp. 240—4. 
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In an Editorial Note* on the paper of Hall (and the paper of Irwin referred 
to above), E. S. Pearson has called attention to the fact that the frequency of a 
given value of the standard deviation of a sample could be obtained by integrating 
the density (unity for a rectangular universe) throughout the region for which MP 
is constant, which is a hypercylinder with axis OJ and cross-section an (n — 1)- 
dimensional hypersphere. 


' 
' 
' 
bd 
' 
Res 10) 
474 
16) 
Fig. 4. 


Since the mean of the rectangular universe may be represented by 0’, the 
centre of the hypersphere, the deviation of the mean of the sample from the mean 
of the universe may be represented by O’M/OI. Thus the ratio z is represented by 
O'M/MP =cota, where a= Z MO’P. The region for which z is constant may be 
described as a hypercone with vertex 0’ and axis coinciding with OJ, and the 
frequency distribution of z could be obtained if we could find the content of that 
part of the “surface” of this hypercone bounded by the hypercube+. An endeavour 
to do this seems to lead to extremely complicated integration even in the case of 
three dimensions, but the distribution of z, and also that of s, the standard devia- 
tion, are derived for n= 2 in the hope that they may offer some clue to the forms 
of the distributions for larger values of n. 


For n=2 (i.e. samples of 2) the hypercube degenerates into a square (see 
Fig. 5), and it is only necessary to find the length of the line AB for the 
frequency of s, and the length of the line OC for the frequency of z. 


B | 


Cc 
A M | 
Fig. 5. 


* Biometrika, Vol. xrx. (1927), pp. 244—6. 
+ See Neyman and E. 8. Pearson, loc. cit. 
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We find that AB= OI -2MP = V2 (1 2s). 
The area of the unit square is 
1/2 
ABd(MP) =| 2V3 (1 28) v2ds=[ 4 (1 — 2s) ds. 
MP=0 ~ s=0 0 


Therefore the distribution of standard deviations of samples of 2 from a continuous 
rectangular universe is 


I (s) ds = 4 (1 — 2s) ds. 


Applying the law of sines to the triangle OO'C, we find that Bi 
sin(37/4—a) sin (87/4) cos a—cos (37/4) sina’ 
whence O’C = }cosec (a + 1/4). 


The area of the unit square is 


2/2 
4| 4 da=2 }cosec? (a + 7/4) da. 
0 “0 ‘ 
The distribution of a is given by 


da 


2 
(a) da = }cosec® (a + 7/4) da 


and the distribution of z(=— cot a) is 


dz 
dz=¢$(a)da= 
The cumulated probability of z is ; 
| 2(1+2) for zs 0, 2(1 for z20. 


It will be found that these distributions of s and z for samples of 2 from a 


continuous rectangular universe give very good fits to the corresponding distribu- 
tions for a discrete rectangular universe. 
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142 Distribution of the Ratio of Mean to Standard Deviation 
APPENDIX. DETAILED TABLE V. (See p. 131.) 


Probability Distribution of z (Mean of Sample — Mean of Universe) + (Standard 
Deviation of Sample) for Samples of 4 from Rectangular Universe having 
ten Classes. 


(f = 10,000 x probability of z) 


Cumulated Cumulated | Cumulated 
Probability Probability | Probability 
f Zz | | 
for -z | for +z | for —z | for +2 : | for -z | for +z 
0 670 | °5335 *195 24 *3733 | °6291 36 | *7379 
059 12 "4665 | *5347 48 ‘2709 | “4 | 30 *2621 | *7409 


065 | 24 | -4653 | 5371] | 12 | | 6351} “402 | 24 | °2591 
066 | 12 | -4629 | 5383] | 12 | “3649 | 6363] 408 | 36 | -2567 | “7469 
072 | 24 | -4617| 5407] “211 | 24 | | 6387} “420 | 24 | +2531 | -7493 
073 | 12 | 4593 | 5419] | 24 | 3613 | “424 | 48 | -2507 | -7541 
075 | 36 | 4581 | 5455] | 72 | | 6483] “433 | 4 | | -7545 
076 | 24 | +4545 | 5479] | 48 | -3517 | 6531} “436 | 48 | -2455 | -7593 
‘O78 | 12 | -4521 | | | 36 | 3469 | 6567] “437 | 24 | “2407 | -7617 
080 | 24 | -4509 | 5515] | 24 | “3433 | 6591] “449 | 12 | -2383 | -7629 


*7433 


os2 | 24 | -4485 | 5539 | -247 | 28 | -3409 | 6619] “451 | 24 | -2371 | -7653 
085 | 36 | -4461 | “5575 | -250 6 | -3381 | 6625 | -452 | 12 | -2347 | -7665 
os7 | 48 | -4495 | -56a3 | | 12 | °3375 | 6637 | 458 | | -2335 | “7677 
090 | 36 | | 3659 | -262 | 48 | -3363 | “459 | 24 | -2393 | -7701 


093 24 ‘4341 | *5683 *265 12 | °3315 | *6697 “473 «12 | *2299 | ‘7713 
“O97 36 *4317 | °5719 *267 48 | *3803 | “482 | 12 | °2287 | °7725 
101 60 *4281 | °5779 271 12 | °3255 | °6757 483 | 24 "2275 | °7749 


‘110 36 *4221 | *280 36 | “485 | 48 | | °7797 
“115 28 "4185 | °5843 ‘286 30 | | °6823 ‘487 | 36 | °2203 | °7833 


‘122 | 12 | °4157 | °5855 8 | ‘3177 | 6831 24 | *2167 | -7857 
123 12 *4145 | *5867 *290 36 | | *6867 503 | 48 | *2143 | 
"125 6 | 4133 | 5873] -298 | 24 | 3133 | ‘6891 ] “507 | 24 | -2095 | -7929 
13 36 | -4127| 5909] “302 | 48 | 3109 | 6939] ‘514 | 12 | -2071 | “7941 
"136 24 | | 5933 °305 12 | *3061 6951 | 12 | -2059 | *7953 | 
‘140 | 24 | -4067 | 5957] “312 | 36 | “3049 | 6987] “535 12 | -2047 | -7965 


‘141 24 “4043 | *5981 “B14 24 *B013 | ‘7011 548 | 24 | *2035 | -7989 
143 12 “4019 | 5993 316 | 24 | °2989 | °7035 36 | *2011 | *8025 


‘671 24 "1589 | -8435 | 1°061 12 0889 | -9123 


24 | -0307 | ‘9717 
673 | 12 | -1565 | 8447] 1-066 | 12 | -0877 | -9135 } 2-065 


12 | -0283 | -9729 


147 24 :4007 | 6017] °329 | 60 | *2965 | “7095 «| «24 | °1975 | -8049 
‘151 12 | | -6029 | °338 36 | | “7131 24 | -1951 | -8073 | 
"153 12 | *3971 | *6041 “346 28 | | *1927 | °8129 
154 24 | -3959 | 24 | 2841 | 7183] °586 24 | ‘1871 | 
24 | :3935 | ‘6089 12 | ‘2817 | “7195 | 24 | °1847 | -8177 
162 12 | -3911 | -6101 358 24 | *2805 | “7219 “594 | 12 | *1823 | -8189 
18 | 3899 | 6119] 366 | 24 | 2781 | “GOS | 24 | | *8213 
"169 24 | ‘3881 | 6143] 12 | 2757 | -7255] ‘610 | 12 | -1787 | “8225 
‘171 48 | ‘3857 | 6191 | 48 | :2745 | “7803 | 12 | °1775 | -8237 
183 48 | | 6239] 12 | | 7315} | 12 | -1763 | -8249 
“192 28 | °3761 | *6267 28 | 2685 | -7343 “622 | 36 | °1751 | -8285 
625 12 | -1715 | 8297] -970 36 | ‘1013 | -9023 | 1-789 | 24 | 0407 | -9617 
631 12 | ‘1703 | | -974 12 | 0977 | | | 12 0383 | -9629 
“640 12 | °1691 | 980 24 | -0965 | 9059] 1859 | 24 | °0371 | -9653 
651 36 | °1679 | ‘8357 -988 36 | “0941 | +9095 1-983 | 12 | -0347 | -9665 
653 24 | +1643 | -8381 | 1°021 12 | -0905 | -9107 2 | 24 | 0335 | -9689 
‘667 30 | -1619 | -8411 | 1°039 4 | 0893 | } 2°021 | 4 | ‘0311 | -9693 
| 2 | 
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APPENDIX. DETAILED TABLE V—Continued. (See p. 131.) 
(f= 10,000 x probability of z) 


| | 
| Cumulated | | Cumulated Cumulated 
| Probability | | Probability Probability 
z f f |— 2 
for +2 | for | for +z for —z| for+z 
677 “8459 | 1-068 | 12 | °0865 | ‘9147 | 2°111 12 | -0271 9741 
“688 “8471 | 1106 | 12 | “0853 | -9159 | 2-117 16 | | -9757 
“696 ‘8483 | 17109) 24 | 0841 | | 27121 12 | 0243 | -9769 
-700+* “8507 1-147 | 12 | -0817 | “9195 | 2-309 8 | 0231 | “9777 
"704 8519 | 19155 | 8 | 0805 | 9203 | 25 | 6 | -0223 |) “9783 
“707 | 8567 | 1°172 | 24 | 0797 | 9227 | 2°502 | 12 0217 | 2795 
8571 | 1°179 | 12 | ‘0773 | *9239 | 2°524 | 12 | 0205 | -9807 
“734 8595 | 1:183 | 24 | -o761 | | 2-683 | 24 | -0193 | -9831 
743 8619 | 1-206 | 24 | 0737 | “9287 | 2-714 12 | -0169 | -9843 
“750 8625 | 1-225 | 24 | 0713 | ‘9311 | 2°858 | 12 ‘0157 | “9855 
763 “8637 | 1-250 6 | | ‘9317 | 2°887 8 | -0145 | -9863 
“768 8649 | 1-260 | 24 | °0683 | | 2°982 12 | -0137 | °9875 
‘770 -8665 | 1°333 | 30 | °0659 | ‘9371 | 3°317 12 | -0125 | -9887 
“8 8671 | 1°336 | 24 | | °9395 | 3464 | -0113. -9895 
“802 8719 | 1:344 | 12 | °0605 | ‘9407 | 3°5 6 | | ‘9901 
+808 8755 | 1347 | 16 | -0593 | 9423 | 3-919 | 12 | | “9913 
“812 8767 | 1°373 | 12 | | 9435 | 4 6 | 0087 | °9919 | 
“845 8791 | 1-432 | 12 | °0565 | “9447 | 4°041 4 | 0081 | -9923 
“855 | 1-443 | 4 | 0553 | 0451 | 4°522 | 12 | “0077 | “9935 | 
“857 | 1-455 | 12 | °0549 | 9463 | 4°619 4 | -0065 | -9939 
“866 .9823 | 1.5 | 6 | 0537 | | 4950 | 12 | | *9951 
873 8847 1501 | 4 | 0531 | 9473 | S191 | 0049 | *9955 
“894 8871 | 1508 | 12 | -0527 | “9485 | 6 6 | 0045 | 9961 
“904 8883 | 1°521 | 24 | 515 | 6°351 4 | | -9965 
“905 “8895 | 1540 | 12 | -0491 | -9521 | 7071 12 | | -9977 
“907 “8899 | 1°547 4 | 0479 | -9525 | 7°506 4 | | ‘9981 
‘911 “8935 1581 | 24 | -0475 | -9549 | 8 6 | -9987 
“918 ‘8947 | 1-606 | 12 | 0451 | -9561 | 8-660 4 | -0013 | ‘9991 
“949 “9971 | 1°732 | 20 | -0439 | ‘9581 | 9°815 4 | -0009 | -9995 
+962 ; “8987 | 1-768 | 12 | -0419 | -9593 | XL | 5 | -0005 | 1:0000 
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ALBINISM IN DOGS. 
By KARL PEARSON anp C. H. USHER. 


THE long research on the experimental breeding of dogs initiated in 1905 by the 
late Edward Nettleship, and the authors of the present memoir*, and still carried 
on in connection with the Galton Laboratory, is not yet ripe for complete publication. 
It has been protracted first on account of the heavy expense of keeping at the same 
time a large number of dogs, and secondly owing to the grave difficulties of the 
Great War, during which only a few dogs could be preserved for starting afresh 
when times permitted. This involved still closer inbreeding than we should have other- 
wise employed. The experiment has gone so far, however, that it seems possible to 
report on one aspect of the investigation, that of albinism in dogs. Our original 
stock consisted of Albino Pekinese and pure-bred black Pomeranians. These albino 
Pekinese had white coats, the hairs of which contained no pigment granules 
whatever; the eyes of all of them were characterised by strong red reflex, and 
marked photophobia. Indeed, on more than one occasion too long exposure to 
brilliant sunshine has produced something of the nature of a collapse in the dog, 
who has had to be carried home. The sight of these albinos has varied a good deal, 
some being so short-sighted that they were apt to run against obstacles, and many, 
if not all, found difficulty in catching pieces of biscuit thrown to them, which was 
accomplished promptly by their coloured brethren. This type of albino we shall 
term the Dondo or White Albino, it is the commonest of all our albinos. 

It has not been found possible, in the course of our twenty years’ experiments, 
to obtain dogs having albinotic eyes, and hairs of the coat which contain melanine 
pigment granules. Even light fawn coats, the hairs of which contain very few 
pigment granules, cannot be associated with albinotic eyes. On the other hand, we 
have on a few occasions obtained dogs with white coats, and fully pigmented eyes; but 
even in some of these few cases the tendency of the coat was to become pale yellow 
as the dog approached maturity+. No pigment granules are to be found in these 
yellow hairs, they appear to be a stage towards the paler fawns in which granules 
are scarcely to be found except of course in the black “ points,” if such are present. 

But there is one coat which has all the appearance of “some” colour, although it 
lacks entirely pigment granules, with which albinotic eyes can be associated. This 
colour may be described as something like pale millboard, although it has in certain 
aspects a tint not unlike the sky background of many photographic prints. Weldon 

* T gladly acknowledge the help that my share of the work has received from occasional grants from 
the Royal Society Government Grant Committee. K.P. 


+ The dogs with black eyes and white coats have in our experience been found to be very delicate, 
the critical time being when the puppy-coat is cast. 
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termed a similar skin colour in his mice “lilac” or pale blue grey and found it 
possible to associate it with albinotic eyes*. This “lilac” shades off into pale 
chocolate, such as one reaches by biting off the end of a stick of that delicacy, and 
led one of us to describe the dogs Hans and Grethel when puppies as of a scraped 
chocolate colour (see Plate V). I do not think any distinction can be made between 
the “lilac” and “scraped chocolate” coats; it depends, in part, on the lighting by 
which they are seen, but more on the length of time since the last moult. The 
colouring is not due to pigment granules, but is of a diffused character, and possibly 
is due to lipochromes; it is like in nature to that of certain rather rare types of 
human red hair, and of some chestnut hair in horses, which carry no pigment 
granules. This coat colour differs essentially from the cream or faint yellow tinge 
which Dondos acquire when much in the sun and lose as rapidly in winter or in- 
doors; a similar colouring occurs with the hair of human albinos under like conditions. 
All the dogs we have bred with the “lilac” coat have had albinotic eyes. They form 
the second type of albino dog and we have termed them Cornaz Spaniels, in memory 
of the distinguished Belgian ophthalmologist. The Cornaz Spaniel has a whole 
coloured coat, no dark “points” of any kindf, and the pink nose pad and flesh of the 
pure white Dondo, Both Dondo and Cornaz have, as a rule, “spectacle marks” of a 
brown colour. These are formed by exudation from the lachrymal glands, and this is 
caused, possibly, by some weakness of the eyes. The “spectacle marks” stain the finger 
when touched, and can be washed off the coat; they increase with exposure to sunlight, 
and will practically disappear in the case of a bitch shut up with her litter. They 
are due to some oily form of exuded pigment, much like what is discharged from 
the pores between the toes of these same albinos. A study of this exuded pigment 
would be of interest, but it has nothing to do with the absence of melanine pigment 
granules, which constitutes the essential feature of albinism of the coat. 


We now reach the remaining canine albinotic type; it would be called a piebald, 
if the colouring were black and white. Actually the colouring is “Cornaz” and 
white, and we prefer to call it a skewbald{ (see Plate VI). The reader must be 
warned at once that a skewbald albino is not the hybrid of a Cornaz and a Dondo. 
The Cornaz white skewbald has, in our experience, invariably albinotic eyes, and 
it appears in a litter, which, whether albinotic cr coloured in its members, has other 
members piebald or skewbald. One of the remarkable facts about a skewbald albino 
is this: Two puppies are born in the same litter and there is nothing whatever 
to distinguish between them; both are markedly skewbald albinos. The first 
moult comes, and one of these puppies will lose its “Cornaz” coloured areas, 
cease to be skewbald and remain during life a pure white Dondo; the other 
remains a skewbald after its first moult, and if it does so is a skewbald for 
ever. We have no explanation to offer of this phenomenon, it is an extreme case of 


* Biometrika, Vol. x1. Appendix, p. 45 and Records, pp. 2 et seq. 
+ By “points” we mean a darker shade on ears, head, vertebral column, ete. A Cornaz may some- 
times have a white shirt front, or a white belly. 
t By ‘‘ piebald” or “‘skewbald,” we do not understand the existence merely of a white shirt front, 
white belly or white paws, but parti-colouring stretching up to or even across the vertebral column. 
Biometrika xx1 1l 
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the fact that it is not feasible to describe accurately the coat colour of a dog till 
after the first moult*. We have now to consider these three types, (i) the Dondo, 
or pure white albino, (ii) the Cornaz Spaniel, or “lilac ” albino, and (iii) the Skew- 
bald Albino, and to ask whether they may be looked upon as true breeding distinct 
types, or whether one can arise from the other; further, whether any of them can 
originate dogs with normal eyes, or pigmented coats. 

Let us start from our foundation stock, Tong (called Tong I later), Jack and 
Jill (see Plate I). These three were all white Pekinese albinos or dondos, with a 
tendency for the coat to become “creamy” in parts when it was old, or the dog 
much in the sun. Yong had two litters by Jack (not reproduced entirely in the 
pedigree which accompanies this paper). In the first she had five all white albinos, 
of whom: Yong II has only had coloured litters by coloured dogs but albinism 
has reappeared in her grandchildren; Mairi bhan was mated with her brother 
only; Zan ban mated with a black Pomeranian bitch Olga produced a black dog 
Donald dhu shown in our Pedigree I, and various black dogs with white shirt 
fronts; Ian ban mated with his sister Mairi bhan sired a litter of six albinos all 
male; these were all white albinos with the usual tendency to cream seasonally; 
of this litter Dugald ban mated with a black dog with white shirt front, offspring 
of Ian ban and Olga the black Pomeranian, gave among coloured puppies a white 
albino, Donald ban (“Idiot”), who sired for an albino Pekinese Spook a litter of five 
Dondos or white albinos, the third dog Hamish ban of the three survivors was not 
mated. The second litter of Tong I by Jack consisted of two male albinos Wee 
Ling and Wee Choo, of whom no offspring, and Wee Tong a female (see the pedigree), 
all white albinos. Thus far the record of breeding albinos from Jack and Tong shows 
nothing at all inconsistent with white albinism being a recessive character in the 
Mendelian sense. 

We now turn to the matings of Jack with his sister Jill. These two, dog and 
bitch, produced five litters; there was nothing to distinguish Jack from Jill in coat 
colour, they were white albinos with the usual creamy appearance. They have both, 
of course, the same ancestry, entirely of coloured dogs, which does not link up with 
that of Tong I until we come to Ah Cum, who was imported from the Pekin Palace 
in 1896 (see Pedigree I), and may now be seen in the British Museum (Natural 
History). His coat in life was chestnut or bright sable red. We naturally expected 
from Jack and Jill a repetition of the same results as from Jack and Tong J. The 
first litter, however, gave two albino males of which one who died at birth was said 
to be darkish down the back, and the second Wang (see pedigree) was our first 
Cornaz albino. Nettleship described the coat as a “rather dark cream,” but Pearson 
was very familiar with the dog as he came to him repeatedly for mating purposes 
and afterwards into his ownership; the colour of the coat was the “lilac” of Weldon’s 
albino mice. Wang was the first Cornaz bred by us. Mated with Sené dhu, a black 

* One is often obliged to describe the coat-colour of a puppy dying at birth or shortly after. This is 


done by a knowledge of what different puppy-coats normally become after first moult. An inexperienced 


observer will report a litter of three ‘‘black” puppies, which one knows full well will be red brindles after 
the first moult. 
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dog with a white shirt front, the offspring of Wee Tong, a pure Pekinese white 
albino, and Donald dhu, a Pompek (see pedigree), he sired two puppies Hans and 
Grethel, our most characteristic Cornaz Spaniels; they both had the “bruised” or 
“scraped” chocolate coats, so characteristic of this sub-species of albino (see 
Plate V). 

The second litter of Jack and Jill was even more convincing in showing that 
in dogs white albino x white albino does not always breed true. The offspring were 
five albinos as far as the eyes were concerned; the first two, bitches (one unnamed and 
Fi), had white coats, slightly tinged with cream, the next two Fe and Fo (see Plate IT) 
were dogs and both skewbald albinos, that is to say, distinctly parti-coloured, 
the two colours being the white of white albino, and the grey or pale buff of the 
Cornaz; the fifth dog Fum was a Cornaz, slightly darker than his brother Wang. 
This second litter of Jack and Jill showed that dogs rated as white albinos would 
not necessarily breed true, but could produce both skewbald albinos and Cornaz 
albinos. Jill’s third litter by Jack contained an albino which died at birth, probably 
but not certainly a white albino, and Patty (see Plate I) who was distinctly skew- 
bald at birth, but ultimately the coloured patches became whiter than the coat of 
either of her parents at 5 months old; at a year she must be called a white albino. Jill’s 
fourth litter by Jack contained three dogs and a bitch, the first dog Fo IJ, a skew- 
bald Cornaz at birth, became ultimately a pure white albino, the second Lo would 
be best described as a Cornaz with white markings, the third dog was a white albino 
and the fourth, the bitch, would probably have been a Cornaz. Jill’s fifth litter 
consisted of four puppies, three bitches and a dog; the first Peggy an albino, “light 
coat with some pure white,” was imperfectly described by Nettleship ; the next two 
bitches died at seven days and three weeks respectively of age, and Nettleship 
described them simply as albinos; the fourth, a male, was probably a Cornaz 
without white shirt front. 

The Jack and Jill matings gave litters which were unfortunate in the matter 
of survival *, probably it was due to the close inbreeding. Only two dogs Wang and 
Patty (see Plate 1)—possibly Peggy who was given away at eight weeks and lost 
sight of—survived to maturity ; the former pair were well known to one of us; they 
were respectively a Cornaz and a white albino. There is no doubt therefore that 
white albino mated with white albino can produce all three types of albinos. 


Now let us return to Jack. We mated him with another white albino bitch Mor 
bhan extracted from Donald dhu, the Pompek, and Wee Tong, the pure white albino 
Pekinese. The litter consisted of five white albino or dondo puppies (see Plate IV), 
all developing into the customary white adults with the usual cream tendency. 
Accordingly mating Jack with an extracted albino did not seem to give any greater 
chance, than when he was mated with Tong J, of a variation of the usual rule of 
white albino x white albino giving pure white albinos. Of the litter in question 

* The descriptions were also not as complete as was desirable. Nettleship was an ardent Mendelian; 
he was distressed and perplexed by these litters. Unfortunately he gave away as puppies, dogs which it 


was of the utmost importance to preserve. We have only a few photographs of these litters, a painting 
of Fe and one or two skins. 
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Willie and Rab were very fine specimens of white albino dogs or dondos, Lassie and 
Meg bhan quite fair dondo bitches, the fifth, an albino dog, Zam, died at four months, 
from the effects of a kick from a pony. Meg bhan had seven fertile matings. The 
first was with Larry, the produce of Wee Tong and Donnach ruadh, Wee Tong’s son, 
a red dog with black points, Larry being a dondo; this litter consisted of five of the 
usual type of white tending to cream albinos, Banshee, Hob, Imp, Piaie and Nixie, 
no Cornaz in the litter. Her next litter was sired by Hans the Cornaz albino and 
produced a bitch, who was Cornaz with a white belly, and was nosed out of the nest, 
Bube, a Cornaz, of uniform “scraped” chocolate coat, and with a very small white 
shirt front (when last seen his colour was lighter and resembled that of Wang), a bitch 
Amie, a white albino, still of a creamy tinge, and a dog Mendel, a pure white albino. 
‘Thus we see that a pure white albino, who was not descended from Jill, but who 
was descended from Jack through Wee Tong, could produce, mated with a Cornaz, 
both white and Cornaz albinos. For her third litter Meg was mated with the red 
dog Donnach ruadh and she had only albinos, two Cornaz dogs and one dondo bitch 
Morse. In her fourth litter Meg had for mate the dondo Imp, and there resulted a 
dondo bitch that died almost at birth. For the fifth and sixth litters her mate was 
Bruno a light red dog with black markings, the son of the Cornaz albino Hans and of 
Norah* a brindle red bitch with black points. These two matings produced eleven 
dogs; one light red brindle male, a dark brindle male (Jof), a dark brindle female 
(Pet), a black male (belly a very dark brindle) with one white paw and brindle 
bracelets on forepaws who died at once, and another brindle male (Woodrow); the 
remaining six, albinos, consisted of three white albinos Kit, Haig and Korni all 
sufficiently “creamy” to show something like white shirt fronts, and two dondo 
bitches without sufficient cream to show white shirt fronts. Thus the mating of a 
dondo bitch with a red dog of albino descent from Jack did not provide us with any 
Cornaz albinos. 


Lastly, Meg was again mated with the Cornaz Hans; she bred only two puppies, 
one, a male, died at once, it showed a white shirt front on a creamy coat, but would 
probably have become a white albino; the second, a dondo Ben, who has been one 
of our best pure white albinos. Meg shortly afterwards had an abortive litter, 
became sickly and had to be destroyed. 

We may now turn back to the more closely Cornaz matings. Wang and the black 
bitch Sené dhu besides giving rise to the Cornaz albinos Hans and Grethel, had in 
1913 as offspring the bitch 7’rine, another Cornaz and two other Cornaz puppies. 
Hans, the Cornaz, mated with Wee Tong, the pure Pekinese dondo, gave rise to a 
pure white albino Hun (1915). Hun was mated with the Cornaz bitch Liese, and 
the latter’s litter consisted of two Cornaz bitches, born in 1916, Hinne and Henne, 
both of whom had white shirt fronts. Meanwhile Zrine mated with Bube gave 
birth to two Cornaz puppies, one of which died early unnamed, and the other was 
Pontina (“ Bebé”)+. 


* Norah was the daughter of Donnach ruadh and his litter sister Giorsal ruadh, the first red dogs to 
reappear after the mating of dondos and Pomeranians. 
+ She was a whole colour Cornaz, except for a white shirt front. 
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It might be thought in view of these results that it would be easy to establish 
a true breed of Cornaz Spaniels, but we have not really succeeded in doing so, and 
this for two reasons: first, the greater number of our Cornaz spaniels were born 
during the war, when it was impossible for us to keep more than a few dogs, and 
secondly, the Cornaz bitches have proved less healthy and less fertile than even the 
dondo bitches. At present we have not a single pure Cornaz in the kennels; and, 
perhaps, the only hope of recovering them lies in the bitches Jade and Juby, now 
growing old, to whom we shall return shortly. 


The reader must allow us to pass now for a little into the fringe of our 
stock of coloured dogs. Wee Tong, the pure Pekinese dondo, mated with her son 
Donnach ruadh gave rise in 1913 to a litter of which one member was an extremely 
fine red dog with black points, Patsy. Meanwhile the black Pompek, Donald dhu, 
mated with his daughter by Wee Tong, namely Mor dhu, a black dog with white 
points, gave rise to a red bitch with black points, Siri (see Pedigree I). Patsy and 
Strt helped largely to maintain our stud during the war years and to renew it 
afterwards. In 1920 they had a litter which contained among other coloured dogs : 
Stu Niu (“Topsy”), a fawn bitch with black points and Changpie, a grey brindle. 
In the litter of Patsy and Siri of the following year appeared Maureen, red with 
black points, a veritable Brunhilda, a very strong, fierce and bad-tempered bitch. 
With considerable difficulty and even danger to her spouse, she was mated with her 
brother Changpie and the litter consisted of two dogs, a white albino of the usual 
type, Mac, and a red dog with black points, Jamie. Meanwhile the dondo Ben had 
been mated twice with Topsy; in 1922 there was a litter of three red puppies, of 
whom we are only concerned with the dog Eld, red with black points and the bitch 
Babs, red with white shirt front. The latter was a small dog like her mother. In 
1923 in a litter of two, appeared the bitch Setie, a fawn-red with white shirt front. 
For size and length of leg she takes after her maternal aunt Maureen, but psychically 
is of the very opposite temperament. Her litters have been of great interest. Thrice 
mated with Hild, a litter brother of Babs, and therefore Setie’s full, although not 
litter, brother, she has given rise to white dogs with pigmented eyes. These, how- 
ever, do not largely concern us at present. Setie in 1926 was mated with Mac and 
had a son Wu, a typical white albino; there is nothing in coat or eyes to distin- 
guish Wu from any other of the dondos produced, since the original cross with the 
black Pomeranians*. Returning to Babs, she was mated in 1923 with her own 
father, Changpie, or we mated a red bitch with a grey brindle; the result was one 
of the most remarkable litters we have had. It consisted of three puppies, one 
dog Stockie and two bitches Jade and Juby. All three puppies at birth and till the 
change of puppy-coat were markedly and undeniably skewbald. Stockie is white 
with grey-brindle patches as dark as his father’s, Changpie’s coat. He is in no 
respect an albino, but the skewbaldism extends to his eyes and he has hetero- 
chromia of the irides. A fuller account of him will be provided on another occasion. 
Meanwhile in Jade and Juby we had reached again our skewbald Cornaz dogs, but 


* They are larger dogs than the pure-bred Pekinese albinos, and not as graceful as these, or indeed 
as the Cornaz Spaniels. 
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no longer as product of two albinos, but of two coloured dogs. Unfortunately Jade 
lost her skewbaldism at first moult. She would now be described as an ordinary 
white albino or dondo bitch. Juby, on the other hand, is a typical skewbald albino, 
who has retained her “Cornaz” patches for six years. As we may naturally antici- 
pate, Jade and Juby, being bitches with the Cornaz coat-tending and closely 
inbred, are neither concupiscent nor prolific. But Juby, the skewbald albino, has 
been mated with the white albino Wu, the son of her half-brother Mac. Both 
Juby and Wu have the usual albinotic eyes, in both cases with marked red 
reflex. Juby only differs from her sister Jade, in that the latter has lost, while the 
former has retained, during life, the skewbald patches of Cornaz colour. Now by 
mating two dondos together, or mating two Cornaz spaniels with full Cornaz colour, 
or by mating a dondo with a Cornaz spaniel, we have never got a coloured dog in 
the litters, but by the mating of Wu and Juby, dondo with skewbald Cornaz, a 
remarkable litter has resulted wherein all the puppies are coloured. The first, a 
male, Schwarzert, has black body colour with a white paw and certain tan markings, 
the second, a male, Brunert, has red body colour with black markings, while the 
third, the bitch Gelberta, has a somewhat brighter red for body colour and black 
points. The sire, dam and offspring as puppies are represented in the accompanying 
Plate VIII from the standpoint of colour rather than of form. Juby has had, through 
her mother, a very varied and continuous flow of albinotic ancestors; Changpie’s 
albinotic ancestry is further removed and less intense, it goes back to Jack and 
Tong, but not to Jill. It cannot, however, be said that Juby has more coloured 
ancestry than Jack, Jill or Tong, nor can her coat be described in other terms 
than that of the skewbald albinos Fe and Fo, Our Plate VII gives her photographs 
together with two of Wu. She is just what we have described her to be, a skew- 
bald Cornaz. 


Before we enter a little more fully into the question of Cornaz pigmentation, 
we should like to remark on three points. Our first point is that the excessive in- 
breeding, which we have been driven to by the Great War, and the great cost of 
maintaining a canine stud of adequate numbers, does appear to increase the feeble- 
ness of the dogs and emphasise their infertility and the heavy mortality in the 
litters, especially of the albinotic dogs. Secondly, this very inbreeding appears to 
increase the interest of the progeny; the closer the inbreeding the more likely we 
seem to get interesting results, e.g. Jack and Jill, Hans and Grethel, Setie and ld, 
Babs and Changpie, Juby and Wu. Rare factors which would not otherwise be re- 
enforced are thus brought to light. Thirdly, but this is only a surmise, which 
cannot be adequately maintained from the evidence adduced in this paper, the first 
litter of a pair of dogs is more likely to produce varieties than later litters. On 
this and other grounds*, which have come to light in dog-breeding experiments, 


* One we may mention here: the spermatogonia form a community of living organisms; it is con- 
trary to experience that such a community should not exhibit individuality among its members. 
Jennings believed he had reached such a state of affairs in his Paramecium experiments, but his further 
researches on rhizopods, where he had a wider range of observable characters, convinced him, as the 
observations of Johannsen on Phaseolus vulgaris and Hanel on Hydra grisea (see Biometrika, Vol. 1. 
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we are not yet prepared to accept an atom-like identity in the spermatogonia of an 
organism, i.e. that an identical factorial formula is all they contribute to inherit- 
ance. We have been impressed with the need of supposing that there is a certain 
amount of individuality in the ultimate source of the germ cells, and that during 
the life of an organism these individualities may be present at different periods in 
different proportions, and this population of cells be even subject to some form of 
selection before the development of the spermatozoa, and the spermatozoa be again 
intensely selected before they reach individual ova, which in their turn have passed 
through various stages of selection. 


Whether piebaldism be determined by a unit factor or not, we know that the 
extent of white in the coat is a continuous character inherited as stature or cubit 
in man. Those who have been in close touch with many dogs will, we think, agree 
with us when we say no two body colours appear exactly alike, you may look 
through dozens of skins and find individuality in the shade of them all. The 
classification into reds, fawns, red brindles, grey brindles, and so forth is broad and 
superficial, there is really individuality in every case, and what is more, that indi- 
viduality is not a “fluctuating variation”; there is less difference between the 
“red,” say, individualities in brethren than between the “reds” of cousins. Just 
as the various types of chestnut in hackneys are individually inherited, and a 


single factor for chestnut only serves to screen this, so it is with coat colour in 
dogs. 


We preface our remarks on albinism in dogs with the above statement, because 
there are undoubtedly grades in the tint of Cornaz Spaniels. It would be impossible 
to confuse the coats of Huns and Ben or of Grethel and Wee Tong, but within the 
albinotic type the intensity of the Cornaz colour varies, and we have seen that in 
skewbald puppies like Patty and Jade, it may disappear, and as adults they may 
be merely white albinos or dondos. Even a Dondo may show at times considerable 
“creamy” areas, though we do not think such tints can be confused with the 
“scraped ” chocolate of Hans or Grethel. Further the dog, who would be distinctly 
classed as a Cornaz Spaniel, may not be whole colour like Bube, but have a white 
shirt front like Hinne or Henne, which is far from being the full skewbaldism of 
Fe or Juby. If, as in the case of the early writers on albinism, we look upon that 
condition as an arrest of development, we should say that a Dondo denotes a com- 
plete arrest from the earliest development before birth, and that the various forms 
of skewbald Cornaz and complete Cornaz mark arrested attempts at pigmentation 
development; this is not out of accord with what we know of the microscopic 
examination of the Cornaz hair, to be discussed later. If we put therefore on one 
side the white “points” and the skewbaldism of the Cornaz, or attribute them, 
Mendelian fashion, to two factors independent of albinism as they occur in coloured 
dogs as well as albinos, we are left with two forms of albinism—the Dondo and the 


pp- 499—503, Vol. vi. pp. 373—381) had already convinced Pearson, that the hypothesis of uniformity, 


ie. absence of individuality, in the hereditary mechanism of any organism has a high degree of 
improbability. 
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Cornaz. Let us try and see whether it is feasible to elucidate the relationship of 
Cornaz and Dondo on a two-factor hypothesis. Let us suppose white dominant (D) 
and Cornaz recessive (J?) *, then however much we should like to take Jack and Tong 
as (DD)’s owing to their invariable production of Dondos, this is impossible, 
because in order that Jill should be white as she was, she must have been a (DR) and 
thus Jack and Jill could only give (DD)’s and (DR)’s or no Cornaz spaniels. Jack 
and Jill must accordingly be treated as both heterozygotes or (DR)’s, and thus it 
would be possible for them to produce Dondos and Cernaz spaniels. Jack and Tong’s 
progeny were solely Dondos, hence it seems reasonable to suppose that Jong was a 
(DD). Donald dhu although a black dog had a factor for albinism due to his father 
Ian ban, the nature of this factor it is difficult to determine, but if it contained 
Cornaz it is surprising that all the offspring of his daughter Mor bhan with Jack 
were Dondos. In fact of all the albinos—and there are many born from the offspring 
of Donald dhu—not one was a Cornaz except those resulting from the mating of 
Sené dhu with a Cornaz Wang. Here we seem to meet with a result which needs 
much explanation. For while we have assumed Cornaz to be recessive to white, it 
appears dominant to black, for all the offspring of this mating, Trine, Hans and 
Grethel, are not only Cornaz in appearance but appear to be hemozygotic Cornazs 
(RR) for their litters are all Cornazs. If as seems probable by the nature of their 
offspring, Wee Tong, Ian ban, Mor bhan and Meg bhan were all homozygous Dondos, 
then the mating of Hans and Meg bhan should have given nothing but Dondos, 
whereas it gave two Cornazs as well as Dondos like Ben and Mendel. Further, if 
Dondo was dominant to Cornaz, then the result of the Hun and Liese mating may 
be looked on by some with suspicion. If we treat Meg bhan as heterozygous, then 
Ben and Bube are possible theoretically as brothers, but Ben must also be hetero- 
zygous. Now Juby must, being Cornaz, be a homozygous recessive ; hence a second 
factor for Cornaz must have been handed down to Changpie, and so we are ultimately 
again forced to consider that Tan ban or Wee Tong had a factor for Cornaz. We 
are led to suggest, indeed, that all the Dondos are heterozygous—a not uncommon 
suggestion to make, when we find as in the inheritance of anomalies or diseases in 
man, that it is impossible to interpret the pedigree, if we suppose any individual 
to carry only dominant factors. 

We now turn to some of the descendants of Donald dhu, who while he was de- 
scended from Jack, had no connection except through Jack with Wang. He was 
chiefly mated with his own daughters Cilis dhu, Mor dhu and Sené dhu out of Wee 
Tong. Cilis dhu was a black bitch with white shirt front. Donald dhu was mated with 
Cilis; and in the first litter (1913) there were four offspring, Loki and Thor black 
dogs, an unnamed red dog and Freyja a white albino bitch, the hairs of whose coat 
showed no diffused pigment and no granules, though one or two of the more creamy 
hairs showed a very faint brown diffused pigment. She was of the usual dondo type. 
The second litter (February 191°) contained only two puppies, Odin a fine brindle 
sable dog and Frigg. We described this puppy at three months as having a white 


* The inverse hypothesis that Cornaz is dominant will clearly not suffice, for then Jack and Jill 
would have to be pure recessives, which will clearly not work. 
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coat slightly tinted with cream, but “not a Cornaz spaniel, mere ordinary albino.” 
But the bitch underwent a complete change when she lost her puppy-coat. On 
October 30, 1914, we described her as nearly whole colour, bruised chocolate, a real 
Cornaz Spaniel, very good coat with long hair and underhung jaw like her father 
Donald dhu. She grew very fat, failed to be mated and died March 1915; the post- 
mortem showed the intestines almost choked with fat. Her skin, preserved, is that 
of a very dark Cornaz spaniel; she had the usual albinotic eyes. This is the only 
case we know in which a dog, born apparently a Dondo, has afterwards developed a 
Cornaz coat, although the reverse transition has occurred more frequently *. In her 
third litter sired by Donald dhu, Cilis produced only coloured dogs, five in number, 
three sable and two liver coloured, and into their description we need not enter at 
present. Cilis in 1915 was mated with Wang and produced only three puppies, one 
Brana black dog with white shirt front and white left-hand fore-paw, and two puppies 
which died on the day after birth, one a fawn and the other an albino, most probably 
Cornaz. Lastly, Cilis had a fifth litter of three by Donald dhu in 1916, all of whom 
she overlaid ; it consisted of two black puppies, and a whole white albino bitch. It is 
thus clear that a black bitch mated with a black dog can produce albinos of both 
types. Donald dhu was again mated in 1913 with his aunt Wee Tong, the pure-bred 
Pekinese dondo. In the litter of three all were albinos; namely Dargo, a Cornaz 
Spaniel with white shirt front and paws, the rest of the body uniform lilac, Sora, a 
dog of perfectly whole Cornaz coat, and no sign of white markings, and Minona, a 
white albino bitch with slight creamy touches. Dargo, Sora and Minona had all 
the usual albinotic eyes. We see therefore that a white albino or Dondo crossed 
with a black dog can give either a Dondo or a Cornaz albino. Further, of the 14 
offspring of two Pompeks, Cilis and Donald-dhu, four were black with white shirt 
fronts like their parents; five had sable coats, one was liver, one light red and three 
were albinos, namely two Dondos and one Cornaz. 


Crossed with his daughter Sené dhu, Donald dhu had in 1914 four offspring: 
Teufel a black dog with a small white shirt front, two black dogs with white 
markings, and a light red brindle bitch with white shirt front and white paws. Thus 
in this litter there was not a single albino. We cannot, however, assume Sené to 
have had no factor for albinism, because crossed with Wang the Cornaz albino, 
she had in 1913 a litter of three: the bitch Trine, a Cornaz, and a Cornaz bitch 
and dog, who died quite young. Crossed again with Wang in 1915, she had a litter 
of five, one bitch and four dogs. The bitch was jet black with a white shirt front, 
the four males were three of them Cornaz and the fourth was a dark brindle with 
white front. 

The third black-coated sister of Cilis and Sené, namely Mor dhu, declined to be 
mated until she was three years old. She was then crossed with her sire Donald 
dhu and produced in 1915 a litter of three: Ola, a black dog with white front, Tollz, 
a similarly coated dog, and Siri, a red brindled bitch (see Pedigree I). In early 1916, 
Mor dhu gave two further puppies to Donald dhu, Hille a black bitch with a white 


* There exist several more or less well authenticated reports of human albinos acquiring some 
pigmentation. Frigg’s case may throw light on these. 
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shirt front, and a second jet black* bitch with a like front. In late 1916 and in 1917 
Mor dhu had single puppy litters; in the former year’s late litter a jet black bitch 
with white shirt front, and in the latter year a dog of jet black coat with a similar 
shirt front. The infertility of Mor dhu—whether due to the difficulty of procuring a 
good meat diet for dogs during the war,or,as we suspect, to some personal anomaly t— 
was so great, that in the course of five years she had only seven puppies. The whole 
of these were of the usual Pompek type except Siri, who was a red brindle. The 
existence of Siri showed that she was not a dominant black, but could like her 
sisters Cilis and Sené produce red puppies. It would have been interesting to know 
what would have happened had she been mated with Wang, but her fertility was 
exhausted before this could take place. She may have carried no factor for albinism, 
but of this we cannot be sure. The only white hairs she carried formed a small 
patch on her belly, invisible as she ran about, so that she looked like a black pure- 
bred Pekinese. Her absence of white may possibly be correlated with the fact that 
she bred to Donald dhu, her father, far more black dogs, than her sisters Cilis dhu 
and Sené dhu did. The actual distribution of colours of offspring is shown in the 
accompanying Table. 


j Mated with Wang (Cornaz) Mated with Donald dhu (Pompek) 
Name of 
Bitch 
Total | Cornaz Red Black Black Red ‘‘Sable” Cornaz Total 
3 1 — 1 1 Cilis dhu 4 2 hf 2 1 14 
12 8 2 1 l Sené dhu 3 1 — ee =e 4 | 


+ Brown with more reddish tinge than is to be found in the natural fur of the sable, but distinguish- 
able from dark red. Not unlike, but far from wholly like, the coat of a brown retriever. 


It is clear from this table that the Pompek Donald dhu and his two daughters 
Cilis dhu and Sené dhu all carried a factor for albinism. It is less certain about 
Mor dhu, but we might also have supposed her sister Sené dhu to carry no such 
factor, had she not been mated with Wang. Theoretically, Donald dhu, being the F, 
generation from albino Pekinese (RR) and black Pomeranian (DD), should have 
a formula of the type (DR), so that when crossed again with the pure albino (RR), 
| his offspring should be (DR) or (RR), Thus, if D signifies “some” colour, this would 
‘ cover red as well as black, and there would be nothing anomalous in the observed 
offspring of Donald dhu and an albino Pekinese. According to this theoretical view 
all Donald dhu’s daughters must also have the formula (DR) and mated with their 
father should have given 75 °/, coloured and 25 °/, albinotic offspring, the observed 
numbers were 22 to 3. Again these daughters crossed by Wang (RR) should give 
50 °/, albinotic dogs, the actual numbers were 4 to 11. The odds are about 14 to 1 


j 


* We use the term ‘‘jet”’ to distinguish the pure black coat from the rusty black which is not un- 
common with Pompeks. 


‘ + She was a most unsatisfactory mother, paying no regard whatever to her offspring. 
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against such an excess of coloured puppies in the first, and 27 to 1 against 
such an excess of albinos in the second form of crossing. There should be on the 
simple Mendelian theory applied no interdependence of the two sets of results, and 
accordingly the odds against the combined result following such a simple Mendelian 
theory are very considerable, i.e. 378 to 1; and these odds would still be considerable, 
i.e. 94 to 1, if instead of taking the excesses of coloured and albinotic puppies, we 
took for calculating our odds deviations whether in excess or defect. 


It may be asked why we should endeavour to apply any such simple Mendelian 
theory. The answer is that albinism is still cited in elementary (and not only ele- 
mentary) textbooks of genetics as an illustration of this simple form of Mendelian 
theory. 


In order to meet a difficulty in mice very similar to what we have found in 
dogs, Bateson in 1903* introduced a somewhat different notation and definitions. 
He speaks of an albino (pink-eyed) gamete G, this we suppose corresponds to our 
white albino with pink eyes, and G which is described as a colour-bearing pink- 
eyed gamete. Then according to Bateson the homozygotes GG and G’G' will all 
have pink eyes, but the former will have white coats, and the latter some colour in 
the coat. The heterozygotes (@G’) will, according to Bateson, have dark eyes and 
some colour in the coats. In other words, it would appear as if some colour in the 
coats dominated the eye colour in the heterozygotes (G’G), but not the eye colour 
in the homozygotes (G’G’) when these are crossed. This as Weldon pointed out at 
the time is a somewhat curious interpretation of dominance; it also leaves very 
vague what is meant by “some colour” in the coat. The Cornaz spaniel no more 
than the white Pekinese albino has any pigment granules in its coat; the “some 
colour” is diffused pigment, and whether this pigment is creamy yellow as it occurs 
in some white albinos at certain seasons, or grey as in the Cornaz, there are no 
granules. Pigment granules do occur in the eyes which Bateson calls “pink” of both 
dogs and men. It is clear that our Cornaz albinos must be homozygotes (G’G’), for if 
they were heterozygotes (G’G) they would not have “pink” eyes. Now if the reader 
will look at the lowest generation on Pedigree I he will see a mating between a white 
albino (“pink-eyed”) (@@) Wu, and a “pink-eyed” Cornaz with “some colour in 
the coat” (G’G’) Juby. The result was three offspring with heavily pigmented eyes 
and coats with plenty of pigment granules in the hairs (@G’), according to Bateson’s 
theory. Thus this remarkable result in dogs (and mice) is in accord with Bateson’s 
theory. But alas! the theory fails to accord at many other points with observation. 
According to the theory every Cornaz must be a homozygote and Cornaz x Cornaz 
give only Cornaz, but Cornaz x White Albino should give dark-eyed offspring with 
some colour in the coat. Let us look at some of the results: Hans and Grethel were 
very typical Cornazs, they produced in 1915 three definite Cornazs; Trine and Bube 
again were quite typical Cornazs, they produced in 1914 two Cornazs—these results 
are all in accordance with Bateson’s view. But Hans, a Cornaz, mated with a white 


* Nature, Vol. txvi. p. 462. For the controversy which followed, see p. 512 (Weldon), p. 585 
(Bateson), p. 610 (Weldon), and Vol. txvit. p. 33 (Bateson and Weldon). 
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albino Meg bhan, i.e. (G’G’) x (GG), gave in 1915 Amie and Mendel, two white albinos 
(GG) and Bube and another dog, two Cornazs, one with a white shirt front and the 
other with a white belly. All four should have had coloured coats and pigmented eyes ! 
In 1915 Hans (G’G’) x Wee Tong (GG) produced Hun a white albino (GG) and Hans 
mated with Meg bhan (GG) in 1920 a typical white albino Ben. Further Hun, a white 
albino mated with Liese, a Cornaz bitch gave rise to a litter of two Cornaz bitches, 
Hinne and Henne, with white shirt fronts instead of dogs with coloured eyes. It 
is clear therefore that Bateson’s [G, G’] hypothesis will not suffice to describe the 
relations of Cornazs and white albinos in dogs; yet our Cornaz spaniels seem to 
accord closely with Weldon’s pink-eyed “lilac” mice. Bateson wrote* of his [G, @’] 
hypothesis in 1903 that: “Anyone conversant with Mendelian phenomena can now 
predict the eye colour of the future offspring of the various unions with approximate 
accuracy.” Discarding the [G, G’] hypothesis as unworkable, it would be of interest 
to have a prediction as to the nature of the offspring which Gelberta may produce 
when mated with Schwarzert or Brunert. 


It will be seen that even on Bateson’s hypothesis the inheritance of pigment in 
the coat and of pigment in the eye are not independent characters; nor are diffused 
pigment and granular pigment independent of each other. Two animals with 
albinotic eyes can give rise to offspring with deeply pigmented eyes, and this 
possibility depends on there being diffused pigment in the coat of one of them. We 
have never got a pigmented eye in the offspring of two Dondos or white albinos, 
and only as the reader will perceive very rarely from a Cornaz albino and a white 
albino. But as it appears possible to obtain a Cornaz from two white albinos, and 
from a Cornaz and a white albino offspring with heavily pigmented coat and eyes, it 
would seem within the range of possibility to obtain pigmented offspring from a race 
of white albinos, at any rate in dogs. We say a possibility, because when this has 
come about in our breeding, both the white albino Wu and the Cornaz piebald Juby 
were eatracted albinos, i.e. their parents in both cases were coloured dogs. It is 
conceivable in this matter that an extracted albino, especially when the ancestry 
contains a number of dogs with heavily pigmented coats, may not have the same 
germinal constitution as pure-bred albinos. 

To obtain some idea of the exact relation of eye pigment to hair pigment, 
attempts were made to obtain dogs with white albinotic coats and pigmented 
eyes. Various attempts were made to attain this end, but Pearson personally was un- 
successful in any experimental mating directed to this end. Only one mating, that of 
two red dogs, non-litter brother and sister from the same parents, gave, as it were 
by chance, the desired result. Topsy, a light fawn bitch with black points, crossed by 
the white albino Ben gave birth in separate litters to the red bitch Setie and the red 
dog Eld. There seemed nothing remarkable about this pair, but they were mated 
together to see whether a dominant red dog had been by any chance reached. All 
that was expected from the mating was the usual mixture of red dogs and white 
albinos with possibly a fawn. Judge of our surprise, when what we had faile’ to 
procure of purpose arrived indirectly. The record of the matings is the following: 

* Nature, Vol. uxvn, p. 462. 
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In the five litters sired by Hid (1924, 1926, 1927, 1928 and 1929) Setie has 
given birth to 15 puppies: 


White coats Fawns and 
White Albinos and dark eyes Red brindles Wasnt: adele Brown brindle 
2 3 4 5 | 1 


This is another illustration that one cannot take albinism and colour as alle- 
lomorphic. The three dogs with dark eyes and “white” coats were all males; as 
puppies they had coats as white as the whitest albinos, but on losing the puppy-coat 
they became creamy or yellowish in patches. The possibility of perpetuating a 
breed of white-coated dogs with black eyes could not be attempted, because all 
three were males, and Busdubh and Mike II died when about a year and about 
four months old respectively, in both cases suddenly. Tweedledee is still alive. 
Setie, however, was mated in early 1927 with her own son Nick, but with no success 
as far as white-coated, dark-eyed offspring go; she had one brindle fawn dog, and 
besides Alpha and Gamma, dogs, and Beta, a bitch, all three brown red with black 
points and white shirt fronts. Further, mated with her uncle Changpie, a grey 
brindle, in 1925, she had two puppies, one a grey brindle dog Seeta, and the other a red 
brindle bitch. To test whether she had a factor for albinism she was mated in early 
1926 with her double cousin the white albino Mac, the result was a litter of three, 
a white albino Wu, a Cornaz albino and a fawn with black points, Feng, all dogs. 
Omitting her mating with Mac as an albino, Setie, a coloured dog carring a factor 
for albinism, has been mated with three coloured dogs Eld, Nick and Changpie, 
all carrying a factor for albinism. She has had by them 21 puppies, of which two 
only were albinos, the odds here are about 12 to 1, or only in about 13 trials would 
the result once fall so far short of a Mendelian quarter. These odds are not very great, 
but they are in the same direction as those previously reached for the mating of 
two coloured dogs each carrying a factor for albinism, and confirm the view that 
albinism in dogs is not a simple Mendelian recessive, i.e. the white albinotic coat 
is not recessive to a coat with “some colour in the hair.” 


We may remark that the hair of the white coats of our three dark-eyed dogs does 
uot seem to differ in any character from that of very creamy white albinos. 


We now turn to the dogs bred by C. H. Usher in Aberdeen. While they 
started from the same foundation stock as those bred by Pearson, their aim was 
somewhat different. Much more Pom blood was introduced through the two black 
Pom bitches Olga and Dido and the black Pom sires Prince and Drum Chief, but 
also through the white Pom Lady used with a view of getting ultimately a Pompek 
with pure white coat and black eyes. 


A study of Pedigree II indicates that Usher's stock of Albino Pekinese takes its 
origin in Ah Cum. Mairi bhan and Jan ban, non-litter brother and sister, were off- 
spring of Jack and Tong. Spook, a bitch that had the whitest coat of all our dondos 
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and was the worst of all our mothers, few of her offspring surviving, was the grand- 
daughter of Tong by Mia of Alderbourne, through coloured parents. Beenie, a Dondo 
bitch, was a granddaughter of Wee Wong through coloured parents. Wee Wong was 
a red dog, litter brother to Jack and Jill. Wee Wong must have had a factor for 
Cornaz albinism, like his nephew Wang, because Beenie gave rise to Cornaz albinos. 
A noteworthy difference will be found between Pedigree I and Pedigree II. While 
there are quite a considerable number of red and fawn dogs in Pedigree I, only 
about 2°/, of the dogs bred by Usher appearing in this pedigree are red or fawn. 
Of course, neither of the pedigrees now published contains anything like the whole 
number of dogs bred by either Usher or Pearson, the lines have been selected to 
illustrate the manner in which albinos occur; nevertheless the fact remains that 
Usher, breeding in more Pom ‘blood and using more his F, generation of Pompeks, 
failed to obtain the variety of coloured dogs appearing in the London stud. In the 
present Pedigree II the coloured dogs are, first, the bitch Sheila, light brown coat 
of various intensities of brown, called by Usher shades of sable, and with brown 
hairs on vertebral column tipped with very dark black, so that she seems to have 
black “curls” down her back; secondly, a dark red brindle puppy, the offspring of 
Sim and Caristiona, and lastly among the somewhat weird offspring of Sim and 
Lady, a skewbald fawn and white dog, and a white dog with fawn markings; these 
are all. The other coloured dogs in this pedigree are black with white markings, i.e. 
Pompeks. Such dogs have almost disappeared from Pearson’s stud*, presumably 
as a result of emphasising the Pekinese element. 

Usher's results from the offspring of Jack and Tong were at first remarkably in 
accordance with the simple Mendelian theory. wo white albinos interbred gave 
rise to white albinos Mairi bhan and Ian ban. These interbred gave rise to a litter 
of six albinos, all white. Jan ban, mated with the pure bred black Pomeranian 
bitches Olga and Dido, sired seven Pompeks, black.dogs with some white markings. 
Dido mated with Donald ban, also a white albino Pekinese, produced five typical 
Pompeks all black coated with white shirt fronts. Simple Mendelism seemed to go 
well, our “dominants” black Pomeranians bred true, our recessives white albino 
Pekinese bred true and the F, generation had most of their coat black, if they added 
indeed the white shirt front unknown to the dominant Pomeranians. Only two ex- 
ceptions have occurred to this rule, the black Pomeranian Prince J, got out of the white 
albino Beenie two dogs ; Coinneach ruadh (Kenneth) whose coat was chocolate, and a 
second unnamed dog with like coat; the remaining three dogs of the litter were the 
usual Pompeks. Kenneth failed to breed and the matter could not be carried further. 
So far, so good. Before we turn to the /, generation, we may note that Usher 
mated his white albino Donald ban with two other white albino bitches. Spook was 
descended from our albino Tong, and Beenie from Wee Wong, the brother of Jack 
and Jill; both Spook and Beenie traced their descent through coloured dogs. 
Donald ban and Beenie mated provided four dogs all Cornaz, not a single white 
albino! Donald ban and Spook mated resulted in eleven Cornaz and only two 


* I believe the only black dogs now living bred by me are Jet, born in 1922, and Schwarzert, born 


in 1928, both extracted blacks and differing in many respects from Pompeks. K.P. 
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white albinos. It does not seem possible to suppose Cornaz albinism an allelomorph 
to white albinism! The white albino Beenie crossed with the Pompek Dugald dhu 
should have produced 50°/, Pompeks and 50°/, white albinos; actually she had three 
black puppies with white markings and three Cornaz, not white, albinos. Crossing 
members of the F; generation we find a new series of difficulties arise, if we 
endeavour to apply any simple Mendelian formula. A not unreasonable or impossible 
result was obtained when Buna dhu was mated with Donald diu, the litter consisted 
of five black dogs, all with white shirt fronts; if we suppose that these were all Pom- 
peks, or heterozygotic in character, for the dominants were whole black, the odds 
against this occurrence would be 31 to 1, and it might of course occur. The two 
matings of the Pompeks Jan dhu with Yfa dhu cause more difficulty, for the al- 
binism of both only arises from the Jack x Tong stock, yet we find in their progeny 
one white albino, one Cornaz albino, a Pompek and the light brown (sable) bitch 
Sheila, with long black tips to the hairs on top of her saddle. Clearly the concep- 
tion of black allelomorphic to white albino is not adequate and colour factors for 
reds, red brindles, etc., unknown to the Pomeranian, come in through the albino 
Pekinese. Turning now to the matings of albino Pekinese with Pompek, we have 
already referred to the litter of Dugald dhu and Beenie; in a litter of Dugald ban 
and Mairi dhu there were three Pompeks and a white albino Garthonzte bhan. The 
latter mated in 1913 with Wad (also a white albino out of Spook by Donald ban, 
both pure Pekinese white albinos), produced three Cornaz dogs and a white albino 
bitch Ordchoinachie, thus confirming the view that white albinos can give rise to 
Cornaz albinos. If we suppose Cornaz albinism can arise through the dilution of 
albinism by the Pomeranian black, then Gurthonzie’s descent from Mairi dhu 
and Olga, the latter’s Pomeranian mother, can assist the hypothesis. On the other 
hand we have to note that Spook and Donald ban, both pure white Pekinese albinos, 
obtained Cornaz offspring without any dilution by Pomeranian blood. Jan ban and 
Garthonzie bhan gave in three litters six Cornaz and not a single white albino. 
Spook mated with Prince J, a black Pomeranian, gave rise to a litter of five Pom- 
peks, also black with white shirt fronts. One of these Anna dhu, mated with a pure 
Pekinese white albino Donald ban, had a litter of two Pompeks and one Cornaz. 
Thus Usher’s albinos tended during the war years, much like Pearson’s, to be Cor- 
naz rather than pure white, and both were subject to a very heavy death-rate, 
apparently greater in the case of the Cornaz than in that of the white albino. 

We may now stay to consider an attempt to obtain directly pigmented eyes 
with a Pekinese habit. In 1915 Usher mated a pure white Pomeranian with 
a Pompek of the F, generation, Fraoch dhu, see Pedigree II. The litter was note- 
worthy; all members had dark eyes. Stim was a piebald black and white with white 
hair; Caristiona, of the usual Pompek type; the third puppy,a dog, was also a Pompek, 
mostly black with thin white stripe on throat, chest and belly; the last puppy, Mor 
bhan IT, was white with slight traces of cream, she had on the left ear brown hairs 
with some black, and across the rump a pale grey band. Caristiona mated with her 
brother Sim gave birth to a dark red brindle dog, a Cornaz and a Pompek, black 
with white forepaws. Thus Sim and Caristiona both contained a factor for albinism 
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of the eye, but the normal dark eye dominated when Lady was mated with either 
a hybrid or a pure albino. Sim was mated with his mother Lady in the war years 
1917 and 1918, and this bitch had puppies: Zam IJ,a skewbald white and fawn dog, 
perhaps the use of the term skewbald is too definite—he had a white coat with light 
fawn patches, not very clearly marked off from the white, fawn-coloured ears, and 
a grey right front paw; two dogs and a bitch had white coats and pigmented eyes; 
a bitch Tibbie was all white except for fawn-coloured ears; Nei! was a piebald like 
his father Sim, while Oscar and Marcus were all white, with brown noses. All the 
eyes of the eight puppies were dark. 


Finally in 1919 Lady was covered by Donnchadh ban, a Cornaz albino, and she 
had three white puppies, two bitches and one dog, all of which died in the first 
fortnight. Their skins have not all the same degree of whiteness, one being almost 
Cornaz colour. Usher’s descriptions, macroscopic and microscopic of the eyes, seem 
to indicate that they all would have had “dark” eyes*. Lady had dark brown irides, 
but they were not examined after death, though those of the black Pomeranian 
bitches Dido and Olga were. It is difficult to compare a puppy’s eye with that of a 
fully grown dog, but it is just possible that the albinism of the father Donnchadh 
ban may have had some influence on the pigmentation of the offspring. Still the 
evidence seems in favour of terming these dogs “ white and dark eyed.” Unfortunately 
Lady was never mated with a pure white albino Pekinese, and her offspring with the 
Cornaz albino did not survive. The experiments with Lady were carried on during 
the war years 1915—1919, during a part of which time Usher was in Salonika, and 
they had to be abruptly terminated. They left the problem of whether it would be 
feasible to obtain a pure white Pekinese coat and skeletal form combined with a dark 
eye unsettled. Pearson’s Busdubh, Mike and T'weedledee are nearer to the conditions 
of skeletal form, but the coat is like that of the white Pekinese in hair colour, and 
tends as the puppies grow older to show yellowish patches, it is not pure white, 
and this is exactly the trouble with pure-bred “white” Pekinese with dark eyes. 


* No. 1. Died at three days. Eyes closed. Both eyeballs translucent, iris blue grey. In opened 
eyeball iris and ciliary body black, fundus very pale. Microscopical Examination: Retinal epithelium 
well pigmented, stroma of iris and ciliary body contains numerous faintly pigmented chromatophores, 
which have a pale brown colour. Choroid in some parts shows no pigmentation, in other parts some 
of the cells are distinctly pigmented. 

No. 2. Died at thirteen days. Eyes only partly open. Iris dark blue; deep red translucency of 
eyeball, when held up towards the light. Eyes frozen and opened; posterior surface of iris dark brown ; 
ciliary body black; fundus pale brown, Microscopical Examination: Retinal epithelial layers on back 
of iris, the pigment layer of ciliary body and the hexagonal cells of retina darkly pigmented. In iris 
stroma are numerous lightly pigmented chromatophores, which do not appear to have received their 
full complement of pigment granules ; lightly pigmented chromatophores in smaller numbers are present 
in the ciliary body and choroid, also a few at sclero-corneal margin. 

No. 3. Dark iris and fundus. Eyes frozen and opened ; iris, ciliary body and fundus black. Micro- 
scopical Examination: Darkly pigmented epithelial layers of retina, pigment layer of ciliary body and 
hexagonal layer of retina; stroma of iris and ciliary body and choroid are darkly pigmented, much 
darker than in No. 2. 


A piece of skin from the head, placed in 10°/, formalin, embedded, cut and examined microscopically, 
showed no pigment. 
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As the reader has been previously warned the present paper does not deal at 
length with the 500 and more dogs which have been bred. It endeavours solely to 
illustrate the types of albinism occurring and their relations to each other. Even thus 
many problems arise, which cannot at present be solved. Perhaps one of the most 
important of these is the question whether all Cornaz albinos are equivalent. We 
do not think the amount of cream in the coat of a white Pekinese albino has the 
slightest gametic importance; it varies so with the season of the year, and the 
interval since change of coat. On the other hand the intensity of diffused pigment 
in the coat of the Cornaz albino is very considerable and if a number of skins of 
these dogs be taken a fairly continuous scale can be reached running from a dog 
like Wang up to Frigg. Some might indeed link Wang on to the creamy white 
albinos, and suggest that there is only one kind of albinism, and that it varies in 
intensity. The skewbald Cornaz and the Cornaz with white shirt front give, however, 
a contrast which cannot be put on one side; there is an essential difference between 
the two areas. Further, our breeding experiments seem to indicate that: (i) two 
dondos, or white albino dogs, never give rise to dogs with dark eyes, but (ii) they 
can give rise to Cornaz albinos. Again (iii) we have never known a Cornaz mated 
with a Cornaz produce puppies with dark eyes, they have only albino puppies, 
white or Cornaz; but (iv) we have known a case in which a Cornaz skewbald, crossed 
by a white albino, produced dogs with pigmented coats and dark eyes. 


Our “Cornaz” dog seems exactly in accordance with what Weldon in his mice- 
breeding experiments (see Biometrika, Vol. x1. Appendix, “ Records of Mice- Breeding 
Experiments”) termed pale-blue-grey (“lilac”) and represented by the letter f 
These mice had always pink eyes (p), and might be either whole-coloured 
(Weldon’s 6), or mixed white and grey in patches of different sizes (Weldon’s 
1 to 5), ie. like our skewbalds and our Cornazs with white shirt front or white 
markings. Weldon made a very large number of matings of pink-eyed lilac mice, 
his mice being, like our Cornaz albinos, extracted albinos. In all cases (p, f) x (p, f) 
bred true, and this whatever the hybrid generation they appeared in. He also bred 
white albino mice with the pink-eyed lilac mice. From these ec. sses he obtained 
as arule mice with dark eyes and colour in the coat, even black (matings 2 H. 108, 
2 H. 156, see loc. cit. pp. 20 and 22) and chocolate, but they might be also fawn- 
yellow or wild colour. Occasionally, however, he obtained from this cross pink-eyed, 
and not dark-eyed, mice with fawn or “lilac” coats (see mating 3 H. 31, loc. cit. p. 25). 
All this corresponds to what we have found for dogs, only the cross Cornaz albino 
with white albino seems less frequently than in mice to give coloured coats and 
dark eyes, and more often pink-eyed offspring. Of course the explanation may be 
that our pure white albinos had a latent Cornaz factor, or at least that some 
of them, like Jzil, had. 


In this respect, perhaps, our Cornaz albino dogs corresponded to some extent 
more to Weldon’s Japanese waltzing mice ; these mice were skewbald, fawn and 
white, with albinotic eyes. The hairs of seven such mice have been examined, 
and in five of them the fawn hairs showed only diffused pigment and no pigment 
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granules. In two cases, however, the coloured patches showed to the naked eye 
a dusky hue and examined under a lens the patches were seen to consist of two 
kinds of hairs, the usual fawn and a darker kind. The former microscopically 
examined showed no pigment granules, the latter contained a certain number 
of pigment granules. The Japanese Waltzers bred true to their fawn patch and 
albinism, but when crossed with white albino mice, the offspring showed in part 
dark eyes and in part pink eyes, the former by far the most frequent. The pink 
eyes appear to have arisen when the Waltzer was mated by an extracted albino, 
i.e. by an albino very possibly having Waltzer blood in its ancestry. If we con- 
sider the waltzing albino mice really very similar in constitution to the lilac 
albino mice, i.e. when mating together as giving Waltzer albinos, and when mated 
with white albino mice as usually giving dark-eyed mice with colour in the coat, 
but pink-eyed mice if the white albino were an “extracted” one, possibly having 
a factor for the albinism of the Japanese Waltzer, we can perhaps see some light 
on the problem of why the Cornaz crossed with the white albino does not always 
give a coloured dog with dark eyes. The white albino dog may carry a factor for 
Cornaz, and when mated with a Cornaz give an albino litter instead of one of 
coloured dogs with dark eyes. 


Our results indicate that there is considerable correspondence between the 
results for dogs and mice with regard to albinism. The correspondence is not 
complete—the lilac albino mouse crossed with the white albino mouse far more 
often produces coloured mice with dark eyes than the Cornaz albino dog crossed 
with the white albino produces coloured dogs with dark eyes—still the strange 
phenomenon exists in both dogs and mice. Albinotic eyes in both parents and an 
absence of granular pigment in the coats of both are not sufficient to indicate that 
the offspring may not have dark eyes and pigment granules in the coat hairs. 
A further point of difference between albinotic dogs and albinotic mice seems to 
lie in this: the mating of albinotic white mice, as far as my experience goes, 
always leads to albinotic white mice. The mating of two pure-bred Dondos, white 
Pekinese albinos, may on the other hand lead to Cornaz Pekinese albinos, i.e. to 
dogs with as markedly albinotic eyes as their parents, but with pale buff or light- 
grey patches of hair on the coat. As a rule, but perhaps not invariably, these 
patches contain only diffused pigment. These Cornaz albino dogs correspond closely 
to Weldon’s “lilac” albino mice, or indeed to Japanese waltzing albinos, and when 
crossed with pure white albinos can give dogs with dark eyes and coloured coat. 
Thus a descent from pure white albino dogs to dogs with coloured coat and dark 
eyes seems feasible. On the other hand, the production of a “Cornaz albino mouse” 
—a fawn Japanese Waltzer or a “lilac” albino—from albinotie white mice has not 
been recorded, One point may be noted here: the white albino dog—and the 
eyes of many have now been examined—has, like man, eyes which exhibit all 
the usual albinotic characteristics, the marked red reflex, the photophobia, and the 
defective sight, but, like adult man’s albinotic eye, in all the cases yet examined, it is 
not absolutely free from pigment. On the other hand, the albinotic white mouse has 
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(iii) Pure-bred Pekinese albino Patty. 
Dondos, or pure-bred Pekinese albinos. a 


(i) Pure-bred Pekinese albino Jack. 
ag 
(ii) Pure-bred Pekinese albino Ji//. 
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(iii) Fe, skewbald Cornaz and Fo, Cornaz albino as puppies. 
Cornaz albinos from pure-bred Pekinese white albinos. 


| 
(i) Fo, showing contrast of white paws with pale buft body colour. 
(ii) Fo, showing white patches against pale buff body colour. 
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Fe, skewbald Cornaz albino, aged 5} months, white and buff, bred by E. Nettleship. 
From pure-bred Pekinese albino (Dondo) Jdi// x pure-bred Pekinese albino 
(Dondo) Jack. 
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(ii) Pure white albino puppies. 
Litters from extracted albino x pure Pekinese albino, 


Fu 
4 
=~ se * é 
J : 
(i) Pure white albinos, young dogs. 
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(i) Cornaz albinos, Hans and Grethe/, showing grey (lilac) body colour 
and white forepaws and shirt fronts. 


{ 
(ii) Extracted Cornaz albinos, product of the mating of a pure bred Pekinese 
Cornaz (Wang) with a black bitch (from white Pekinese albino x black 
t, Pompek, the latter a product of white Pekinese albino x black Pomeranian). 
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Plate VII 


(i) (ii) 
Juby, skewbald Cornaz albino, coat white with grey patches; the face and saddle patches 
can be distinguished, also the pure white on left thigh in (ii). 


(iii) (iv) 
Wu, pure white extracted albino. Both Juby and Wu have very marked red reflexes, and pink 
mucous membrane of nose. 
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an eye which stands almost unique among albinotic eyes of animals, in that it has 
been impossible hitherto to find traces of granular pigment associated with it*. 
Japanese albino mice and “lilac” mice have a small amount of pigment in the eyet. 
It would seem therefore that the pure white-coated albino mouse is more differen- 
tiated from the Cornaz albinotic mouse (such as the Japanese or lilac albinotic 
mouse) than the pure-bred white albino Pekinese, the Dondo, is from the Cornaz albino 
Pekinese, both the latter having some amount, if small, of pigment in the eye. 

This may possibly account for the transition from pure albinism (no pigment 
granules anywhere) to normal pigmentation (granules in skin, hair and eye) being 
more feasible in the dog than in the mouse. 


* See Pearson, Nettleship and Usher: A Monograph on Albinism, p. 365, Case VI and p. 377, Case IX. 
+ Loe. cit. p. 364, Case V and pp. 375 et seq., Cases [V—IX. 
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ON THE DISTRIBUTION OF THE FIRST PRODUCT 
MOMENT-COEFFICIENT, IN SAMPLES DRAWN FROM 
AN INDEFINITELY LARGE NORMAL POPULATION. 


By KARL PEARSON, G. B. JEFFERY anp ETHEL M. ELDERTON. 


Let the origin be taken at the mean of the bivariate population and let that 
population be defined by and p. Let the sample be defined by mz, 21, 
and r. Then it is known that the distribution surface of m,, m, is independent of 
that for =,, =, and r, so that we need not consider m,, mz further. The surface for 
>, =, and r is given by* 

n (33 _ 22” 


where 7 is >2 and r lies between — 1 and +1. 


and consider the integral 
I, = Ag [arf da (2? (ay)"~2 (1 — 


n 
Change the variables of integration to u, « and y, Where u=ray, and we have 
I,= Ao| due?" || YD (a2 y® — aydady, 
the double integral being taken over the area above and to the right of the 
hyperbola ay = |u|. 


Let F (w) be an even function of u detined for u>0 by 


F(u)= If — avy dady. 
ay>u 
Transform to coordinates = ay, n = + y’, 
fe — (n- 4) 


46)! 
Making further substitutions, 7 = 2£ cosh @ and &=ucosh , this becomes 


F (wu) =u | ahucosh ¥ cosh? sinh” cosh pdydd. 
6=0 


* R. A. Fisher, Biometrika, Vol. x. p. 510. 


he 
| 


Karu Pearson, G. B. JEFFERY AND M. 165 
Now the Bessel function of the second kind and imaginary argument is given by* 


Hence 
F(u) =u" [ Ky (2u cosh yw) sinh” cosh 
Further we have+ 


Ky (2u cosh w) sinh®+! cosh = (iii) 


— 


and thus F (u) =4T @-2) (2u) 
for u >0, while for u< 0, F (uv) is defined by F(—u) = F(u). Hence 


+a 
I,= 40 1) Ao | + 


“0 


Accordingly the curve of frequency of 2u which is such that 


is y= *Kyn-1(0) (vi). 


To complete this curve we have to find Ay. If N be the total number of samples, 


N= = 4 5) * Ky, dv 


We will proceed shortly to the determination of this integral, but we will take 
first a rather more general form. We require the moment-coefficients of the 
distribution of py. If we obtain these coefficients about the fixed origin p,, =0, 
it is easy by the usual reduction formula to obtain them when they are calculated 
about the mean of the individual samples. If we are seeking the mth moment- 
coefficient about zero, we must include the term (r=,>,)" under the signs of the 
triple integration. In other words we need 


— +a 
Tn= (Pare | ew" F(u) du 


n 


/0 


2)\\ m+n—1 
where A, = (viii)”*, 
* G. N. Watson, Theory of Bessel Functions, p. 172 (5). 
+ Watson, loc. cit. p. 417 (6). The result (iii) follows from putting in Watson’s formule (6) 
a=2,z=u, t=ucosh y, and remembering that K—, (2u)=K, (2u); for which see Watson, p. 79. 


i 
3 
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To evaluate J, consider the relation* 


0 2 pt 


This gives 


where 


fu (p)=(~4" 


$(n-1)+m 
) F (-4(n—3), }(n—1), +1) +m, 


1 —p 4(n-1)+m 
+(-1)" F(—4(n—8), 4(n—1), +1) +m, $(1—p)) 


Considering the function f,,(p) and noting that+ 


d -1 


B, 3(1—p))—F(a, B, 3(1 — p))), 


we obtain by straightforward differentiation, 


d 


Again putting m =— 1, 


(n-3) 


(n-3) 


b(n-3) 71 — 


1 — p\2 4 (n—3) 


using the Euler transformation, or 


(xii), 
_ 
hence, putting p= 1, 
fm (1) = (xiii). 


* Watson, loc. cit. p, 388 (7), with proper interchange of symbols. 
+ Forsyth, A Treatise on Differential Equations, 1885, p. 195. 


| 


x F(—p+h,m+h, +p)) 
i 
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Putting m =0 in (xi), 


by (xii), thus f (p) is independent of p, or putting p = 1, by (xiii), 


(xiv). 
Hence — m = 1 in (xi) we have 


the constant being clearly zero, for from the expression for f,, (p), 


fi (0) = 0. 
Again, from (xi), 
G (n+ 3)) 


1 1/ 
(p) = T(n—1) (4(m—-1)) 3 + const. 


To determine the constant, put p=1 and use (xii); we have 


P(nt1)2.1 8 . 
or const. = - 8T(n—1) 
1 
Thus he(p)=5 Pee G + (xvi). 


Now use (xi) again, putting m = 3, integrating and remembering that /,, (0)=0 
when m is odd; we have 


fs(p)=7 Pee —)) (e (5 + (xvii). 


Finally, from (xi) once more we have 


1 FY (r—1)) /p 
35 @ 


where to determine the constant we use (xiii) or 


1 P(g (n—1))n+6 


12 on const. 


(n4+38)4.3.2 ©32 12n + const. 
Thus 384 r (n 1) + (n + 


(xviii). 


‘ 

1 

‘ 

| 
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We can now find the corresponding J,,’s from (x), 

(r—-1)) 

(1 — p22 

or applying the duplication formula: 
_aT(n—2) 
3 (1 (n—1) 


=1A\Vr 


Now by (iv)’*, | Pr) Ky,_1(v)dv 
0 


and hence by (xx), 
a7 I'(n—2) 


=- - XXxi). 
(4n—1)(1 — ( ) 
Turning back to (vii) we find 
N2"-2 (1 — p22 
or Ay = — (xxii), 
and therefore by (viii)’*, 
N2"-2(1 — 
An=— (20,0,(1 (xxill). 
The curve for the frequency distribution of v= — "Pig now known from 


1—p* 
(vi) using (xix), namely, 
, 4(n-1) 

Vor (4 (n—1)) 
Here the function of v in curled brackets is not to change sign with v but the 
power of the exponential does so. Such is the curve which has to be traced for 
samples of various sizes (n) from populations of various correlations p*. 


We next turn to J. By (x) and (xv), 


CG 
(n+ 3)) (1 — 21 (n — 1) 
I, Ay p(n—1) _ 20,02,(1 — p*) p(n—1) 
Ag 2(1—p?) n 2(1 — 


* For the special case p=0, or of sampling from uncorrelated material, 


f, = 1A, Vir 


or 


N 1 


4 

| 

| 

| 

| 

| 

gin -1 
0 2 
Ao | (an 1) 
| 
. 
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But J,/Io= mean value of p,, in samples or 
1 1 


where P,, is the value in the sampled population *. 


We proceed to find J,/Jy. By (x) and (xvi), 


(n+3) 8 n 
I, Ao . n) \P 
0 
Since we have 
1 0192 
p 
2 
1-p 


which are the values used in dealing with the frequency curves. 
Next we obtain from (x) and (xvii), using (xix), 


I; 3 As(n+1)n(n—1) 
| 


Hence by the formula 

= — Spt’ + 2p, 
and remembering py’ = I,/Io, wy’ = we find after reduction, 


2 1 
We are now in a position to determine »,,8;. 


B = 4 (p? + 3) 
Put n—1 py? 

The function of p? on the right attains its maximum when p?=1 and then 
pu 81 = 8/(n—1). We see accordingly that there can be sensible skewness, or 8, of 
the order 01, when the size of the sample is of order 100. For samples of the 
order 400, 8; would be of the order 02, and could be treated for practical purposes 
as negligible. For the smallest samples (n — 2 (!)), and high correlation (p —> 1 (!)), 
we can have »,,8,-> 8, which is a very high value indeed. 


* This is a special case of the value of p,, given some time back by K. Pearson for sampling out of 
a limited population N, with any form of distribution (not necessarily normal), i.e. 


« 
‘| 
| 
ie 
1-I/n 
fu: 
1-1/N 
| 
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Turning to J, we have from (x), (xviii) and (xix), 


1 Ay(n+2)(n+1)n(n—1) 3 
2 1 1 6 3 


We must now transfer to the mean by aid of the formula 


Pa = Mal — Apts’ py’ + 6 — 


remembering that = I,/Io. 
We find py lta = (1 ((n + 1)(1 + p?)? + 8p?) (xxxiil). 
Hence we deduce 
pulls + 1 8 3) i 
pu Be= =3 4 + (xxxiv) 
4p? 
=§ 1 ) XXxiv)’*, 


pnb: reaches its maximum, 15, pind n=2 and p=1, Its minimum is attained 
when n—» © and it then takes the normal value 3. 


Equations (xxvi), (xxx), (xxxi), (xxxiii) and (xxxiv) have been reached by 
Mr J. Pepper as special cases for the normal surface distribution from his far more 
general expressions for the moments of p,,, when the sampling is made from any 
form of distribution*. The novelty of the present method is that the same results 
are obtained, by starting from the actual distribution curve, when the sampling is 
made from a bivariate normal surface. 

The question now arises as to when we shall arrive at an adequate distribution 
curve for py by applying (xxv), (xxvi), (xxxi) and (xxxiv) to fit a four-moment 
leptokurtic curve to the data, i.e. how closely does the Bessel-function curve (xxiv) 
fit a Pearson curve of Types IV or VI? The following illustrations indicate that 
for practical purposes the labour of computing the ordinates of the Bessel-function 
curve may be avoided for fairly moderate-sized samples. 

We start with samples of 50, and compare the true Bessel-function curve with 
the Pearson type curve for p= 0 and p=°6. These are shown in Figs. 1 and 2, and 
it will be seen that the accordance is excellent. We next passed to a sample of 
30 for p = 0, and the fit is again excellent, and if for p=0, it will be so for higher 
values of p (see Fig. 3). Accordingly we proceeded to lower still further the size of 
the sample and reduced n to 22. For p= "9 and ‘6 (Figs. 4 and 5) the accordance 
is all that could be desired. But when we pass to lower values of the correlation, 
p='3 and p ='1 (Figs. 6 and 7) the agreement while for most purposes statistically 
adequate is losing its merits. We can therefore conclude that below n= 22, the 


* Dr Wishart has also given the values of 8, and £, for the distribution of p,, in Biometrika, Vol. xx4. p. 42. 
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Pearson curve with the same mean, standard deviation, and constants 8, and B, 
as the Bessel-function curve will not suffice to describe the distribution of py. 
Illustrations of this are provided in Fig. 8 for n=10 and p=0, and still more 
effectively in Figs. 9 and 10 corresponding to n=6, for p="5 and 3. It is 
feasible, however, to get an adequate description of the distribution of p,, or v 
by a Pearson curve at least down to n= 10, if we drop the equality of 8, for the 
Pearson curve and the p,, distribution and make our conditions the equality of the 
ordinates at # = 0, and of the standard deviations. This is illustrated for the case 
of p=0 and n=10 in Fig. 8. But the wiser course seems to be to table the 
ordinates of the p=0 curves for samples of 2 to 25, and only use the Pearson- 
curve method for samples greater than 25. When p is not zero the ordinates 
of the asymmetrical curve can be obtained by multiplying by the factor 
n (1 — 2 

The Tables now provided in the Appendix for the small samples has meant much 
work in computation because notwithstanding the labours of Professor Watson 
adequate tables of X,, (v) for our purposes are not in existence*. It was then a great 
comfort when Professor Watson provided us with a suitable asymptotic formula for 
some of our purposes, the first term sufficing in many cases. This formula is as follows: 


+ 


t TQ) m V1+ 


1 5 3 77 385 1 
This may be written in the more compact form, if tan @=v/m=t, 


m 
Ky (v)= (cot $0) =, Te A,(- cos* 


where Ag=1, A,=}— 300896, A,= 735 — 0087 + BR; 
Confining our attention to the first term we have for our frequency curve from (xxiv), 
1 
y = yor™ (Pt (1+ ............ (xxxvi), 
where m=tn-1. 


* The highest value tabled is Kyo (v), and we require K,,_, (v), or the largest possible sample n is 
one of 22. Even then the existing table for Kyo (v) provides only a small portion of the rise of the fre- 
quency curve for p;;; we do not get near the modal value and a fortiori do not get the fall of the curve. 


For m=10, we can use the recurrence formula 


2m ., 
Kyi (v)=Ky-i (v) + Ky, (v), 


and the tables of e” Ko (v) and e” K, (v) on pp. 698—713 of Professor Watson’s book. But these only carry 
us up to v=16, a point short of the mode for the case of a sample of 22. With samples of 50 and 
upwards, the labour involved in the use of the recurrence formula becomes prohibitive. It practically 
amounts to computing new tables of K,,(v), and extending the existing tables of Ko (v) and Kj (v) far 
beyond the range of the argument provided as v may run to 90 or even 200, while the frequency of py 
is still quite sensible. 


| 
| 
| i 
{| 
(‘SCS 
where 
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Taking logarithmic differentials, the mode of this curve is given by 


or, if tan 6=¢, and 6 corresponds to mode, 


tan £0 = — (xxxvii). 
This equation admits of easy solution by successive approximations if m be 
fairly large. For example, to a first approximation, 
tan £6 =p, or i= tan 6 = 2p/(1 — p?); 


hence to a second approximation, 


; p (1 —p?) 
tan 20 m(1 + py 
which gives us 
2p 1 ) 
i= (1 m(1 +p) 
or i= (an -l- (xxxviii). 


As an illustration consider a sample of 22 from a population with correlation p 
of ‘6; we find 
= 173713. 
Now by Equations (xxvii), (xxviii), (xxxi) and (xxxiv)’* we have for the ewact 
values, 


=19'6875, = 
By = ‘307,755, B.=3'508,156. 


Hence by the Pearson-curve formula for the mode 


2 (5B, — 68, — 9) 
we find = 17°3301, 


or there is less than } °/ difference in the values given by (xxxviii) and (xxxix). 

As we have neglected terms of the order 1/m? in obtaining (xxxviii), it is quite 
possible that (xxxix) really gives the modal value of v, with closer approximation 
than }°/,. It is clear, however, that (xxxix) will be of sufticient accuracy for most 
statistical purposes, when the sample is as large as 22. 

But the reader must not expect to get equal agreement when p is small. Thus 
when p = 0'1, (xxxviii) gives 6 = 1°8202, but from the exact equations as before, 

2:121,212, o, = 4651,951, 
8,= ‘016,750, 8,=3°296,918, 
whence from (xxxix) 18645, 


or, the two values differ by somewhat over 2°/, in the position of the mode. 


| 

| 
: 
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It is worth while considering whether this arises from not having gone far 
enough with the solution of (xxxvii) by approximation, or from our determination 
of the mode being based only on the first term of Professor Watson’s series. Now 
the actual solution of (xxxvii) is @=10°24°719 which gives }=1:8375, which 
differs from += 1°8645 by a little less than 1°5°/,. This is not very serious for 
most statistical purposes, but it indicates that (xxxvii) and (xxxix) for low values 
of p and small samples cannot be brought closer into accord without considering 
higher order terms in one or both of them. 


If we take into account the A, term in Professor Watson’s formula and develop 
the equation for the mode as far as terms in 1/m?, we have 


tan 30 =p— (a (5 cos? — 1)) (xxxvui)* 

instead of (xxxvii). Now it is clear if p be small, e.g. =0:1, 6 will be small and 
accordingly cos 6 approach unity, and the corrective term accordingly will be positive, 
approaching ,!;. Thus 6 will be slightly reduced instead of increased by this first 
correction. It is not till @=about 63°25’ that the term in 1/m? changes sign, or 
roughly when p is about 0°72. The agreement of (xxxvii) and (xxxix) in our first 
illustration may very likely be associated with the relative smallness of the term 
in 1/m? when p=0°6 notwithstanding the smallness of m. Unless p be fairly large 
and m of the order of 50 or more, it does not seem probable that a satisfactory 
formula for the mode or the most probable value of py can be found from (xxxv). 


The true mode 6 would be determined by 

In order to obtain a reasonable value for ¢ by tabling, we return to Equation (xxiv) 
and write it in the form . 

Here the function 7,,_ 1 (v)=7'n (v) does not contain p, and accordingly, if tabled, 
will be the same for samples of the same size n whatever be the value of p. When 
p=0, then y=NT7,,,_,(v) will give the frequency curve of py for a sample of 
size n, by simply multiplying by the number NV of samples. Our Table in the 
Appendix gives the values of 7’, (v) and log 7’, (v) for v=0 to v= 120 and for m = 0 
to 11:5, the latter by intervals of 0°5, or from n = 2 to n = 25 in the case of sampling*, 
The interval of v in order to make the table publishable had to be varied. Thus 
from m=0 to 5°5 the table proceeds by intervals of 0'1 as the argument v passes 
from 0 to 40; from m = 6 to 11-5, the argument increases by intervals of 0°5 ; for 
all values of m, the argument alters by 0°5 from 40 to 16-0, by 2°0 from 16-0 to 
40°0 and by 5:0 from 40-0 to 120°0. 


* It is easy to deduce that 
T,(v)=fe-", Ty=}e"(L+v), Ts (v)= + 30 +3), ete. 
The successive 7, ,, may be found from the formula 


2n+1 
2(n+1) 


v2 
(v)+ 


| 
\ 
‘ 
| 
| 
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11 1 i | 

Clearly (v) = gm P(m +4) (v) (xlii) | 

and since the value of vu” K,, (v) when v=0 is 2"-1T' (m), it follows that 

$ T, (0) = (xlin), 


The reduction formula, from which the Appendix Table has been computed 
(the highest function 7',,(v) being independently computed in order to act as 
a check), is as follows: 
2m 


1 Ln (v) (xliv). 


= (¥) + 
: Making use of the formula* 
Ky-1(v) + Kini (v)= 2K, (v), 
the equation (xl) becomes 


4 (v) ? 
| (v) 2n+1 (v) 


bd Tn 2 2m —1 “Tn (6) 
(xlv). 


or, using (xliv), 


Accordingly if a table be formed of the expression on the right of (xlv) for each 
value of v and m, it will give the value of p for which, with the corresponding value 
of m, the value of v gives the mode. Consequently by backward interpolation from 
this table we can find for a given value of m and a given value of p the modal 
value of the ordinate or +. We have provided the needful entries in the third } 
column of each section of the table of 7’, (v). Thus the calculation of the true 
modal value now becomes fairly easy. 

We reach a specially interesting case when p=0, or we are sampling from 
uncorrelated material. In this case the distribution curve for py is symmetrical 
about v =0, while we have from (xxviii), (xxxi) and (xxxiv)’®, 


* Watson, Theory of Bessel Functions, p. 79. 


6 

=N—1, =9, mu + — 

: The appropriate curve is 

1 

(a + 

where q = 4 9)/(B, — 3) = (n + 4), 

a? = 0% — 3) =n? 1, 

N N T(4(n+4)) 


| 
: | 
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Thus the equation to the required curve having the same first four moments 
as the frequency curve for p,, is 


n? — i) 
The true curve of frequency is 


We shall consider later for what value of n these two curves for statistical 
purposes become practically identical. 

Another point which it is of interest to consider is the relation of the 
distributions of p,, to those of r. In Biometrika, Vol. x1. pp. 379—403, are given 
the frequency curves for various distributions of 7 in the case of samples of various 
sizes. The 8, and §, of such distributions have been tabled. 

Now py = =, 227, hence 


or, v would be proportional to r, if we neglected the variation of =,, =, or treated 


— 


>, =./e,¢2 as a constant. This is what Dr Wishart has done* when he replaces the 
true tetrad 


TsuTto — sv 

by 
Fy Ty 

and supposes the variation of the latter to be sensibly the same as the variation of 


the former, ie. he is neglecting the variation of the standard deviations of the 
samples. : 


(Tsu Try — Tru Te) 


Now the value of v only differs from that of p,/o,¢2 by a constant and we can 
at once compare the 8, and By, of v or py/ojc, with those of r by means of 
Equations (xxxi) and (xxxiv)’*, Table I on p. 186 gives the comparative values. 

The values of 8, for p=0 indicate clearly the difference of the r and —— 


distributions. The former has a platykurtic and the latter a leptokurtic curve and 


the distributions approach the normal curve from opposite sides, the difference 
between them being very marked for small sampl.:3. When we reach p= 6, how- 
ever, both curves have become leptokurtic—the transition for the r-distribution 
takes place before p = 45—and the §, for the r-curve rises with great rapidity and 
reaches remarkable values for high correlations in the sampled population. As the 
8, for the r-curve rises much above that for the v-curve so does its skewness. An 
examination of the column for p=*9 will show how little can be inferred from the 


4 


distribution of 2122 


ras to the distribution of r. It is not, however, only the shapes 


of the curves as judged from §,, 8, which diverge widely; the position and spread 


* British Journal of Psychology, Vol, xix. p, 183. 
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TABLE I, 
8, and for r and »v. 
p=0°0 p='3 p='6 
Size of 
Sample 
r v r v r v r v 
{Bi -0000 “0000 || 1°7207 | 1°6157 || 13°0290 | 1°8847 
| 2°0000 | 4°5000 || 2-4201 | 4:9954 || 4:4027 | 5°6678 || 21-7579 | 5-9835 
10 0000 “0000 *2949 || 1°2002 ‘7181 5°7475 “8376 | 
Bz | 2°4545 | 3°6667 || 2°8292 | 3°8869 || 4°4598 | 4°1857 || 13°6667 | 4°3260 
15 “0000 “0000 "1745 “1896 "8473 4616 3°0956 “5385 
° 1B. | 2°6250 | 3°4286 || 2-9265 | 3°5701 || 4-1375 | 3-7622 8°8548 | 3°8524 
20 {Bi “0000 “0000 "1386 1397 6464 3401 2°0603 *B968 
“~~ \Bo | 2°7143 | 3°3158 || 2°9623 | 3°4201 || 3°9055 | 3°5616 6°8681 | 3°6281 
or 0000 “0000 1146 “1106 5203 *2693 || 1°5334 
“9 1B. | 2°7692 | 3°2500 || 2-9788 | 3°3326 || 3°7453 | 3-4446 5:8584 | 3°4972 
50 48:1 “0000 “0000 ‘0611 0542 || +2611 1319 75004 
| 2°8824 | 3°1224 || 2-9991 | 3-1629 || 3-3891 | 3-2178 3°8731 | 3°2435 
100 {By “0000 “0000 0315 *0268 0653 ‘O761 
\ B: 2°9400 | 3°0606 3°0021 3°0806 3°1974 | 3°1078 3°5790 | 3°1205 
as 


determined by the means and standard deviations are very different when there 


is considerable correlation, say above 0°4 or 0:5, in the sampled population. The 
means and standard deviations given in Table II illustrate this. For those upon 


whom a graph has a greater impressional value than a table, Figs. 11, 


12 and 13 


are provided ; they correspond to samples of 20, 10, and 5 from populations with 
correlations of 0°6,0°0 and 09 respectively. These values were originally selected 
to determine a proper range of argument to give to our v in the Table of 7’, (v)*. 


* It may be suggested that the divergence of the two curves would be less if we took much larger 
samples. That this is not so the following values of the standard deviations indicate for p=0-5: 


Size of Sample 


50 100 400 
Standard Deviation of r “108,620 075,897 “037,612 
156,525 111,243 055,832 


In each case the standard deviation of Pil is about 50° increase on that of r. 
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TABLE II. 
Means and Standard Deviations of + and Rs 
| 
p=0°0 p=0°3 p=0°6 p=0°9 
Size of sil 
Sample 


5 Mean | -0000 “0000 *2671 “2400 "5480 *4800 *8687 *7200 
8.D. “5000 *4000 *4740 “4176 *3858 "4665 “1748 5381 


10 Mean “0000 “0000 *2850 *2700 “5776 +5400 “8887 *8100 
8.D. *3000 *3000 “3103 *3132 *2355 “3499 *0832 “4036 


15 Mean | -0000 “0000 *2903 *2833 “5858 “8932 *8500 
8.D. 2673 *2494 ‘2470 | +2604 +1828 *2909 0602 *3356 


20 Mean | +0000 “0000 *2928 *2850 “5896 “5700 “8951 *8550 
"2294 *2179 *2275 "1543 "2542 *2932 


25 Mean | -0000 “0000 "2943 *2880 5918 “5760 “8962 *8640 
“1960 “1875 "2046 *1359 *2285 “0427 *2636 


50 Mean | -0000 “0000 *2972 *2940 “5960 “5880 “8982 *8820 
8.D. "1429 "1400 “1306 "1462 “0933 “1633 “0284 "1884 


100 Mean | -0000 “0000 “2986 “2970 "5980 “5940 *8991 | *8910 
8.D. "1005 “0995 0917 “1039 “0650 “1160 “0195 | "1339 


A word may be said here as to the method of using the Table. What we usually 
need is the distribution curve of py/o,¢, or (1 — p®)v/n. What is tabled is, to each 
value of the argument v, the value of the function 

4 1 
LO= +H) 


= T,,, (v) of our equation (xlii). 


m (v) 


Here m is to be obtained from the size of sample x by the relation m= $n —1. 


But the actual frequency curve of v, if there be a correlation p and N 
samples, is 


Yw=NA- pre Tn (v). 
Hence to obtain the ordinates of the v-curve we must multiply 7’, (v) taken from 
the Appendix Table by V (1 —?)"*4e?”. This can be done by using the values of 
log 7’, (v), and adding the logs of N (1 — p?)"*? and p log e x v; or often more simply 


| | | | | 1] | ; 
| | | | | 
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by using Newman and Glaisher’s Tables of e* and e~ in the Cambridge Philosophical 


Transactions*. Writing R for py/(o,c2) we need the ordinates yp of the frequency 
curve for R. Clearly R and v must have their elements of frequency the same, or 


n 
= Yodv = Yo 
n 
Yr= Yo: 
Thus x be” T,, (v). 


Accordingly, to get the frequency distribution of R, we have to plot to the 
values of R = (1 — p?) v/n, the values of yz, or the 7’, (v) of our Table multiplied by 
N xnx(1—p*)"~4e". Of course v must be given both negative and positive 
values in the factor e’, but the value of 7',(v) is the same for v positive or 
negative. Thus by aid of the Table of 7;,,(v), it is relatively easy to obtain, what- 
ever be the value of p, the distribution curve of R=p,/o,¢2, for small samples, 
Le, n< 25. When n > 25, the Pearson curve obtained from the 3, ,, 8, and ,B of 


Equations (xxvii), (xxviii), (xxxi) and (xxxiv)’* will be amply sufficient to describe 
the distribution. 


From our Tables I and IT, and again from the examples we have given graphically 
(Figs. 11—13), it seems impossible to predict from the distribution of a product- 
moment what is likely to be the distribution of a correlation-coefficient. It is 
equally—or rather more—unlikely that we can learn anything about the distribution 
of a function of correlation-coefficients from the distribution of the corresponding 
product-moments. For example, it is highly improbable that the distribution of 
tetrads, 1su7'tv — Ttu?'sv, Will have even approximately the same distribution curve as 

Pu (SU) — (tt) py (82) — Tru so) 
su‘ tv tu’ 


Ty Ty Ty 


Of course we may start ab initio with either of these expressions, but having done so, 
we cannot apply the standard deviation of the one to the consideration of goodness 
of fit of theory to observation in the case of the other. The extreme leptokurtosis of 
the py curves, while the 7-curves are of limited range and of much less variation (see 
our Table II), suggests that for practical purposes it would be advantageous to use 
correlation-coefficient tetrads rather than the product-moment tetrads. There are 
other interesting differences between the r and p,/o,¢2 curves. The r-curves have 
all negative skewness, i.e. the mode is greater than the mean when a true mode 
exists, but in the case of the p ,/o,0, curves the skewness is positive or the mode 
is less than the mean. For samples of two the r-curve consists of two concentrated 
frequency lumps (7 = + 1), for samples of three of U-curves, and for samples of four 
J-like curves—all these without true modes. In the corresponding cases for py, we 
have always continuous curves; in the case of samples of two we have a double 
J-curve; if p be not zero we have two unequal J-curves, set back to back along the 
asymptote; in the case of samples of three we have, if p be not zero, a double 


* Vol. xin. 1883, pp. 145—272. 
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exponential curve, consisting of two unequal exponential curves of the same maximum 
height at py, =0. Hence for samples of two and three no modal values are given 
in our Table for the different values of p. For samples of three the value of the 
ordinate at the vertical for v = 0 of the exponential curves is °5. 


Dr Wishart*, as we have said, has obtained the standard deviation op of the 
product-moment tetrad ; if 7» be the standard deviation of the correlation-coefficient 
tetrad, Dr Wishart really assumes that 


is interchangeable with oy. But in doing this he is neglecting the variability of 
=,=,2u=y, and our present discussion shows that in a like case the variability of 
Pu/o,e2 is much greater than that of r. Dr Wishart has also overlooked the fact 
that if the sample values are inserted in the formula for o, since these values differ 
from the sampled population values by terms of the order 1/VN, it is idle to 
introduce the terms in 1/N, whether they be those he has himself found or those 
suggested by Spearman and Holzinger, in order to correct the first approximation +. 
Clearly using op + o,0;0,¢, instead of a, will give a much larger variability to the 
tetrad. Dr Wishart} applies it to Holzinger’s data and states that “ the discrepancy 
of the observations from the two-factor theory...is seen to disappear” when his 
value of op is used; and again: “The extraordinarily close agreement...may be 
regarded as fortuitous, but we can at least say that in one example we have 
obtained striking confirmation of the two-factor theory.” The “discrepancy ”§ is of 
course likely to disappear if op is essentially greater than op, and we fear that 
emphasis must be laid on the word “ fortuitous,” if an imperfect theory is applied to 
link up an hypothesis with observation. Dr Wishart has suggested a new manner 
of dealing with the two-factor problem, namely,-by using product-moment tetrads 
instead of correlation-coefticient tetrads, on the ground that the standard deviation 
of the former tetrad is accurately known. At first sight this appears to have 
advantages, but when we remember that we have to use in the formulae the 
sampled population values, and therefore terms of the second order cannot be 
accurately determined at all, and when we note further the extreme variability of 
product-moments (divided of course by o-products) as compared with correlation- 
coefficient variabilities, we see that the proposed method has its disadvantages. 
Further, we cannot admit that a formula thus obtained is in any way applicable to 
correlation-coefticient tetrads as Dr Wishart applies it. We must de novo compute 
the product-moment tetrads. Professor Spearman apparently holds Dr Wishart’s 
* The British Journal of Psychology, Vol. x1x. p. 183. 


+ See Pearson and Moul, ‘‘ The Mathematics of Intelligence,” Biometrika, Vol. x1x. p. 251. 

Loe. cit. p. 183. 

§ We would draw attention to the fact that in the paper by Pearson and Moul it was not asserted that 
there was a discrepancy between theory and observation ; the difference was shown to be 2°11 times its 
probable error, and the conclusion drawn that this did not indicate either ‘‘a very good or very bad 
accordance between theory and observation.”’ What it certainly does not justify is the remark of Spearman 
and Holzinger that ‘‘in this case at any rate every one of the abilities can be resolved into two in- 
dependent factors, the one being always specific and the other throughout commen” (The British Journal 
of Psychology, Vol. xvi. p. 88). 
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formula when applied to correlation-coefticient tetrads to be wholly satisfactory, 
and to include “ald the terms in 5 ”; he fails to realise that the variability of F 
must be essentially less than that of P*, 


Apart from the illustration given above of the dangers which may attend the 
application of the standard error of one quantity to another which bears some 
resemblance to it, the present paper appears to us to indicate that the distribution 
of product-moments, while in many cases less skew than that of correlation-co- 
efficients, has in numerous instances such a wide range and low modal frequency 
that it cannot replace the direct consideration of the correlation-coefficient. At 
the same time the distribution of the product moment-coefficient introduces into 
statistics the study of functions based on the Bessel functions of imaginary argu- 
ment. Ina paper by Dr Fisher+, Bessel functions have been also introduced in 
the case of the distribution of the multiple correlation-coefficient. It is interesting 
to note how, as statistical theory advances, even on the basis of simple normal dis- 
tributions, we call into requisition more and more functions familiar in physics. 


As a general statement of the results of this paper we may say that the 
distribution of p,, has been ascertained theoretically when the sampling is from 
a normal population, and tables have been provided for tracing the curve of 
distribution of pu, up to samples of 25. Further it has been shown that good fits 
are obtained for samples greater than 25 by use of a Pearson curve with the 
appropriate moment-coefticients. This gives us confidence in holding that for 
samples in excess of 25 the distribution of py, with the use of the more general 
moments of that coefficient determined for any form of sampled population by 
Mr Pepper, will also be effectively described by a Pearson curve. 


* See The British Journal of Psychology, Vol. x1x. p. 101. 
+ R.S. Proc. A, Vol. cxxt. p. 663. 
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TABLE OF THE PRODUCT MOMENT 7,, FUNCTION. 


CompuTEeD sy ETHEL M. ELDERTON. 


THE figures in round brackets in the 7’, columns give the number of zeros 
between the decimal place and the first integer recorded. The logarithms of 7’, have 
been obtained, not from the six-figure value of 7’, in the 7’, column, but from the 
fuller computed value before it was cut down. 


The third column headed p gives the value of the argument v, for which, with 
that value of p, the argument v would be the mode @ of the distribution curve. 


If y= — - Pu , then we have for the distribution curve of v: 
1 9192 
Yo= N (1 (0), 
or log Y= log N + (m+ 4) log (1 — p?) + pulog, + log T(v). 


Here 7’, (v) and its logarithm do not change sign with v. Thus the ordinates of 
the curve of distribution of p, in samples of size n, (m= $n — 1), are easily computed 
from the log column. 


When x is equal to or exceeds 25, the distribution curve is adequately given by 
a Pearson curve with the Mean, s.D., and the §; and 8, determined by Equations 
(xxv), (xxviii), (xxxi) and (xxxiv). 
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LAPLACE, being Extracts from Lectures delivered by 
Karl Pearson. 


In preparing a course of lectures in the spring of this year on the “ Life and 
Work of Laplace,” as part of a more general series on the History of Statistics and 
the Theory of Probability, I was astonished to find how meagre were the French 
accounts of Laplace’s family, boyhood, education and personal opinions. I was still 
more surprised to discover statements made—often to his discredit—by the 
smaller historians of mathematics not only in this country, but abroad and even 
in France itself, which were most certainly in grave error. 


In the biographies we are told that he was the son of a peasant, who dwelt in 
Beaumont-en-Auge in the department of Calvados in Western Normandy, that he 
went as a day-boy to the “military school” of Beaumont-en-Auge and afterwards 
became a “professeur provisoire” there; and that he owed his education to “the 
interest excited by his lively parts in some persons of position.” Rouse Ball citing 
no authority, and probably having none, states that Laplace was son of a labourer 
and that “from a pupil he became an usher in the school at Beaumont*.” We are 
even told that the biographers’ ignorance of the great mathematician’s early life 
was due to Laplace’s false shame of springing from such humble origins. We are 
also informed that Laplace was a time-server seeking honours and political advance- 
ment by flattering the successive French rulers—again with no evidential proof. At 
least, our friends, the smailer historians, might have taken the trouble to inquire 
whether there was a “military school” in Beaumont-en-Auge before the year 1771 
when Laplace left home for Paris, they might have ascertained the position of 
Laplace’s father, and taken the pains to find out whether Poisson’s statement that 
Laplace was educated at the University of Caen+ was or was not correct! While 
the facts I have now the honour of publishing and which I owe to the great kind- 

* A Short History of Mathematics, p. 383. 

+ Henry VI of England, not content with his colleges at Eton and Cambridge, blessed Caen with 
a University in 1436; to this University, the later one was a successor. Caen was the burial place of 
William the Conqueror, and from the earliest date his Castle was and is still a military centre for the 
district. In the eighteenth century it possessed four learned societies, two of which were royal foundations. 
The Caen Royal Academy started its publications in 1754, five years after Laplace’s birth, and, except 
when its schools and academies were suspended for supporting the Girondists, has continued to be 
a centre of art, military and civil education, justice and administration for Lower Normandy. Its streets 
today are adorned with the statues of Laplace, Malherbe and Elie de Beaumont. A Jesuit College, 
ancient seminaries and schools existed in Caen in the eighteenth century beside the University and the 
military school. Indeed Caen was probably in Laplace’s day the most intellectually active of all the 
towns of Normandy. It was here that Laplace was educated and was provisionally a professor. It was 
here he wrote his first paper published in the Mélanges of the Royal Society of Turin, Tome rv. 1766- 
1769, at least two years before he went at 22 or 23 to Paris in 1771. Thus before he was 20 he was in 
touch with Lagrange in Turin. He diu not go to Paris a raw self-taught country lad with only a peasant 
background! In 1765 at the age of sixteen Laplace left the ‘‘School of the Duke of Orleans” in 
Beaumont and went to the University of Caen, where he appears to have studied for five years. The 
**Kcole militaire” of Beaumont did not replace the old school until 1776. 
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ness of M. l’Abbé Simon and M. le Comte de Colbert-Laplace, the illustrious 
mathematician’s great-great-grandson, dispel the crude misstatements as to Laplace’s 
family and education*, I have ventured to add to them a few extracts from my 


* The following unpublished details with regard to Laplace may fitly find a place here; they are 
contained in a letter of M. le Comte de Colbert-Laplace to the lecturer. 


Orbec, 8 Rue Grande, 16 février 1929. 

Monsieur, Vous me voyez trés perplexe. L’incendie qui a détruit radicalement le chateau de Mailloc, 
en 1925, a anéanti tous mes papiers de famiile. C’est avec une peine, que vous pouvez imaginer, que j’ai 
vu disparaitre la correspondance de Lagrange et de Laplace que je voulais publier (Laplace y tenait 
certainement beaucoup, puisqu’il avait conservé le double de ses propres lettres), et deux grands volumes 
de correspondance avec les savants européens, dont beaucoup d’anglais. 

J’ai cependant eu le bonheur de connaitre, jusqu’en 1889, ma grand’mére, née en 1813, orpheline 
de mére a sa naissance, Angélique de Portes, marquise de Colbert-Chabanais, qui avait été élevée par ses 
grandsparents Laplace de 1813 4 1827 et avait fort bien connu Laplace. 

Je tacherai, Monsieur, de coordonner mes souvenirs, mais ce sont des souvenirs de souvenirs, et 
par conséquent ils peuvent bien avoir été déformés. Je possédais aussi des papiers relatifs 4 la famille 
Laplace (L’orthographe variable: Delaplace, de la Place, de Laplace s’y trouvait). C’étaient des comptes 
de tutelle, et des papiers relatifs 4 la propriété du Mérisier 4 Beaumont-en-Auge que je posséde encore. 
Ces papiers dont une grande partie remontaient 4 17— (1720, je crois), bien difficiles 4 lire, m’ont paru 
indiquer qu’A une certaine époque la famille Laplace avait fieffé 4 d'autres cette propriété. Laplace 
Vavait racheté 4 la Révolution, et nous la possédons depuis 4 la facon moderne des propriétés. C’est 
ce qui me rend trés indécis sur le lieu de naissance de Laplace. Dans mon enfance, le fermier montrait 
un cabinet sombre, et peu confortable, dans la maison du Mérisier, comme étant le lieu de naissance 
de Laplace. Beaumont-en-Auge a apposé une plaque de marbre sur une maison du bourg, indiquant 
qu’elle était la maison natale de ce savant. Je ne déciderai pas. Je puis vous dire cependant, que j'ai 
vu rire mon regretté pére de la tradition qui faisait naitre mon aieul dans vn réduit obscur, alors que 
la maison possédait et posséde encore des chambres confortables. 

Je n’ai plus les noms exacts de son pére, sa mére s’appelait Sochon. J’ai lu, dans un ouvrage de 
la Société historique de Lisieux, qu’elle appartenait 4 une famille ancienne et distinguée. Mais je ne sais 
pas au juste ce qui peut en étre de cette vanité, & laquelle ni Laplace ni aucun de nous ne pouvaient 
donner d@’importance. Pour moi, j’ai la certitude que la famille de Laplace était une bonne famille du 
pays, comme il y en a beaucoup encore. Je ne sais pas si l’on peut dire que c’était une famille de 
cultivateurs. De 1700 4 1750, les Laplace se sont occupés de culture de la terre, mais j’ai vu par 
les papiers que le pére de Laplace s’occupait du commerce des cidres—ce qui n’exclue pas, ad la vérité, 
Voccupation de cultiver la terre. Ce pére était Syndic de Beaumont en 17—, ce qui indique qu'il était 
dans une bonne situation. Il y avait un oncle curé, j’ignore s’il était du cdté paternel ou maternel 
[paternel, Louis de Laplace. Voyez la généalogie]; et c'est parce que la famille voulait un prétre, que 
le jeune Pierre-Simon Laplace fit d@’abord ses premiéres études en ce sens.... 

Une publication, Revue illustrée du Calvados, interrompue par la guerre, a publié en 1912 ou 1913 
une étude sur le prieuré de Beaumont; on y parlait du séjour de Laplace. Peut-étre, M. Moriére, 
directeur du journal Le Lenovien, rue du Bouteiller 4 Lisieux, posséde-t-il encore des exempiaires de 
ce numéro. En tout cas, Monsieur l’Abbé Simon, curé de Montreuil-en-Auge, président de la Société 
historique de Lisieux, a écrit quelques articles sur Laplace et Beaumont. 

Vous me permettrez, Monsieur, de faire appel 4 mes souvenirs d’enfant. Nous sommes arrivés & un 
point de la vie de Laplace, ot la précision n'est guére possible. Par suite de quelles circonstances 
Laplace est-il venu 4 Paris ot a commencé sa brillante carriére? Voici, ce que ma grand’mére me 
racontait vers 1884, pendant un de ces longs trajets en voiture entre Lisieux et Mailloc quelle faisait 
deux fois par semaine. Muni @’une lettre de recommandation pour d’Alembert, (j'ai oublié de qui était 
cette lettre) Laplace se rendit 4 Paris. D’Alembert, qui devait étre assailli par de nombreuses lettres de 
ce genre, le recut assez mal, et pour s’en débarrasser lui remit un livre assez gros, peut-étre ses derniers 
travaux, en lui disant de revenir quand il l’aurait lu. Laplace revint quelques jours plus tard, et trouva 
@Alembert encore moins aimable que la premiére fois, et il ne lui cacha pas qu’il trouvait impossible 
qu’il ait pu lire et comprendre louvrage prété. Je ne me souviens plus par quelle transition d'Alembert 
fut amené a interroger le jeune Laplace sur cette lecture, le résultat fut qu’il fut @abord étonné, puis 
intéressé. Il passait pour certain chez moi, que d’Alembert se serait 4 ce moment occupé de Laplace. 
Je ne suis pas au courant du curriculum vitae de mon aieul jusqu’é la Révolution. Il s’était marié 
probablement peu de temps auparavant. Tous mes papiers étant brilés, je ne puis faire que de con- 
jectures. Sa femme, mon arriére-arriére-grand’mére était dune famille de Besancon, de magistrature ; 
et s’appelait de Courty de Romanges—encore sur ce point j’hésite et ne suis sir que d'une chose, c’est 
que l’oncle Hercule de Courty, qui par son énergie a refait la fortune de la famille, devait étre le frére de 
Madame de Laplace—car comment [autrement] aurait-il pu étre le grand-oncle de ma grand’mére? Cette 
famille Courty nous avait laissé des portraits de parents—qui s’appelaient de Mollerat. Je donne ces 
renseignements qui pourront peut-étre aiguiller vos recherches. 

Il a été publié, par M. Marmottan, 15 mars, 1922, un volume des lettres de Madame de Laplace a la 
princesse Elisa, dont elle fut dame @’honneur. Le ménage Laplace eut deux enfants: (i) Sophie de Laplace, 
née en 1787, qui épousa le marquis de Portes, dont une fille, Angélique de Portes, mariée vers 1830 au 
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lecture notes wherein I have endeavoured to see in its true light the accusation of 
time-serving made against Laplace. I had been discussing in my lecture the 
charge made against Laplace, namely that he did not adequately acknowledge the 
work of other men; that it was unlikely that he could have failed to see either 
Thomas Wright of Durham’s Original Theory of the Universe, 1726, or Kant’s 


M* de Colbert-Chabanais, mon grand-pére. (ii) Mmile de Laplace, né 15 avril, 1789, éléve de polytechnique 
et de Il’Kcole de Metz, qui mourut général (nommé en 1843), le 27 oetobre 1874. Laplace était ami de 
Bailly. Si mes souvenirs sont exacts, il habitait alors 4 Paris, dans la maison qu’on appelle pavillon de 
Hanovre, chez M. Arthur (? un anglais (tout & fait sous réserve)). 

Quelles étaient ses idées 4 cette époque? Il dut probablement penser comme ses contemporains. Les 
idées de 1789 devaient correspondre 4 son idéal de justice. Comme me |’a dit mon pére, Laplace était 
passionné de justice, et il aurait dit que sa créance en Dieu dérivait de cette idée de justice. Mais la 
Révolution évolua, et il se trouva en butte aux tracasseries. Ma tante, la D=° de la Rochefoucauld 
Doudeauville, me racontait comment une visite domiciliaire avait trouvé, dans la chambre de la petite 
bonne quwils avaient, une image de piété clouée au mur, et les ennuis qui en survinrent. 

Toujours est-il que Laplace et les siens quittérent Paris, et allérent du cdté de Melun, aux Mées (si 
jai bon souvenir). J’ai eu en ma possession plusieurs certificats de civisme ou de présence, qui lui furent 
délivrés. J’ai oublié la date exacte de ces documents maintenant détruits par le feu. 

Je crois avoir entendu dire & mon pére, que Bailly fut arrété lorsqu’il se rendait chez Laplace. 
Comment, dans la suite, Bonaparte fit-il connaissance de Laplace, je ignore, mais ce qui me parait 
certain, c’est qu’il y eut des rapports d’amitié entre ces deux hommes. Je possédais des petits cadeaux 
du G"' Bonaparte qui semblent prouver ce que j'avance. Une livre de café moka, un cédrat, un 
cachemire, des bouteilles de vin de Cons stance, donnés par le G"' A son retour d’Egypte. Comment 
encore, aprés le 18 brumaire, Bonaparte nomma-t-il Laplace ministre de l’Intérieur? C’était une 
fonction tout 4 fait en dehors des aptitudes du savant. Aussi Bonaparte par un billet! du...rendait-il 
Laplace a4 ses occupations scientifiques. Je pense que Bonaparte voulait flatter l'Institut, et faire tenir 
provisoirement une place qu'il destinait & son frére. 

Laplace avait acheté de Rewbell une maison 4 Arcueil. Je l’ai habitée dans mon enfance. Il y avait 
un pare superbe, et la maison était trés grande et fort belle. Berthollet était son voisin. Ils se réunissaient 
souvent avec d’autres savants, et de cette société sortirent quelques travaux, qui furent publiés sous le 
nom de Travaux de la Société de Arcueil. On y dinait en famille, un de ces savants M. Bouvard y tenait 
une place spéciale. Il faisait enrager ma grand’mére, parce qu’il avait la mauvaise habitude de cracher 
a terre le grondait, puis on disait ‘*Allons, M. Bouvard, la main aux dames,” et en boitant, 
M. Bouvard offrait la main 4 Madame de Laplace pour passer 4 table, ot suivant lusage d’alors, elle 
servait le potage 4 tout le monde. Je sais que M. Magendie venait aussi 4 Arcueil. A la mort de 
ma grand’mére en 1889, ne pouvant conserver cette propriété, elle fut vendue, suivant le désir exprimé 
par le G"' Laplace, aux dominicains qui possédaient déji la maison Berthollet et y avaient fondé un 
collége. La loi des congrégations a fait passer cette propriété dans les mains de 1’Etat, qui a loti le pare 
magnifique. Je n’y suis jamais retourné. 


De souvenirs savants, je ne puis en avoir. Il faut néanmoins que je vous raconte ce que ma 
grand’mére avait retenue. Laplace, parait-il, était tout A fait contraire 4 l’idée, que les changements de la 
lune ont une influence sur la température. Ma grand’mére, qui disait tenir cette opinion de lui, y tenait 
fermement et me rabrouait s’il m’arrivait d’exprimer lopinion que la lune allait changer le temps 

Mon pére m’a raconté aussi, que c’était ma grand’mére, agée de 13 ou 14 ans, qui avait déterminé 
Vorthographe du nom. Lorsque la nouvelle que le roi Louis XVIII avait nommé Laplace marquis 
arriva 4 Arcueil, Laplace était encore au lit, et sa petite-fille en allant lui dire bonjour, recut de lui cette 
demande, “Voila, qvils mont nommé marquis, Angélique, comment va-t-il falloir que je signe ?’’— 
“ Mais bon- -papa, c’est tout simple, marquis de Laplace.” 

J’ai pu sauver de l’incendie une vieille moutre divis 
de mon [arriére-arriére | grand-pére, 


ée en 10 heures—et le chronométre de Borda— 


Je m’excuse, Monsieur, @avoir mis plus de deux mois, 4 écrire cette lettre, mais j’ai di voyager. 
Je ne recommence méme pas cette lettre, écrite en rappelant des souvenirs déja vieux et qui manque de 
la forme et de la concision que j’aurais voulu lui donner. On peut trouver (je n’ai plus les titres 
exacts) des renseignements sur Laplace dans des ceuvres de MM. Biot et Arago—ce dernier s’est montré 
un peu dur pour le vieillard qui l’avait accueilli—et que M. Andoyer a écrit un petit livre sur Laplace. 
Je vous envoie le discours de M. E. Picard, 

Veuillez, Monsieur, avec toutes 
distinguée. A. de Colbert-Laplace. 

Dans ma bibliothéque de Mailloc se trouvaient le masque de Newton et, au-dessus, l’extrait 
Wune lettre de M. Davy répondant lenvoi par Laplace de ses ceuvres. Il y était dit ‘ qu’elles avaient 
été placées sur la méme planche que celles de Newton, ne pouvant leur faire un plus grand honneur.” 


mes excuses, agréer l’expression de ma considération la plus 


[I have not discovered any work of Arago on Laplace beyond his Report, which speaks in the highest 
a vain search among the Paris booksellers for Andoyer’s work, 
I wrote to inquire directly of him, but the illness followed by the most regrettable death of that savant 
has hindered any reply. K.P.] 


terms of Laplace’s researches. After 
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Allgemeine Naturgeschichte und Theorie des Himmels, 1755*. Yet I reminded 
my audience that the Mécanique céleste did not profess to be an original memoir, 
but a gigantic treatise on the mechanics of the universe, in which the author not 
only included all that was already known in his own day, but an immense amount 
of new matter. Is it, I continued, more reasonable to blame Laplace than to blame 
Euclid, many of whose propositions must have been known long before his day ? 
Few of the treatise writers even of last century were like D, F. Gregory or E. J. 
Routh, and took the trouble to assign to their original discoverers the results they 
made use of! In this respect we may indeed approve the words of Gregory: “It has 
always appeared to me that we sacrifice many of the advantages and more of the 
pleasures of studying any science by omitting all reference to the history of its 
progress.” How many English text-books of Algebra have been written in which 
no reference is made to Newton as the discoverer of the Binomial Theorem, or to 
Halley whe first stated the Exponential Theorem? I do not desire wholly to excuse 
Laplace; he was distinctly worse in this respect than Lagrange, but not worse than 
the bulk of French writers even up to the present date. Nor can we suppose that 
by omitting authors’ names Laplace intended to claim their results as his own. 
The audience for which his work was intended was really the very one that knew 
well what Lagrange, Euler, Clairaut and others had accomplished. Laplace, like 
Ptolemy, set about writing his Almagest, a great work that should embrace all that 
was known about the heavens in its author’s day. So much, and so much especially 
of importance was original, that readers of a later day are apt to consider it all 
original, and express anger when they find it is not so. We expect a big man in 
mind to be a big man in heart, and it is a pity that Laplace was not more careful 
to be generous to his compeers, marking off his own from other men’s contributions 
to the mechanics of the planetary system; he would have lost no fame by doing so. 
He certainly did not set out to steal, but he followed the usage—if a bad one—of 
his nation, His treatment of his own countryman Legendre and of our English 
Thomas Young shows that he was far from careful not to wound the susceptibilities 
of men who had made very real contributions to knowledge. 

The remarks which the Mécanique céleste calls forth apply as strongly, if not 
more so, to the Théorie analytique des Probabilités. Laplace put together all that 
was known of the subject in his day, and immensely added to and developed his 
material. But only those intimately acquainted with what Montinort, De Moivre, 
the Bernoullis, Condorcet and Lagrange had achieved, can fully grasp how much he 
owed to them not only for fundamental principles but for suggestions for further 
research, 

The second matter wherein Laplace has been severely criticised is in relation 
to political affairs. Thus we find it asserted that overmastering vanity led him to 


* The result has been that the Nebular Hypothesis is almost universally attributed to Laplace, 
although actually he only restated and developed it. 

+ For the real generosity of Laplace towards his friends and pupils the reader must turn to the 
memoirs of Biot and Poisson, and also to the graceful picture of Madame de Laplace and her husband 
as hostess and host to both students and savants at Arcueil. 
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seek office, and “souplesse”—a flexible obsequiousness—and to praise each successive 
French ruler. Here again we must judge neither hurriedly nor too harshly. Let 
us examine matters historically, and call as well for evidence. Let us note in the 
first place the words of Robespierre, namely that with the new order in France there 
was no need for men of science; let us remember that the new rulers had suppressed 
the Académie des Sciences, had condemned Condorcet to death, and had sent 
Lavoisier, Laplace’s friend, to the guillotine; let us recall that Lagrange, Berthollet, 
and possibly even Laplace, were allowed to survive because they were useful to the 
Republic for the purposes of its munition factories and artillery schools. Let us 
consider the corresponding condition of science under Soviet rule in Russia today, 
where the Government is “purging” the St Petersburg Academy by ejecting 
obnoxious Academicians and by forcing for political reasons, not solely for their 
scientific reputation, its own nominees on that institution. 


Laplace came young to Paris, and like the much older Condorcet himself may 
well have thought that great results would flow from the Revolution; many men— 
politically wiser than Laplace—also made that error. As soon as Laplace reached 
Paris he developed a definite purpose for his life, namely to compile his Mechanics 
of the Heavens; his fame grew rapidly with the years, and he became, outside 
France, one of the most famous Frenchmen of his day; to fulfil his mission he had 
to regard governments, and in a somewhat different sense they in turn had to 
regard him. He was a national asset, which could be destroyed as Lavoisier was 
destroyed or else must be used and honoured. I find nothing remarkable in suc- 
cessive French governments conferring posts and dignities upon him. The less so, 
as there is a closer link between science and the state in France than elsewhere, 
and many of his dignities followed a well-established routine. Let us take 
an illustration which has been cited as an instance of time-serving. Laplace’s 
Exposition du systeme du monde was published in 1796, four years after the founda- 
tion of the Republic; it was written through the days of the reign of terror, and 
though the revolution was running to its end Laplace could not foresee that end. 
Laplace dedicated his work to the Council of the Five Hundred and it concluded 
with the sentences: 


“Let us preserve with care, let us ever increase our stock of this mighty 
knowledge, the delight of thinking beings. It has rendered important services to 
agriculture, to navigation and to geography. But the greatest benefit of the 
Astronomical Sciences is the dissipation of errors born from man’s ignorance of his 
true relations to nature, errors the more grave in that the social order ought to 
rest entirely on these relations. Truth and Justice we find are their immutable 
foundations. Let us put far from us the dangerous maxim that sometimes it is useful 
to deceive or enslave mankind the better to ensure its happiness. Fatal experience 
has shown in all ages that these sacred laws are never ir fringed with impunity.” 

I admit that it is not clear how Laplace passes from the physical side of the 
universe to the moral side in social matters; there may indeed be a small element 
of rodomontade in the later sentences, but that they should be interpreted as the 
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words of a time-server seems to me a gross exaggeration of the facts. Laplace was 
at this time organising the Ecole polytechnique and presiding over the commission 
to report to the Council of the Five Hundred on the progress of science (1796). 
Twenty-eight years later when Laplace in 1824, an old man, is accused of suppress- 
ing this peroration, he wrote as follows: 

“Let us preserve with care, let us ever increase our stock of this mighty 
knowledge, the delight of thinking beings. It has rendered important services to 
navigation and geography*, but its greatest benefit has been the scattering of the 
fears that flow from the phenomena of the heavens, the destruction of errors which 
flow from our ignorance of our true relations to nature; errors and fears, which 
will promptly be reborn, if the torch of science should ever be again extinguished.” 

I think it unreasonable to assert any connection between the marquisate con- 
ferred on Laplace and this change of peroration. In the course of 28 years Laplace 
may well have learnt that the vague use—without definition—of such terms as 
“truth” and “justice,” terms ever-changing with the atmosphere man attaches to 
them—was not philosophic, and to describe these terms as “immutable bases,” when 
their interpretations are modified by every change in public opinion, was hardly 
worthy of a great man of science. But the whole accusation of time-serving seems 
to disappear, when we examine the editions of the Exposition, which appeared 
between 1796 and 1824. In the edition of 1799, Truth and Justice are cited no longer 
as “foundations” but as “immutable laws.” In the third edition of 1808, although 
Napoleon is now in command, the word Humanity is added to Truth and Justice 
as one of the “immutable laws.” Thus these words can hardly be held as a catering 
for the applause of the Revolutionists! In the fourth edition of 1813, all these 
words have disappeared; thus their disappearance can have nothing to do with the 
later marquisate (1817). The concluding words of his Exposition were clearly a 
great trouble to Laplace and he altered them with each edition. 

We may now pass to other points in his political career. Napoleon, who had 
been educated at the Brienne Military School, was in 1784 transferred to the Ecole 
militaire in Paris, and doubtless came in touch with Laplace, who had been appointed 
professor in that school in 1773. Further Napoleon received his commission as a 
sub-lieutenant of the artillery in 1786, Laplace having been appointed “examinateur” 
of the scholars of the royal artillery corps in 1785. Remembering that Napoleon 
prided himself on his mathematical knowledge, it is highly probable that he felt 
attraction and admiration for Laplace. When Napoleon came to be Consul and 
u'timately Emperor, his theory of government was that of a highly organised military 
state; the people should have equality and justice, indeed all that was good for them, 
but forced on them from above, not a product of their own activities. In order to 
carry out this idea of a highly organised state Napoleon chose men not by their 
birth, but by their ability, and made them servants of the state. Thus he appointed 
David state painter; to Cuvier and Laplace he delegated the reconstruction of the 
scientific and educational institutions of France. He chose what he held to be the 


* Note agriculture has disappeared! Had Laplace recognised that it would be a long time before 
meteorology could be reduced to a true science? 
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ablest men, and if his judgment failed occasionally it did not often fail, but one of 
those failures was his belief that a great mathematician would be ipso facto a 
great administrator. One biographer tells us without citing any authority that 
Laplace repeatedly begged Napoleon to make him Minister of the Interior. 
Agnes Clark with no authority writes: 

“But merely scientific distinctions by no means satisfied his ambition. He 
aspired to the réle of a politician, anc left a memorable example of genius degraded 
to servility for the sake of a riband and title. The ardour of his republican 
principles gave place, after the 18th Brumaire [1799], to devotion towards the first 
Consul, a sentiment promptly rewarded with the post of minister of the interior.” 
(Encyel. Brit. Vol. xiv. p. 302.) Rouse Ball writes: “It would have been well for 
Laplace’s reputation if he had been content with his scientific work, but above all 
things he coveted a decoration. The skill and rapidity with which he managed to 
change his politics as occasion required would be amusing if they had not been so 
servile. As Napoleon’s power increased Laplace abandoned his republican principles 
(which had themselves gone through numerous changes, since they had faithfully 
reflected the opinions of the party in power) and begged the First Consul to give 
him the post of minister of the interior. Napoleon who desired the support of men 
of science accepted the offer*.” Such writing of history without a single reference 
to sources is pitiable. As far as I am aware Laplace before, during and after the 
Revolution never expressed anywhere his political opinions. How then did Rouse 
Ball discover that they had gone “through numerous changes” and “faithfully 
reflected the opinions of the party in power”? Such statements published by a 
writer of one nation about one of the most distinguished men of a second nation, 
and wholly unsubstantiated by references, are in every way deplorable. Where did 
Rouse Ball’s information come from? I believe it to be merely an exaggeration of 
a catch-penny character from the account of Agnes Clark, one of the most 
superficial writers that ever obscured the history of science. At the end of her 
account Miss Clark gives as her authorities the Eloge of Fourier, the Funeral Oration 
of Poisson, and the Report of Arago to the French Government on the works of 
Laplace. I know all these writings well, there is not a single word in them that 
justifies her defamation of Laplace! Miss Clark says that notices of Laplace’s life are 
scanty, so they are, but that in itself is no reason for allowing a too facile pen to 
give full freedom to an inventive imagination! The Eloge spoken by M. de Pastoret 
in the Chamber of Peers on April 2, 1827 refers to Laplace’s political career; it 
has apparently been overlooked by both Agnes Clark and Rouse Ball. It speaks well 
of Laplace’s procedure both in the Senate and Chamber of Peers, it states that his 
speeches on the budget, on criminal instruction, and on the export of grain were 
always clearandilluminating. Where again, I ask,did these smaller English historians 
draw their characterisation of Laplace as a time-server and a futile politician ? 

Probably, I believe, from an article on Laplace by Augustus De Morgan in the 
Penny Encyclopuedia of 1835. That distinguished mathematician had a fatal bent 


* A Short History of Mathematics, 1888, p. 390. 
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towards damaging the scientific and moral reputations of greater mathematicians. 
I need only cite his treatment of both Newton and Laplace. 


De Morgan says that Laplace voted in 1814 for the deposition of Napoleon. It 
is indeed difficult to see what else any wise and patriotic Frenchman could do. 
Even De Morgan fully admits this, but he says that the suppression of the dedication 
to Napoleon of the Théorie analytique des Probabilités (which appeared in the first 
or 1812 edition of that work), when the second appeared in 1814 after the deposition 
of Napoleon, is primd facie evidence of ingratitude and cowardice. 

Now let us read the dedication carefully. It runs: 


Sire, The kindness with which your Majesty has deigned to receive the homage of my 
Treatise on the Mechanies of the Heavens has inspired me with the desire of dedicating to you this 
work on the Calculus of Probabilities. This delicate calculus applies to the most important 
questions in life, which are for the most part only problems in probability. It ought for this 
reason to interest your Majesty, whose genius knows so well how to appreciate and worthily 
encourage all that can contribute to the public illumination and prosperity. I venture to ask 
you to agree to this new homage dictated by the most keen gratitude, and profound sentiments 
of admiration and respect, with which I am, Sire, the very humble and very obedient servant 
and faithful subject of your Majesty, Laplace. 


However we may judge of Laplace’s original rendering unto Caesar of that 
which is Caesar's, it is perfectly clear that no publisher in 1814 could be found, 
or if found would have been permitted, to reprint in Paris in the year of the 
Emperor’s deposition that dedication! What Laplace’s real wishes may have been 
we do not knew, but whether he wished to reprint it or not, the Censor would 
most certainly not have permitted its republication. More than once in the course 
of his career De Morgan has erred in his judgments, because he failed to grasp 
that we cannot estimate the worth of a man without an understanding study 
of his environment. It is the more remarkable in this case because De Morgan 
himself takes a sound view of Laplace’s religious opinions : 


It is sometimes stated by English writers that Laplace was an atheist. We have attentively 
examined every passage which has been brought in proof of this assertion, and we can find 
nothing which makes either for or against such a supposition. It is easy, with an hypothesis, to 
interpret passages of an author; but we are quite convinced that a person reading Laplace for 
philosophical information would meet with nothing which could either raise or solve a question 
as to the writer’s opinions on the fundamental point of natural religion, unless it had been put 
into his head to look. If those who make the assertion have any private grounds for it they 
should produce their evidence; but the assertion, whether considered with reference to the 
individual, or to the public before which it is made, should not be hazarded merely because 
a writer who is investigating such points as can be determined by experiment and analysis does 
not introduce his opinions on a question which cannot be submitted to calculation. An attempt 
to explain how the solar system might possibly have arisen from the cooling of a mass of fluid or 
vapour is called atheistical, because it attempts to ascend one step in the chain of causes; the 
Principia of Newton was designated by the same term, and for a similar reason. What Laplace’s 
opinions were we do not know; and it is not fair that a writer who, at a time of perfect license on 
such matters, has studiously avoided entering on the subject, should be stated as of one opinion 
or the other, upon the authority of a few passages of which it can only be said (as it could equally 
be said of most mathematical works) that they might have been written by a person of any 
religious or political sentiments whatever. 

Biometrika xx1 15 
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If De Morgan had applied his own statement as to expression of religious 
opinions to a consideration of Laplace’s political views for which it certainly holds 
as fully, then undoubtedly he would not have given rise by the tone of his article 
to such writings as those of Agnes Clark and Rouse Ball who assert that Laplace 
changed his views with every change of government in France. Laplace has 
nowhere expressed any political views whatever, for the dedication of a book to the 
head of a state cannot be looked upon as an expression of political sentiments. 
The permission to dedicate a new and important work to the sovereign was, in 
that day, equivalent to the statement that the book was approved by the state 
and it thus formed a much desired and excellent publisher's advertisement. 


That Laplace failed as Minister of the Interior may be quite true and not in 
the least to Laplace’s discredit. What was needed in 1799 was a firm hand, and a 
head which would not consider minor points of justice or duty, but act promptly 
and forcibly. It needed a soldier, and one who would take his orders from Napoleon 
as from his commanding officer. That was the essential reason why Napoleon after 
six weeks’ experience replaced Laplace by his brother Lucien Buonaparte. In times 
of turmoil, when the success of the Consulate hung in the balance, Laplace was no 
more fitted than Condorcet to take a leading part. We may consider that it was 
a bad mistake for Laplace to accept the office, but there is no ground to suppose 
that he pressed (“repeatedly begged”) Napoleon to give him the post. 

Years afterwards* at St Helena (Mémoires de Sainte Hél ae) Napoleon thus 
described the incident: “Mathematician of the highest rank, Laplace was not long 
in showing himself an extremely poor administrator. From his first actions I realised 
that I had deceived myself. He sought everywhere for subtleties, had only 
problematic ideas, and carried the spirit of the ‘indefinitely small’ into adminis- 
tration.” Yet if Napoleon had failed in his judgment of Laplace as an administrator, 
it did not modify his admiration of him as a inathematician. In 1802 Laplace 
dedicated to General Buonaparte the first volume of the Mécanique céleste, and 
Napoleon in thanking him spoke as a mathematician when he said that the first 
six months of freedom he had he should devote to reading the splendid work. After 
reading some chapters he wrote again regretting that circumstances had forced him 
into a career so far from that of science. Again three years later in 1805 when in 
Milan he wrote: “La Mécanique céleste appears to me destined to give new fame to 
the century in which we live.” Lastly in 1812 when the Théorie analytique des 
Probabilités reached him at Witepsk on his march to Moscow, he wrote : “There 
was a time when I should have read with interest your Treatise on the Calculus of 
Probabilities. Today I must limit myself to expressing the satisfaction which I feel 
whenever I see you producing new works which render more perfect and advance 
further the first of the sciences, thus contribut:... .. lustre of our nation. The 


advancement and the perfecting of mathematics are »ound up with the prosperity 
of the state.” 


* Rouse Ball calls it ‘‘ Napoleon’s memorandum on the subject,” as if it had been given at the time 
as a reason for dismissal, loc. cit. p. 390. 


| 
| 
i 
| 
Bi 
wit 
q 
. 


KarL PEARSON 211 


I do not think these were merely formal and therefore idle expressions of thanks ; 
they were evidence that he felt—after himself—Laplace to be in the eyes of Europe 
the chief honour of his nation. One other anecdote about the Mécanique céleste has 
survived. Napoleon meeting Laplace said to him: “M. Laplace, they tell me you 
have written this large volume on the system of the universe without ever 
mentioning its Creator.” Laplace drew himself up and said: “I had no need of 
such an hypothesis.” This does not sound like a time-server! Napoleon mentioned 


the incident to Lagrange, and the the latter exclaimed: “Ah, it is a beautiful 
hypothesis, because it reaches so far.” 


In this respect another saying of Laplace’s may be cited, far less boastful than 
it appears: “Give me matter and I will create the universe.” Laplace saw that 
adequate knowledge of an element of matter would like Tennyson’s full under- 
standing of the flower in the crannied wall explain all in all. Laplace’s dying words 
show that he was no vain boaster, and how the words “Give me matter” are to be 
interpreted ; those around his bed were recalling to him the great discoveries he 
had made in life, Laplace replied: “What we know is but a little thing; what we 
are ignorant of is immense.” 

The last days of Laplace have been briefly described by Fourier who writes : 

He had contracted the habit of excessive application so harmful to health, so necessary when 
studies are profound; nevertheless he did not experience any enfeeblement until the last two 
years of his life. At the commencement of the illness to which he succumbed, an instant of 
delirium was observed with fear. The sciences still occupied his mind. He spoke with un- 
accustomed fire of the movements of the stars, and afterwards of a physical experiment which he 
said was crucial, announcing to those he believed to be present that he would soon make a com- 
munication to the Academy on these problems. His strength diminished more and more. His 
doctor [the famous physiologist Magendie], who by his talents and by the care which friendship 
inspired in him, merited Laplace’s entire confidence, watched by his bedside. M. Bouvard, his 
collaborator and his friend, never for a moment quitted him. 

“Surrounded by a beloved family, under the eyes of a wife whose tenderness 
had aided him to support the trials inseparable from life, whose amenity and grace 
had shown him the worth of domestic happiness”—the great mind parted from its 
mortal frame, and according to Fourier “returned to the heavens”—perhaps the most 
fitting place for the genius who had timed the courses of the stars in their paths. 

Personally I prefer to quote the lines with which Virgil opens the second book 
of his Georgics, lines which Laplace so highly appreciated that he placed them at 
the head of his Mécanique céleste : 


Ye muses, beloved beyond all else, whose sacred emblems I bear, penetrated as I am by 
ardent love, take me to yourselves, and show me the pathways of heaven, and the stars that 
traverse them*. 

This the Muses accomplished for Laplace, and by their grace his genius may 


live immortal, even as Calypso, the fair nyraph, promised immortality to Odysseus 
after his toils, should he be content to remain faithfully with her. 


* Me vero primum, dulces ante omnia Musae, 
Quarum sacra fero, ingenti perculsas amore, 
Accipiant, coelique vias ac sidera monstrant. 


Georgics, 11, ll. 475-7. 
15—2 
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Mrs Somerville’s final summary of the Mécanique céleste may be cited here, 
it still remains true (Mecianism of the Heavens, 1831, p. 2): 


Tables of the motions of the planets, by which their places may be determined at any instant 
for thousands of years, are computed from the analytical formulae of La Place. In a research 
so profound and complicated, the most abstruse analysis is required, the higher branches of 
mathematical science are employed from the first, and approximations are made to the most 
intricate series. Easier methods and more convergent series may be discovered in process of time, 
which will supersede those now in use; but the work of La Place, regarded as embodying the 
results of not only his own researches, but those of so many of his illustrious predecessors and 
contemporaries, must ever remain, as he himself expressed it to the writer of these pages [Mary 
Somerville], « monument to the genius of the age in which it appeared. 


It is the Almagest of a century ago, and Laplace’s own description of it you will 
note is far from claiming all its results as the product of his own brain. 

One word, I think, may be safely added about a strange incident connected with 
part of Laplace’s mortal remains, namely his brain. Magendie, his physician, must 
have held an autopsy and removed in the course of it Laplace’s brain. No report 
that I can hear of was ever published about the results of the autopsy. But about 
fifteen months after Laplace’s death, on June 16, 1828, a paper was read by 
Magendie before the Académie des Sciences ; it is entitled “ Mémoire physiologique 
sur le cerveau.” The theme of this memoir is that the less cerebro-spinal fluid in 
the brain the greater is the intelligence. In other words the less fluid the more 
thinking matter. Towards the end of this memoir occurs the following paragraph : 

I once found myself under the sad necessity of examining the brain of a man of genius, who 
died at an advanced age [78], but when still enjoying the fulness of his intellectual faculties. The 


sum of cerebro-spinal fluid was not more than two ounces, and the cavities of the brain contained 
at most a dram. 


There is no mention of Laplace’s name, and although I have searched French 
literature [ can find no further details of either the autopsy or the brain of Laplace. 
Here the matter might have rested had not Miss M. Tildesley in 1927 brought me 
a remarkable letter with which she had been entrusted by Miss Helen Hunter 
Baillie whose name indicates her relationship to Mrs Joanna Baillie and to her two 
brothers William and John Hunter, famous authoress and famous anatomists. 

The letter dated only “Hampstead, Monday, 1834” is from Joanna Baillie to her 
great-niece Miss Sophy Milligan, and contains the following important paragraph : 


My dear Sophy...Dr Somerville told us not long ago a whimsical circumstance regarding the 
head of La Place the famous French Astronomer. Some Ladies and Gentlemen went one day to 
the house of Majendie [sie /] the great anatomist to see the brains of this Philosopher, which they 
conjectured must be of a very ample size, and seeing a preparation on the table answering their 
expectation they were quite delighted. “Ah! see what a superb brain, what organs, what 
developments! This accounts completely for all the astonishing power of his intellect, ete.” 
Majendie, who was behind them and overheard all, stepped quietly forward and said: “ Yes, that 
is indeed a large brain, but it belonged to a poor idiot, who when alive scarcely knew his right 
hand from his left. This, Ladies and Gentlemen” (handing to them a preparation of a remarkably 
small brain), “this is the brain of Laplace.” Dr Somerville was told this anecdote by Majendie 
himself...... Your Affectionate Aunt, J. Baillie. 
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“Dr Somerville” can scarcely be other than the physician, fellow of the Royal 
‘Society, and husband of Mary Somerville, the learned lady who studied Newton’s 
Principia in the original, was the friend and correspondent c” Laplace, and 
paraphrased in her Mechanism of the Heavens his Mécanique céleste. There is 
accordingly no doubt that Magendie was in possession of Laplace’s brain 6 or 7 
years after his death, and that this is the brain to which he referred in his “Mémoire 
physiologique sur le cerveau,” probably written in the year of Laplace’s death. 

I have tried in vain to ascertain in Paris what became of Magendie’s collections 
when he died in 1855. Probably they were sold like his books. Such is the second 
chapter in the history of Laplace’s brain. I now turn to the third stage in this 
history. I published Joanna Baillie’s letter in Nature asking if any one knew what 
had become of Laplace’s brain. I received a strange answer. Let me digress for a 
moment. I well remember as a boy, perhaps I was 10 to 12 years old, a mysterious 
Museum near the foot of Regent Street, I think near Glasshouse Street, an 
Anatomical Museum; if I remember rightly, it had a skeleton or the model of a 
tailed man in the window. Such things had a certain fascination for me, but the 
mystery of the place was increased by a strict injunction from my parents never to 
go inside. Under the circumstances, I think, most boys would certainly have gone 
inside. I, as fortune would have it, did not. I don’t think it was because I was a 
good boy, because I was not; but rather because I was a coward and, although 
curious, had not the courage to face the contents of that Museum. A different 
type of parent and a different boy led to the discovery I am about to communicate 
to you. I received a letter from Mr A. B. Bence-Jones dated June 16, 1927 from 
11 King’s Bench Walk, Temple: 


Dear Sir, The Brain of "Laplace. 


I am much interested in your letter printed in Nature, 16 April 1927 

on this subject, but I have nothing to suggest except very indirect evidence. As a 

boy I recall a visit with my Father (who died in 1873) to Kahn’s or Kiihn’s Museum 

in Glasshouse Street, Regent Street, and my attention was directed to a glass vessel 

said tocontain the brainof Laplace, but I cannot recallany mention of Magendie’s name. 

I do not know if any record or catalogue of this Anatomical Museum exists. 

Probably some one at the London Museum, Lancaster House, $.W. i would know, 

and I regret that I cannot make inquiry there, just now. 

I need only add that my Father was Dr Henry Bence-Jones, F.R.S., and was 

Secretary of the R. Institution and author of Faraday’s Life and Letters, 
I am, dear Sir, Yours faithfully, 
A. B. Bence-Jones. 


Tn a second letter Mr Bence-Jones says that he must insist on Kahn’s Museum 
being in Glasshouse Street : “My one visit to Glasshouse Street impressed me much 
and in days not later than the seventies, I often observed the place, and shuddered 
at my recollection of its nature. It was revolting to a boy.” 


Now Magendie died in 1855. Professor C. Richet kindly tells me that Magendie’s 


| 
} 
| 
| 
7 


214 Laplace 


books were sold, and that he has at the present time certain of them. It seems 
probable therefore that his collections with their preparations were also sold. Now 
how did Laplace’s brain come into Kahn’s Museum? Joseph Kahn was a doctor of 
medicine of the University of Vienna—he set up an anatomical museum and at 
first appears to have moved the collection up and down England, exhibiting both 
in Newcastle and London. He started apparently in this country about 1851, and 
catalogues of the contents of his museum were published in London, 1851, Neweastle- 
upon-Tyne, 1852, London, 1853 and later dates. No catalogue appears to have been 
published after the date 1855 or 1856 at which we may suppose Magendie’s 
collections to have been purchased. I see no reason to believe that originally 
Kahn’s Museum may not have been what it professed to be —a museum for the study 
of anatomy—but its proprietor soon found that the shillings rolled in from an 
inquisitive lay public, and accordingly Dr Kahn started introducing monstrosities 
of all types approaching near to those of the showman at village fairs. Kahn’s 
residence at one time was 17 Harley Street and one may suppose he then desired 
to build up a consultant practice. The Museum was at 315 Oxford Street in 1851, 
in Coventry Street, Leicester Square in 1856, in 1864 at 3 Tichborne Street, 
Haymarket, where apparently Joseph Kahn resided. In the following years 1865, 
1866 it goes on under George Kahn, M.D. at the same address. Probably George 
was a son of Joseph. In the Directory for 1867 there is no occupant given for the 
house No. 3 Tichborne Street. The Kahns and their museum seem to be wanting 
in the later Directories. The ultimate source of this disappearance was probably 
due to the medical journal—the Lancet—which on June 3, 1865 (p. 600) published 
an article inveighing against “anatomical museums” and calling for measures to be 
taken for their suppression. The matter attracted considerable public attention, but 
nothing appears to have been done till the police at the instance of the Society for 
the Suppression of Vice in March 1873 seized Kahn’s anatomical models, and on 
application by the Solicitor of the Society these models were destroyed at the 
Marlborough Street Police Court on Dec. 18, 1873. The Solicitor for the Society 
said that the museum was closed and the models not seized by the police packed 
up to be sent abroad. Kahn himself appears to have been tried on January 2, 1874, 
but I am unaware of what was the result. 

It seems highly improbable that the police would remove exhibits like the brain 
of Laplace, which under no circumstances could be interpreted as conducive to 
immorality, and there must have been many similar exhibits. Assuming as seems 
highly probable that Kahn purchased Magendie’s preparations then the appearance 
of Laplace’s brain in Glasshouse Street becomes explicable. Granted this, it would 
be of great interest to ascertain the present locus of the remainder of Kahn’s 
collection. Probably finding London no longer profitable Kahn retreated to his 
native land or to Germany, taking with him his unseized models, his tailed men, and 
the still unstudied brain of Laplace. I have not hitherto succeeded in tracing Kahn 
or his collections. Dr G. M. Morant kindly communicated to me a curious point; he 
told me that when he was in Munich a few years back advertisements were posted 
about the streets, announcing the arrival and sojourn for a time in Munich of a 
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great show—an anatomical museum. I wonder if this was Kahn’s original collection, 
and if so whether it still contains the brain of Laplace—the brain of possibly 
the greatest mathematician of the ages travelling about the continent in a 
showman’s van! 
Imperial Caesar, dead and turned to clay, 

May stop a hole to keep the wind away. 

The rest of Laplace’s mortal remains were buried at Paris in the Pére Lachaise 
cemetery. There they remained for 61 years until 1888, when they were exhumed 
in fulfilment of the desire of his son General de Laplace (who died in 1874 at the 
age of 84) and taken to the family estate of Saint Julien de Mailloc, a small hamlet 
between Lisieux and Orbec in Calvados. On the bye road to these places is a 
Greek temple with a bronze urn containing the heart of Laplace, and inscriptions 
commemorating the birth and death of Laplace and the dates of publication of his 
chief works*. Other members of the family are buried in this temple. The 
monument from Pére Lachaise was given by the Laplace family at the same time 
to the commune of Beaumont-en-Auge, where it was re-erected in the cemetery. 

In June 1871 the Laplace sanctuary at Arcueil which had escaped the Prussians 
was raided by a band of ruttians from the Moufietard district. The manuscripts of 
the great mathematician were thrown into the river Biévre, from which that of 
the Mécanique céleste was subsequently fished out. The library which was rich in 
rare books, souvenirs and works of art was looted and devastated (see Nature, Vol. rv. 
p- 108), a sorry ending to Madame Laplace’s piety+! Probably owing to this 
occurrence the remaining personal relics and papers of Laplace were transferred to 
Saint Julien de Mailloc, but the family chateau at de Mailloc was completely 
destroyed by a fire on Dec. 11, 1925, and thus perished the whole of the Laplaciana. 
I must confess that I feel personally some pleasure in seeing and handling the relies of 
the great men of our earth. It may be a silly morbid pleasure akin to the veneration 
some practise for the bones of saints. Still I could have wished the Laplaciana 
preserved at Arcueil, as one might have hoped that the Newtoniana could have 
been collected at Woolsthorpe, like the Galtoniana in this building}. The books, 
papers and personal relics of Laplace were destroyed by fire ; portions of the library 
of Newton, which would have told us so much of the writers who had helped to form 
his mind, and which had been for two centuries preserved unknown to the world, 
were privately sold only the year before last, and the books with the book plate 
“Philosophemur” and with Newton's autographs and notes appeared unexpectedly 
in half-a-dozen different booksellers’ catalogues to be dispersed over the world into 
the collections of the wealthy, who had money to buy them ; the remainder is now 
on sale in the hands of a London bookseller. Perhaps on the whole the history of 
science would profit, if we still had some of the mediaeval veneration, if not for 


* Nature, April 2, 1927. 

+ This has reference to Madame Laplace’s proposal to sell Arcueil (discussed in an unpublished part 
of these lectures) in order to provide funds for the republication of her husband’s works, which were out 
of print and very scarce. The sale was prevented by Arago’s Report to the French Government, which 
then undertook to issue a national edition of Laplace’s works. 

+ The lectures were delivered in the Galton Laboratory of the University of London. 
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the bones of saints, at least for the papers and books which are the tools of genius. 
We know so little of the life, we know so little of the methods of research of 
Laplace, that a complete destruction of all his papers and relics, before any real 
life of him has been written, is indeed a lamentable loss. 

I have told you all that I have been able to gather of this great Frenchman’s 
life and character. The man who in the first quarter of the nineteenth century 
appeared as a giant among the intellects of that day, who to our own generation 
still stands out as one of the greatest mathematicians of all ages, lacks up to 
the present a critical biographer, who will give him true characterisation as man 
and as scientist. What I have put before you, however inadequately, may perhaps 
suffice to warn you against accepting too readily the statements—unauthenticated 
by documentary evidence—of minor writers on the history of mathematics. The 
history of science, after becoming an academic study, seems to have dropped (in 
the modern spirit) scholarly investigation for the methods of journalism. 
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LES ORIGINES DE LAPLACE: SA GENEALOGIE,— 
SES ETUDES. 


Par L’ABBE G. A. SIMON. 


LEs notices sur lillustre mathématicien Laplace fourmillent d’erreurs, en ce 
qui concerne ses origines et ses débuts. On affirme qu'il appartenait 4 une famille 
pauvre, qu'il fut formé aux sciences mathématiques par son oncle Louis, qui était 
prétre, qu'il fut éléve de I’Ecole militaire de Beaumont-en-Auge, ete. Autant 
d’assertions inexactes, que l’on va s’efforcer de rectifier & l'aide des documents. 


§ I. GENEALOGIE DE LA FAMILLE DE LAPLACE. 

Nous avons dressé cette généalogie & l’aide des registres conservés dans les 
mairies de Bourgeauville, Criqueville, Angerville, Grangues, Beaumont-en-Auge 
et Dozulé. Nos renseignements sont done puisés aux sources et nous fournissent 
des éléments certains sur les hérédités du savant et le milieu ov il a grandi. 


Le premier ascendant certain de Laplace est Olivier de Laplace, qui vivait & 
Bourgeauville* en 1645, et qui appartenait certainement & une famille notable, 
car nous le voyons, en cette méme année, 1645, assister & Bourgeauville, au mariage 
de Pierre Lambert, écuyer, sieur de Saint-Mars, avec Angélique de Montgommery. 

D’out venaient ces de Laplace? Je lignore. Ils n’appartenaient pas précisément 
i la noblesse, mais & cette aristocratie terrienne qui faisait presque figure de no- 
blesse dans nos paroisses rurales, et s’alliait souvent avec elle. Il me semble assez 
vraisemblable que les de Laplace de Bourgeauville étaient de méme origine que 
les de Laplace de Rouen, qui fournirent, dés le xvi° siécle, des Conseillers au 
Parlement de Rouen. J’ai remarqué, au cours de recherches déji longues, sur les 
familles du Pays d’Auge, que nombre de ces familles se retrouvent & Rouen. 
Bourgeauville, membre de l’Election de Pont-l’Evéque, appartenait a la Généralité 
de Rouen, et les rapports de commerce aussi bien que les rapports administratifs 
étaient fréquents entre Rouen et le Pays d’Auge. 

La branche des Laplace de Rouen, la plus anciennement connue, portait: dazur 
& 8 molettes dor. Une autre branche rouennaise, celle des Laplace, sieurs de 
Fumechon, portait: @azur & la molette (alias & U’étoile) dor surmontée @un lambel 
d@or—ou encore: de méme avec Vétoile dargent, ou bien: dazur & 3 tréfles dor. 
Comme dans beaucoup de familles bourgeoises, les armoiries ne sont pas trés fixes. 
Nous ne savons pas d’ailleurs si les de Laplace de Bourgeauville avaient conservé 
le souvenir d'armoiries de famille. 

Dans les actes le nom est écrit: de Laplace, de la Place, Delaplace. Cette 
derniére forme est plus rare avant la Révolution, C’est cependant celle qui a 
subsisté dans les branches collatérales de la famille +. 


* Calvados, canton de Dozulé, arrondissement de Pont-l’Evéque. 


+ Nous avons adopté, pour plus d’unité, la forme ‘‘de Laplace” pour les degrés antérieurs 4 la 
Révolution. 
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I. OLivieR DE LaPLace* avait épousé Anne Follebarbe, qui appartenait & une 
vieille famille du Pays d’Auge, toujours représentée. Ils moururent l'un et l’autre 
en 1680, & Bourgeauville. Olivier de Laplace est toujours qualifié “Maitre,” ce qui 
suppose une situation notable. De ce mariage naquirent au moins six enfants : 

1° Mtre Francois DE LAPLace, qui suit. 

2° Jacques de Laplace, né vers 1639, décédé & Bourgeauville, le 8 octobre 
1728, & Page de 90 ans. Il avait épousé sa cousine: Jacqueline de Laplace, 
dont il eut au moins une fille: Marie, mariée en 1705 4 Charles Jourdain, 
dont elle était veuve en 1730. 

3° Marie de Laplace, mariée en 1658 & Simon Le Coq. 

4° Charlotte de Laplace, baptisée i Bourgeauville le 26 janvier 1642. 

5° Aymé de Laplace, baptisé 4 Bourgeauville le 15 novembre 1645, et 
décédé en 1706. 

6° Jacqueline de Laplace, baptisée 4 Bourgeauville le 14 février 1649. 


Il. Francors DE LAPLACE, qualifié “ Maitre,” comme son pére, fut baptisé ? 
Bourgeauville le 5 avril 1638. Il y épousa, en 1666, demoiselle Barbe Belot. II 
dut mourir & Beaumont-en-Auget fort Agé, car nous |’y trouvons en 1731. 


De ce mariage naquirent au moins quatre enfants : 
1° Mtre Olivier de Laplace, qui suit. 


2° Nicolas de Laplace, né vers 1685, décédé & Beaumont le 16 aoit 1735, 
et inhumé en présence de son fils: Jacques de Laplace. 

3° Martin de Laplace, marié & Bourgeauville en 1720 & Marie Lesnis, fille 
de feu Francois Lesnis et de Jeanne Le Pecg. Les Lesnis sont une ancienne 
famille du Pays d’Auge, qui s’est alliée notamment aux Chéron, sieurs du 
Fresney, et les Le Peeq ont donné naissance, d la fin du xvut’ siécle, & Louis 
Le Pecy, sieur de la Cloture, célébre médecin, anobli par Lovis XVI. 

4° Sruon DE LaApLack, dont la branche sera indiquée dans une section 
spéciale. 


(A) Premiere branche. 

III. Maitre Olivier de Laplace, chirurgien royal, né vers 1669, et décédé a 
Bourgeauville en avril 1736, agé de 67 ans 18 jours. Il fut inhumé “dans l’église,” 
privilége réservé aux seigneurs et aux notables. Il épousa: 1° Marguerite Gardin, 
2° Charlotte Bréard, fille de Jacques Bréard et d’Anne Le Petit. Ce dernier 
mariage eut lieu & Bourgeauville le 12 mai 1704. Les Gardin paraissent origi- 
naires de 8, Etienne-la-Thillaye}. Ils étaient alliés aux Le Cordier et aux Isabel, 
riches familles de la région§. Les Bréard étaient également bien posés. 


* 


Pour plus de clarté, nous avons écrit en majuscules les noms des ancétres directs du savant. 
Canton et arrondissement de Pont-l’Evéque (Calvados). 

Canton et arrondissement de Pont-l’Evéque. 

H. Le Court: Généalogie de la famille Le Cordier, seigneurs de Maloisel, p. 52. 
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Mtre Olivier de Laplace laissa de son premier mariage : 

1° Jean de Laplace, qui suit. 

2° Marie-Anne de Laplace, baptisée 4 Bourgeauville le 26 décembre 1697. 
Elle épousa, en cette méme paroisse, le 27 septembre 1723, Maitre Nicolas 
Le Carpentier, originaire de Criqueville*, fils de Jacques Le Carpentier et de 
Catherine Bouet, qui devint Conseiller du Roi. Ils eurent pour enfants: 
(a) Claude-Francgois Le Carpentier, Conseiller du Roi, Maitre Particulier des 
Eaux et Foréts, au baillage d’Auge, marié en 1767 4 Marie-Anne-Catherine 
Cambremer, de la famille des Cambremer de Croismare. (b) Jacques-Charles 
Le Carpentier, Conseiller du Roi, seigneur et patron de Putot+, lieutenant en 
l'Election de Pont-l’Evéque, marié en 1758 a Francoise-Catherine de la Taille. 
(c) Marie-Catherine Le Carpentier, mariée en octobre 1754 4 Marin Barbey, 
bourgeois de Caen, de la famille des Barbey de Longbois. 

3° Pierre-Daniel de Laplace, baptisé ’ Bourgeauville le 13 novembre 1698. 


IV. Jean de Laplace épousa Anne Toutain. Ils habitaient Bourgeauville. Ils 
eurent au moins neuf enfants: 

1° Jean-Frangois de Laplace, baptisé ’ Bourgeauville le 11 avril 1719. 

2° Jacques de Laplace, baptisé ’ Bourgeauville le 9 novembre 1720. 

3° Robert-Olivier de Laplace, baptisé 4 Bourgeauville le 14 mars 1722. 

4° Robert de Laplace, baptisé &’ Bourgeauville le 17 aofit 1723. Il devint 
prétre et chapelain de Brucourt. 

5° Anne-Frangoise de Laplace, née-en 1726. 

6° Robert-Jacques de Laplace, baptisé 4 Bourgeauville le 14 mars 1727. 

7° Frangots de Laplace, qui suit. 

8° Marie-Anne de Laplace, baptisée 4 Bourgeauville le 17 mars 1731, 
décédée le 17 juin 1735. 


9° Jean-Baptiste-Frangois de Laplace, baptisé 4 Bourgeauville le 27 aott 
1732. 


V. Frangois de Laplace se fixa 4 Grangues{, puis 4 Criqueville§, ot il fut 
inhumé le 18 février 1777. Tl avait épousé Marie-Elisabeth Morin, dont il eut 
au moins neuf enfants: 


1° Anne-Jeanne de Laplace, née 4 Grangues vers 1751, décédée en 1809 
i Angerville||, mariée successivement 4 Jean de la Rue et 4 Henri Loriot. 


2° Jacques de Laplace, présent avec ses fréres 4 ’inhumation de son beau- 
frére Jean de la Rue, & Criqueville, le 20 octobre 1779. 


* Canton de Dozulé, arrondissement de Pont-l’Evéque. 
+ Canton de Dozulé, arrondissement de Pont-l’Evéque. 
t+ Canton de Dozulé, arrondissement de Pont-l’Evéque. 
§ Canton de Dozulé, arrondissement de Pont-lEvéque. 
| Canton de Dozulé, arrondissement de Pont-l’Evéque. 
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3° Nicolas de Laplace, qui suit. 

4° Frangois de Laplace, baptisé & Criqueville le 3 septembre 1762. 

5° Marie-Frangoise de Laplace, baptisée 4 Criqueville en 1764. 

6° Catherine-Félicité-Perpétue de Laplace, baptisée i Criqueville le 26 no- 
vembre 1766. 

7° Jean-Baptiste de Laplace, baptisé & Criqueville le 29 décembre 1772. 
Il s’établit Grangues, et épousa Marguerite-Francoise Martine. Il est qualifié 
“ propriétaire.” I] eut pour enfants: (a) Désirée de Laplace, née & Grangues, 
mariée & Baptiste Delaplace son parent, dont jignore l’origine. (b) Pierre- 
Jean-Francois-Hyppolite de Laplace qui épousa en premicres noces: Marie- 
Anne-Elisabeth Philippe, décédée le 5 novembre 1816; et en secondes noces, 
i. Dozulé, le 24 novembre 1824, Rose-Julie Lelievre, née 4 Gerrots*, fille de 
Pierre Lelidvre et de Marie-Anne Prentout+. De cette seconde union naquirent 
trois enfants: Julie-Alinda, Jean-Désiré-Eugéne, Henri-Edmond. La premiere 
et le dernier moururent jeunes. J’ignore la destinée du second, né & Dozulé 
en 1830. 

8° Marguerite de Laplace, citée comme témoin dans divers actes. 

9° Frangoise-Thérese-Adélaide de Laplace, fille posthume, baptisée Crique- 
ville le 17 mai 1777. 


VI. Nicolas de Laplace (alias Delaplace), établi i’ Grangues, cité en divers actes 
avec ses freres, épousa Adélaide Martine, dont il eut deux fils: 
1° Nicolas (?) Delaplace, connu dans la famille sous le nom de “I’ainé 
Delaplace,” décédé & Goustranvillet. I] n’eut qu'une fille: Laurence Delaplace, 
mariée & M. Sauvage, dont deux filles décédées sans postérité. 


2° Stanislas Delaplace, qui suit. 


VIL. Stanislas-Casimir Delaplace, né 4 Grangues le 10 mars 1796 et décédé ad 
Dozulé le 15 novembre 1875. Il avait épousé Marie-Anne-Véronique Leneveu, fille 
de Jacques-Frangois-Pierre Leneveu et de Marie-Anne-Félicité Leroy, décédée 
& Dozulé le 15 décembre 1882, dont: 

1° Abélina Delaplace, née i Criqueville, mariée i Auguste Couraye, dont 
postérités, 

2° Hugéne Delaplace, qui suit. 

3° Edmond-Constant Delaplace, domicilié & Angerville, marié & Céleste- 
Ernestine Lefevre, dont: (a) Jeanne, morte jeune; (b) Fernand, mort jeune ; 
(c) Léon, domicilié & Beaumont ; (d) Juliette, mariée 4 M. Dubois. 

4° Jules Delaplace, marié & N., dont: (a) Jeanne, mariée & Henri Even 
(postérité); (b) Henri; (c) André, mort & 17 ans, & Pont-l’Evéque, le 1° avril 
1924. 


* Canton de Cambremer, arrondissement de Pont-l’Evéque. 

+ La famille Prentout est ancienne au Pays d’Auge. L’un de ses représentants, M. Henri Prentout, 
est aujourd’hui professeur d’Histoire de Normandie, 4 la Faculté des Lettres de Caen. 

¢ Canton de Dozulé, arrondissement de Pont-l’Evéque. 

§ Cette postérité est représeni¢ée par Mme Aimable Moulin et par M. Henri Couraye, maire de Dozulé. 
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VUI. Lugéne-Etienne-Casimir Delaplace, né i Criqueville, marié 


Louise- 
Emma Gosse, dont: 


1° Jules Delaplace, marié i Angéline Dasseville, dont un fils, mort jeune. 


2° Georges Delaplace, qui suit. 


IX. Georges Delaplace, maire de Leaupartie* , délégué cantonal de Cambremer, 
officier du mérite agricole, né & Troarn, marié 4 Montreuil+, le 22 mai 1883, a 
Caroline-Adélaide Goupil, fille d’Adolphe Goupil et d’Euphrasie Martin des Fon- 
taines. M. G. Delaplace habite actuellement le manoir de Leaupartie. Il a un fils, 
qui suit: 


X. Maurice Delaplace, né ’ Leaupartie le 21 juillet 1884, brigadier d’artillerie 
en 1915—1919, Croix de Guerre, marié & Montreuil, le 9 janvier 1925, 4 Madeleine 
Laval, fille de Pierre Laval et de Mme, née Soulier, dont: 


1° Georgette Delaplace, née 4 Leaupartie le 18 juin 1926. 


(B) Seconde branche. 


III. Suwon dé Laprace, fils de Francois de Laplace et de Barbe Belot, in- 
diqués plus haut, s’établit 4 Beaumont avant 1743. En 1738, nous le trouvons & 
Bourgeauville, parrain de Thomas-Frangois, son neveu, et le 22 décembre 1732 
il est parrain & Criqueville de sa petite niéce Marie-Catherine Le Carpentier, fille 
de Nicolas, Conseiller du Roi, et d’Anne dé Laplace. II avait épousé Marie Viel, 
dont: 

le Marie de Laplace, mariée 4 Beaumont, le 1 juillet 1743, & Maitre 

Robert Carrey, médecin d Lisieux, paroisse St Germain. Les Carrey sont 

une tres ancienne famille Lexovienne qui a donné des notaires royaux, des 

avocats, des médecins. Le manoir Carrey est aujourd’hui lune des plus cu- 
rieuses vieilles maisons de la ville. 


2° Louis de Laplace, prétre, chapelain de Criqueville, dont nous aurons 
occasion de parler. 


3° PrerRE DE LAPLACE, qui suit. 


4° Simon de Laplace, cité avec ses fréres au mariage de Robert Carrey et 
de Marie de Laplace. 

5° Thomas-Frangois de Laplace, chirurgien, décédé & Bourgeauville, a Page 
de 27 ans, en 1738, marié & Marguerite Hervieu, dont: Thomas-Frangois, 
baptisé a Bourgeauville, le 24 avril 1738. 


6° Probablement: Genevieve, mariée avant 1745 & Jacques Mabou. 


* Canton de Cambremer, arrondissement de Pont-l’Evéque. 
+ Canton de Cambremer, arrondissement de Pont-l’Evéque. 
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IV. Prerre de LAPLACE, demeurant 4 Beaumont, sindic de la paroisse, marié 
& Tourgéville*, le 6 juillet 1744, & Marie-Anne Sochon, fille de feu Louis-Robert 
Sochon et de Marie-Anne Le Chevalier. De ce mariage sont nés: 
1° P1zRRE-SIMON DE LAPLACE, qui suit. 


2° Marie-Anne de Laplace, baptisée & Beaumont le 15 juin 1745. 


V. PreRRE-SIMON, comte, puis marquis de LAPLACE, né & Beaumont le 23 mars 
1749. Crest lillustre savant auquel seront consacrées les pages qui vont suivre. 
Marié & Marie-Charlotte de Courty de Romanges (famille de Besangon), il en eut 
un fils et une fille: 

1° Cuarces-Emrte P. J., marquis de La Pace, né 15 avril 1789, mort 
27 octobre 1874, général de division, sénateur, Pair de France, Grand-Croix 
de la Légion d’honneur, chevalier de St Louis. 

2° Soputk-SuZANNE DE LAPLACE, morte 1813, en suite des couches de sa 
fille, mariée & Adolphe-Frangois-René, marquis de Portes, Pair de France, 
décédé & Paris le 22 septembre 1852+. Ils curent une fille: Angélique- 
Joséphine-Charlotte de Portes, mariée & Napoléon-Joseph-Auguste, Comte 
de Colbert-Chabannais, décédé le 1% octobre 1883. Le second fils issu de ce 
mariage: Pierre-Louis-Jean-Baptiste, Comte de Colbert, releva le nom de 
Laplace, en vertu d’un décret de 1876. I] épousa en 1882 d"* Renault, dont 
postérité. Adolphe-Frangois-René, marquis de Portes, d’un 2"° mariage avec 
Caroline Hutton, américaine, eut deux filles: 1° Catherine-Méry-Adolphine 
de Portes, mariée en juillet 1846 & Napoléon-Victor-Eugéne, comte de Bellune, 
décédé en 1852, et en secondes noces &’ Charles-Eugene-Henry-Joseph-Texier, 
marquis d’ Hautefeuille, et 2° Madame de Montgomery. 

§ Les Socuon, ANCETRES MATERNELS DE LAPLACE. 

Les Sochon étaient primitivement originaires de Vauville, canton de Pont- 
l’Evéque. *étaient riches cultivateurs, dont la branche la plus connue est celle 
des Sochon de Lavigne, trés proche parente de la mére de Laplace. 

Nicolas Sochon habitait Vauville en 1669. Il épousa Charlotte Congnett, 
dune famille de Tourgéville, ce qui sans doute amena cette branche & se fixer A 
Tourgéville. 

L’un des fils de Nicolas, Antoine Sochon, épousa  Tourgéville, le 16 juillet 
1669, Marguerite Cofin, dont il eut entre autres enfants: Robert-Louis Sochon. 

Robert-Louis était né & Tourgéville et y avait été baptisé le 8 janvier 1687. 
I] épousa Marie Le Chevalier, dont il eut deux filles. 


* Canton et arrondissement de Pont-l’Evéque. 

+ Pour remployer la dot de sa femme au profit de enfant mineure, M. de Portes acheta en 1813, sur 
le conseil de Laplace et de Napoiéon lui-méme, le chiteau de Mailloc, qui fut détruit en 1925 par une 
incendie, avec tous les effets appartenant au grand Laplace. 

+ Les Congnet sont aujourd’hui représentés par M. Congnet, rédacteur au Ministére des Finances, 
dont la mére était sceur de Mme Georges Delaplace, de Leaupartie. 


- 
| 
| 
| 
| 
| 
| 
| 
\ 


G. A. 223 


L’une de ces fiiles, Marie-Anne, épousa Pierre de Laplace. C'est la mére de 
notre savant. 


L’autre, Anne Sochon, fut mariée, 4 Glanville*, le 80 mai 1752, & Francois 
Cordier, Commis pour le Roi au Grenier et Magasin & sel de Danestal, fils de 
Frangois-Jacques Le Cordier et de Marie-Anne Gondouin+. Ils eurent pour fils: 
Louis-Frangois Cordier, directeur de la Compagnie des Indes, puis régent de la 
banque de France, sous le premier Empire. II était trés lié avec son cousin germain 
Pierre-Simon de Laplace. Il épousa & Paris, le 15 janvier 1788, Francoise-Jeanne- 


Elisabeth Duclos, fille de Jean-Baptiste Duclos, avocat au Parlement, et d’Anne- 
Elisabeth Ménard. 


Ils eurent deux filles: 1° Louise-Elisabeth, née 4 Caen en 1788, mariée en 1812 
a Louis-Francgois Marchand, chevalier de la Légion d’honneur. 2° Elise, mariée & 
Jean-Baptiste-Michel, baron de Trétaigne, dont la postérité existe encore. 


§ Le MILreU FAMILIAL. 


Nous pouvons, grace aux données précédentes, avoir quelque idée du milieu ot 
grandit Laplace. Ce n’est pas un milieu vulgaire. Les ancétres ont été des gens is 
distingués. Sans doute le pere ne semble pas avoir poursuivi d’études comme ses 
deux fréres, Louis et Thomas-Frangois, le prétre et le chirurgien, et comme le 
grand’oncle, Maitre Olivier, chirurgien royal, mais évidemment il a acquis au 
foyer une certaine distinction, et c'est pourquoi ses compatriotes de Beaumont le 
choisiront pour sindic. 


Au nombre de ses plus proches, Pierre-Simon rencontre, dés son tout jeune-age, 

Yabbé Louis de Laplace que les biographes nous montrent comme un mathématicien } 
| distingué, et son autre oncle Robert Carrey le médecin, qui appartient & une famille 
célébre. 

Maitre Nicolas Le Carpentier, le cousin germain du pére, est Conseiller du Roi; 
c’est done un personnage de marque, et ses deux fils, tous les deux Conseillers du 
Roi, l'un Maitre des Eaux et Foréts, l'autre Lieutenant en l'Election et seigneur 
de Putdt, sont évidemment des gens instruits, des hommes du monde, dont la 
fréquentation ne pouvait que contribuer & former l’esprit du petit Laplace. 

Du cété maternel, il y a Poncle Cordier, qui mourra en 1757 et sera inhumé 
dans la nef de l’église de Danestal. Lui aussi est un homme instruit et distingué. 

Le futur savant a done grandi dans un milieu bien capable de former son esprit 
et de lui donner le gofit de la culture. I] faut done absolument rejeter la fable du 
petit indigent, fils d’un pauvre laboureur, élev4 grace A la charité des moines de 
Beaumont. 


* Canton de Pont-l’Evéque. 


+ La Généalogie des Le Cordier, seigneurs de Maloisel, a été écrite par M. Henry Le Court. Les 
Cordier et les Le Cordier étaient de méme famille. 
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§ IV. Le coLLiGeE DE BEAUMONT. 


La maison de M. de Laplace*, le pére, s’élévait prés du prieuré de Beaumont, ot 
les moines Bénédictins avaient fondé un college. L’enfant leur sera bientdt confié. 
Il n’est done pas indifférent de faire connaissance avec ce nouveau milieu. 

La premiére idée d’un collége & Beaumont date du début du xvimi* siécle, 
alors que le prieuré était encore en commende sous Denis-Frangois Bouthilier de 
Chavigny. L’un des moines, Dom Julien Aubrée, résolut de s’occuper de l'éducation 
de quelques enfants, Beaumont se trouvant éloigné de tout college. Voici ce que 
dit de lui le savant Dom Marténe: “Dieu lui avait donné un talent particulier 
pour bien enseigner les humanités aux enfants. Etant au monastére de Beaumont- 
en-Auge, les péres et méres d’alentour lui envoyaient leurs enfants pour apprendre 
de lui le latin. Il avait un grand soin de les former en méme temps & la piété. 
A lui seul, il enseignait toutes les classes et il forma de trés bons écoliers +.” 

La premiére ébauche prit forme grace a la protection du duc d’Orléans, héritier 
des fondateurs du prieuré. Celui-ci obtint du Roi que le monast>re serait remis en 
régle, c.-a-d. n’aurait plus de prieur commendataire, mais un prieur régulier et que 
la “mense prieurale,” ou portion des revenus réservée au prieur, serait réunie & 
la mense conventuelle, le prieur-moine n’ayant pas de traitement particulier. La 
suppression de la mense prieurale eut lieu en 1731. Le collége fut définitivement 
érigé en 1741. Il devait étre dirigé par les douze moines du prieuré. Le prieur 
avait surtout la direction spirituelle. Il y avait un régent s’occupant des études, 

Les pensionnaires devaient appartenir uniquement aux paroisses relevant du 
domaine du duc d’Orléans. Il y avait des internes, payant pension, plus six jeunes 
gentilshommes, dont la pension était payée par le prince. Il y avait également des 
externes, dont la pension était gratuite, d’aprés les statuts mémes rédigés par la 
volonté du due d'Orléans. 

Les enfants pouvaient étre admis a lage de sept ans. On ne les prenait pas 
aprés douze ans. Les humanités proprement dites commengaient en cinquiéme. 

La maison était bien réputée, et Dumoulin, qui en 1764 publiait sa Géographie 
dela France, y écrivait: “Les Bénédictins ont un beau College ’ Beaumont§.” 

Le petit Laplace habitait, comme nous l’avons vu, tout prés du prieuré. On 
nous dit, ce qui est extrémement vraisemblable, qu'il avait “une intelligence 


précoce,” “des dispositions peu communes & un Age ot les enfants commencent 


* Nore par M. le Comte A. de Colbert-Laplace: La famille Laplace avait habité la terre du Mérisier, 
que je possede encore, depuis quand y étaient-ils? je lignore,-la maison a des cheminées du xiv ou 
xv siécle. Dans les papiers qui je possédais, et qui sont brilés, je me rappelle avoir vu qu’ils avaient fieffé 
a N...cette terre, que Laplace a.racheté plus tard (179-), par rachat des rentes que la famille en tirait. 
Mais je me souviens qu’on m’a dit que Laplace était né au Mérisier. Cette terre est du reste sur la 
Commune de Beaumont-——mais a 2 ou 3 kilométres du bourg. La maison ot est apposée une plaque en 
face de l’église, est une maison neuve ou relativement. Je ne pense pas que si les Laplace ont habité 
cette maison, ce soit la méme. 

+ Vie des justes, éditée par Dom Heurtebize. Paris, 1926, t. m1. p. 84. 

+ Les piéces concernant cette affaire se trouvent dans le Gallia Christiana, t. x1, Instrumenta. 


§ T. p.177. 
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& peine & aborder les premiers éléments de la lecture” et surtout “ une prodigieuse 
mémoire*.” A la maison paternelle, ces heureuses dispositions pouvaient étre 
entretenues surtout par l’oncle Louis, autrement dit: lAbbé de Laplace. Celui-ci 
habitait Beaumont, peut-étre la maison paternelle, peut-étre le prieuré. Il était 
pas moine, mais les religieux, trop peu nombreux, faisaient appel aux professeurs 
et aux répétiteurs ecclésiastiques ou laiques. Ce qui rend vraisemblable la sup- 
position que l’'abbé Louis de Laplace faisait la classe au prieuré, c’est qu'il n’apparait 
jamais remplissant une fonction ecclésiastique. On le trouve 4 Beaumont comme 
sous-diacre en 1745, comme diacre en 1746. II fut vraisemblablement ordonné 
prétre vers 1747. En 1752, il fut nommé chapelain de Criqueville. La chapelle 
de Criqueville située “au costé gauche du cheeur de léglise paroissiale” était un 
“bénéfice simple,” c.-a-d. sans charge d’Ames et n’obligeant pas A résidence +. 

C’est de cet oncle que parle Boisard, lorsqu’il écrit: “Le jeune Laplace...recut 
les legons d’un de ses oncles, prétre et mathématicien fort instruitt.” Il est 
probable en effet que l’abbé Louis de Laplace inculqua son goiit pour les sciences 
& son jeune neveu, mais il ne put le pousser trés loin, car il mourut en 1759. 
Lrenfant n’avait alors que dix ans. 

Il est probable que le jeune Laplace commenga ses études réguliéres au collége 
a Page de sept ans, qu’il atteignait a la fin de mars 1756. Il y sera entré, a la 
rentrée d’octobre 1756. Le prieur a cette époque était Dom Joachim Hébert de 
Bailleul. C’était un homme instruit, qui auparavant, notamment d’aprés des docu- 
ments de 1741 et de 1746, avait été régent des études. 

Les éléves se destinaient les uns a l’armée, les autres & la robe; d’autres enfin 
a état ecclésiastique. Les premiers portaient un uniforme militaire, les seconds 
un vétement bleu-de-roi, 4 revers et parements d’écarlate et épaulettes dor. Ils se 
coiffaient d’un chapeau & plumet blanc. Les pensionnaires ecclésiastiques portaient 
un habit noir, conforme & leur future profession. Les deux dernitres catégories 
formaient le contingent le plus nombreux. “Nous voyons avec satisfaction, dé- 
clarent les Bénédictins de Beaumont, nos éléves remplir les cures voisines et 
occuper les charges de judicature dans les environs|}.” 

La famille du petit Laplace le destinait a l'état ecclésiastique{]. Peut-étre 
y avait-il pris goat lui-méme au contact de son oncle Louis. L’enfant portait done 
Vhabit noir, et sans nul doute était externe. 

La classe du matin commengait 47 h. 3 et finissait & dix heures moins un quart. 
On se rendait alors & l’église pour la messe; on se réunissait ensuite a la salle 
détudes jusqu’é 11h. 3, heure du diner. 

L’aprés-midi, la classe recommengait & 2h. et durait jusqu’a 4h. Il y avait 
alors collation et récréation, puis on travaillait & la salle d’études de 4h. 3 & 6 h. 4. 

* L. Puiseux: Notices sur Malherbe, Laplace etc. Caen, Laporte, 1847, p. 34. 

+ Archives du Chapitre de Bayeux. Insinuations du diocese de Lisieux, Registre xxi, No. 313. 

t Notices biographiques, littéraires et critiques sur les hommes du Calvados. Caen, Pagny, 1848, 
p. 177. Voir aussi H. Le Court: Généalogie de la famille Le Cordier, p. 45. 

§ Insinuations du dioc. de Lisieux, Reg. xxvii, No, 212. 

|| Archives du Calvados: Collége de Beaumont. {i Boisard, op. cit. p. 177. 


Biometrika xx1 : 16 


| 
| 
| 
ae 
| 
‘ 


226 Les Origines de Laplace: sa Généalogie.—Ses Etudes 


Le dimanche, on assistait d’abord & une messe basse, puis il y avait étude pour 
les devoirs de classe. Durant cette étude, les éléves se rendaient par groupes pres 
des “garcons de chambre” pour se faire friser, poudrer et ajuster. Ensuite avait 
lieu la grand’messe, suivie d’une instruction sur l’Epitre ou l’Evangile du jour. 
L’aprés-midi, on assistait aux Vépres, aprés quoi, il y avait récréation, puis étude 
de 5 h. 4 jusqu’au soir. 

Les vacances duraient six semaines et commengaient vers le 8 ou le 10 aotit. 
La veille avait lieu la distribution des prix, qui était toujours trés solennelle. 
Quelques jours auparavant, on avait organisé des Exercices publics en présence 
des notabilités locales et des parents, ot l’on posait des “questions d’algebre avec 
équation au 1* et au 2° degré” et ot l’on faisait des démonstrations sur “la Cosmo- 
graphie, la Fortification, la Trigonométrie plane, la Balistique et les différentes 
propriétés de lellipse et de la parabole.” Des questions étaient également posées 
sur les Belles Lettres, les auteurs latins etc., car au collége de Beaumont I’étude 
des langues et du latin était fort en honneur. 

Le jeune Laplace avait des aptitudes spéciales pour les mathématiques, mais 
sa culture littéraire allait de pair. Il avait aussi le goit des beaux arts et en 
particulier de la musique que l’on enseignait également au collége. 

Il y avait alors de 50 & 60 éléves. 

Le priorat de Dom Joachim de Bailleul cessa en 1756. Lannée suivante, le 
prieur était Dom Jean-Pierre Le Maistre. Un acte de 1760 nous mentionne comme 
religieux présents au monastére: Dom Francois Théres, Dom René du Mesnil, 
Dom Jean Mériel-Bussy, Dom Jean-Charles Foyard, Dom Louis-Charles Gadeau, 
Dom Louis-Salomon Girouard, Dom Mathieu Crucifix. Ce dernier n’était que 
diacre, et il sera plus tard professeur & Tiron *. 

Aucun de ces religieux n’a laissé de nom ni dans les lettres ni dans les sciences. 
Ce devaient étre simplement de bons professeurs, le Supérieur Général de la Con- 
grégation de Saint-Maur s’étant engagé & envoyer des professeurs “capables... 
sages et vertueux ” dont “il répondait personnellement.” 

Laplace quitta le collége 4 l’Age de seize ans+, donc aux vacances de 1765. Il 
eut par conséquent pour professeur et “régent d’humanités,” Dom Charles-Antoine 
Blanchard, qui avait été envoyé & Beaumont en 1764{. Né & Réthel (Ardennes) 
le 20 janvier 1737, Dom Blanchard avait étudié les humanités 4 Caen, au collége 
du Bois, durant sept années. Il était entré ensuite & l’abbaye de Jumiéges, ot il 
avait fait sa profession monastique en 1757. En 1759 nous Je trouvons étudiant 
la philosophie et la théologie & l’abbaye de Saint-Etienne de Caen. Il fut ordonné 
prétre en septembre 1764, et aussitét envoyé & Beaumont, vraisemblablement pour 
la rentrée d’octobre. Depuis lors “on lemploya presque toujours & l’instruction 


* Extrait du Nécrologe de Vabbaye du Bec, éd. par R. N. Sauvage (Extr. Bulletin philologique et 
historique, 1924). Paris, 1926, p. 8. 

t+ Le Fort: Le collage et Vécole militaire de Beaumont, dans la Revue illustrée du Calvados, mai, 
1913, p. 76. 
_ Abbé Porée: Lettres de quelques bénédictins. Bruges, 1902, p. 5 (Extr. de la Revue bénédictine, 
1902). 


\ 


G. A. Simon 227 


de la jeunesse.” C’était “un emploi qui avait toujours eu pour lui des attraits*.” 
Dom Blanchard n’a jamais rien publié, mais il a laissé des Mémoires historiques sur 
Vabbaye de Saint-Etienne de Caen, éditées récemment par M. R. N. Sauvage, au 
tome xxx du Bulletin de la Société des Antiquaires de Normandie (1915). Le 
nouveau professeur avait 27 ans. II avait du talent et la passion de l’enseigne- 
ment. Il put donc avoir une certaine influence sur le goit et la formation littéraire 
de Laplace f. 

Dans les pages qui précédent nous n’avons rien dit de Ecole Militaire de 
Beaumont dont tous les biographes veulent que Laplace ait été P’éléve. C’est que 
celle-ci ne fut fondée qu’en 1776, dix ans aprés le départ du jeune étudiant. I 
serait peut-étre bon de mettre fin & cette erreur tant de fois répétée. 


§ V. LapLace A CAEN. 

Agé de seize ans, le jeune homme fut envoyé & Caen, au Collége des Arts de 
PUniversité, afin de poursuivre ses études, toujours & titre d’étudiant ecclésiastique. 
La, il devait se perfectionner dans les “humanités” et étudier particuliérement la 
philosophie. 

Le Collége des Arts se trouvait “’ langle de la rue des Grandes-Ecoles et de 
la Cour des Cordelierst, tout proche de emplacement de l'Université actuelle. 
Son nom lui venait de ce quwil avait été fondé par la Faculté des Arts. On en 
devait suivre deux ans les cours avant de passer en Théologie. Les séminaires 
dalors n’étaient pas des maisons d’études, mais s’occupaient uniquement de la 
préparation spirituelle au sacerdoce. Les étudiants ecclésiastiques suivaient les 
cours de l'Université, lorsqu’ils en avaient le moyen. Les autres pouvaient étudier 
pres du prétre de leur paroisse, quitte & passer ensuite des examens. La fortune 
paternelle permettait 4 Laplace de prendre pension & Caen et d’y suivre les cours. 

Nous sommes en 1766. Le recteur de l’Université est alors Jean-Jacques- 
Francois Godard, prétre, licencié-¢s-droits, professeur royal d’éloquence et proviseur 
du Collége du Mont. C’est un lettré, auteur de quelques poésies et de tragédies 
d'un caractére scolaire, destinées & étre joudes par les éléves, lors des séances 
littéraires. En fin de mars 1767, il sera remplacé par M. Levéque, dont on ne 
sait & peu pres rien et qui ne fit que passer, car en avril de la méme année le 
rectorat était aux mains de M. Jacques Lentaigne, docteur en théologie, curé de 
Saint-Sauveur, théologien fougueux, qui résigna sa fonction le 29 septembre et fut 
remplacé par Jean-Baptiste-Alexandre Hardouin, licencié-és-droits, proviseur du 


* Porée: L’ Abbaye du Bec et ses écoles. Kivreux, 1892, p. 100, et Sauvage : L’ Abbaye de S. Etienne 
de Caen sous la régle de S. Maur, p. ix. 

+ Je n’ai pas trouvé de programme d’études se rapportant aux années passées par Laplace A Beau- 
mont, mais on a publié dans le Bulletin de la Société @histoire de Normandie, t. v1, le programme des 
Exercices des années 1770—1773 (p. 362 ss.). Ils doivent étre sensiblement les mémes qu’au temps de 
Laplace. 

¢ F. Vaultier: Histoire de la ville de Caen. Mancel, 1843, p. 162, et C. Pouthas: Les colléges de Caen 
au siécle, p. 29. 
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Collége des Arts*. Laplace fut donc particuliérement en rapport avec ce dernier, 
puisqu’il était chargé du collége dont il suivait les cours. Le professeur de philo- 
sophie était M. Christophe Gadbled, dont nous parlerons plus loin. 

Laplace, en dehors de l'Université, fut certainement en rapport avec M. Len- 
taigne, celui-ci, comme nous l’avons vu, étant curé de Saint-Sauveur. Cette église 
s’élevait tout prés des batiments du Collége des Arts. C’est un bel édifice gothique 
malheureusement déparé par un porche du xviil° siécle, et plus malheureusement 
encore transformé en halles aux grains. 

Néanmoins d’aprés une anecdote rapportée par Puiscuxf, la paroisse du petit 
abbé aurait été Notre-Dame-de-Froide-Rue, située & proximité de l'Université, 
quoique un peu plus loin que Saint-Sauveurt. Voici cette anecdote: “C’était 
sous |’Empire, alors que Laplace était revétu de la haute dignité de chancelier 
du Sénat. Il parcourait la ville avec notre vénérable M. Lair: passant devant 
’église Notre-Dame (aujourd’hui Saint-Sauveur), il lui prit fantaisie d’y entrer. 
Le curé faisait en ce moment une instruction sur le catéchisme & de petits enfants, 
et ’un deux, rebelle 4 la legon sans doute, avait été mis en pénitence. Laplace, 
qui n’était pas connu, s’avanga vers l’ecclésiastique: Monsieur le curé, lui dit-il, 
jai porté autrefois le surplis dans votre église; au nom de ce souvenir qui m’est 
cher, je vous demande la grace de ce petit gargon. La grace fut accordée.” Laplace 
avait done pris le petit collet et s’associait au clergé paroissial. 

Comment fut-il amené & renoncer aux études théologiques. pour se consacrer 
aux sciences? Voici ce que nous rapporte encore M. Puiseux§: “Un jour des livres 
de hautes mathématiques tombent entre ses mains; il se jette avec ardeur, avec 
passion sur cet aliment nouveau pour lui et vers lequel pourtant l’entraine une 
impérieuse sympathie. De ce jour, sa vocation est décidée: il s’abandonne sans 
réserve & limpulsion de son génie; Achille a trouvé ses armes.” Le jeune homme 
fut-il influencé et guidé dans le milieu méme de Université? Evidemment oui, 
et l’on cite deux hommes qui paraissent n’avoir pas été étrangers, bien au contraire, 
& sa vocation scientifique. Nous en avons nommé un, M. Gadbled; lautre est 
M. Le Canu. 

Christophe Gadbled était né & Saint-Martin-le-Bouillant, prés de Villedieu 
(Manche), le 29 novembre 1732||. Il était & la fois philosophe et mathématicien. 
Dans des Conclusiones philosophicw, de 1762, ot il figure comme arbitre, il est 
qualifié: “prétre, bachelier en la Faculté de Théologie de Paris, Professeur de 
Philosophie au Collége des Arts de la trés célébre Université de Caen, et membre 
de la royale Académie des Lettres™.” Dans la France littéraire de 1769 **, il est 

* Eug. Chitel: Liste des Recteurs de U Université de Caen. Caen, Leblanc-Hardel, 1882, p. 47. 
+ Op. cit. p. 36 et p. 62. 


+ Cette méme paroisse a pris, depuis la Révolution, le nom de Saint-Sauveur, l’ancien Saint-Sauveur 
ayant été supprimé. 

§$ Op. cit. p. 36. 

|| Le Manuel de bibliographie de Frére porte la daté de 1734. Nous devons la rectification & M. R. N. 
Sauvage, archiviste du Calvados, 


‘| Placard imprimé, Arch. Caly. Série D, Université, Conclusions. 
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cité parmi les membres de |’Académie de Caen, avec cette mention: “M. Gadbled, 
professeur royal de Mathématiques.” Enfin dans une Thése de Mathématiques 
soutenue en 1772 par Louis-Marin Lancelin, il est indiqué comme président, avec 
cette mention: “ Présidera M. Christophe Gadbled, prétre...professeur de Philo- 
sophie en Université de Caen..., de Mathématiques et d’Hydrographie *.” 

M. Gadbled publia en 1779 un ouvrage intitulé: EHaposé de quelques-wnes des 
vérités rigoureusement démontrées par les Géométres et rejetées par Vauteur du 
Compendium de Physique imprimé & Caen en 1775+. L’auteur du Compendium 
de Physique se nommait M. Adam. Le titre indique qu’d cette époque il y avait 
des polémiques entre géométres et physiciens. En cette méme année 1779, 
M. Gadbled publia: Ewercice sur la théorie de la Navigation, Caen, in 4°. Il 
mourut & Caen le 11 octobre 1782. 


Pierre Le Canu avait été d’abord médecin, mais comme son confrére M. Gadbled 
il s'adonna, sans toutefois abandonner la médecine, aux mathématiques et & la 
philosophie, et il enseigna ces trois sciences. 


Dans un acte public de 1773, i] figure comme “ professeur de Médecine et de 
Philosophie au Collége du Mont de l'Université de Caen}.” 

La Bibliothéque de Caen conserve l’exposé d’un Exercice sur le Calcul injinité- 
simal, imprimé & Caen, chez Poisson, 1788, in 8°, 19 p., se terminant par ces mots: 
“Répondra M. Pierre-Jacques-Guillaume Lair, de Caen. Présidera M. Pierre 
Le Canu, Professeur Emérite et Royal honoraire de Médecine en l'Université 
de Caen....Lecteur du Roi et son Professeur de Mathématiques au Collége Royal 
de Normandie§.” 

On a de Le Canu un: Compte-Rendu des maladies qui ont régné pendant 
Vannée 1781, sur les cétes de la Normandie depuis la riviére de Dives jusqwau Vey. 
Ce mémoire fut cité avec éloge par la Société Royale de Médecine, dans sa séance 
publique du 27 aodit 1782. 

Laplace suivit les cours de ces deux professeurs, qui furent pour lui “ plus que 
des maitres, des amis,” et il fit sous leur direction “des progrés rapides dans le 
domaine des sciences exactes)|.” 

Il ne semble pas que le jeune savant ait pris le degré de Maitre-és-Arts. Il 
est certain qu il n’entra pas dans la cléricature et ne regut jamais la tonsure. 

M. Puiseux™ nous dit qu’ayant quitté le Collége des Arts, Laplace fut un 
instant précepteur dans une des branches de la famille d’Héricy. Il s'agit pro- 
bablement de Philippe-Jacques, marquis d’Héricy, brigadier des armées du Roi, 
qui avait alors des enfants d’une dizaine d’années, et possédait un hdtel ad Caen. 


M. Puiseux nous dit encore** qu’avant son départ pour Paris, en 1768, alors 


* Bibliothéque municipale de Caen. Imprimé en 4°, 16 pp. 

+ En 8°. Amsterdam (Caen), 1779. 

+ Archives du Calvados, D, Université, 362. 

§ Bibliothéque de Caen. Le Collége royal de Normandie avait remplacé en 1786 l’ancien Collége 
des Arts. 


|| Puiseux, op. cit. p. 37. O cit. p. 37. Toc. cet. 
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qu'il n’avait environ que 18 ans, Laplace fut “répétiteur” au College de Beaumont. 
Ce ne fut évidemment que pendant fort peu de temps. Peut-étre durant quelques 
mois ou méme seulement quelques semaines préta-t-il le concours de sa science & 
ses anciens maitres, trop peu nombreux pour le nombre de leurs éléves. Tl faisait 
en méme temps ses préparatifs de départ pour Paris. 

A Beaumont, depuis 1767, Dom Le Maitre n’était plus prieur. II avait été 
remplacé par Dom Jean-Baptiste Marage. Les moines étaient: Dom Alexis Pe- 
tillon, sous-prieur, Dom Marin Gouges, Dom Louis d’Hée, Dom Augustin Patattier, 
Dom Jean-Pierre Bride, Dom Henri du Doit, Dom Martin Vatard, Dom Robert 
Le Guelinel, Dom Charles Blanchard, Dom Pierre Chennebault. Peut-étre, entre 
deux cours de mathématiques, le jeune homme aima-t-il causer un peu littérature 
avec son ancien maitre Dom Blanchard. 

Par ailleurs, les relations étaient restées trés suivies avec les deux professeurs 
de Caen, et M. Le Canu, en particulier, approuva chaleureusement le projet de 
voyage & Paris. Il connaissait quelque peu d’Alembert, et il donna au jeune savant 
pour l’illustre académicien une lettre de recommandation *. 


* Puiseux, op. cit. p. 38. 
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STUDIES IN THE THEORY OF SAMPLING. 
By JOSEPH PEPPER, B.A., B.Sc. 


1. A GREav deal of work has been done, both in theory and experiment, on 
various properties of small samples from a univariate population, with any law of 
distribution, e.g. the nature of the distribution of the means and variance in samples. 
With regard to bivariate sampled populations, certain properties of small samples 
have been found by Professor Pearson, Dr Fisher and recently by Dr Wishart*, 
but only in the special case when the sampled population is normal. Some of the 
values obtained by them appear in corollaries to formulae of my paper. 


In this paper, I have investigated theoretically the problem of sampling from 
any bivariate population, not necessarily normal or infinite. The method employed 
is purely algebraical and is an extension to two variates of the methods used by 
“Student,” Dr Church and Dr Neymanf. Although the algebra is often heavy 
and complicated, yet the method has the advantage of yielding the result in a 
general form, from which the special cases of univariate, normal or infinite sampled 
populations may be deduced. 


The results obtained may be summarised under the following headings. The 
notation, which is mostly familiar, is defined in the next section. 


(i) The mean values of pu, pie, P21, P22, Psi, Prs for the general case of any 
limited sampled population. A special case of these results gives the means of the 
second, third and fourth moment coefficients in samples from any limited population. 


(ii) The standard deviations of pu, ~i2, pa in samples from any limited 
population and the corresponding deductions for the second and third moments. 

(iii) The standard deviations of psi, p13 and ps2: in samples from any infinite 
population, giving the standard deviations of the third and fourth moments. 

(iv) The third and fourth moment coefficients of the distribution of py in 
samples from any infinite population. 


(v) The f, and f, of the distribution of py in samples from an infinite normal 
population. 


(vi) Correlations between any two of mz, my, o,2, 7,7 and py in samples from 
any limited population. 


(vii) The various deductions of all the above results for the special cases of 
univariate, normal and infinite sampled populations, 


* Biometrika, Vol. xvu. p. 176; Vol. x. p. 507; Vol. xx. p. 32 
to other writers on this subject. 
} Ibid. Vol. vi. p. 3; Vol. xvir. pp. 79 and 472. 


. See references given in last paper 
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2. The sampled population is bivariate, with variates 
(Xi, 1), (Xo, 2), eee (Xy > Yy), 
where we take S(X,)=0, S(Y,)=0. 


The standard deviations of the variates are ox, oy and the correlation R. 
The product moments, Pg;, of the sampled population are given by 


Pa 


where a, b are positive integers, 
We consider samples of n from this population, where any particular sample 


has variates (#1, ¥1), (@2, Y2), --- (@n, Yn) and the product moment coefficients in the 
sample are defined by 


Pap =~ S (Ys 
where S (#5), S(ys), 


and a, 8 are pesitive integers. In the later work I have replaced %, ¥ by the 
notation m,, m, respectively. The standard deviations of the variates in the sample 
are denoted as usual by o,, oy. 

I have deduced many results for the case of sampling from a univariate popula- 
tion by putting XY = Yand «=y in the bivariate results. I have then put 


S(X2) with 


The standard deviation is ox. In the sample, pag reduces to the moment co- 
efficient and I have put 


1. 
=~ S (a, — 


The value of mz is the variance in the sample, which is usually written s?. 

I have denoted the mean of an expression by placing a bar over it. It must be 
observed that in the notation for the various sums I have indicated different values 
of the variates by giving them different suffixes, e.g. S(#2«,y,) denotes the sum of 
terms like aa2y3, so that s, ¢, uw are combinations of 3 different numbers taken 
from the numbers 1 to n, and there will be n(n —1)(n—2) such combinations. 
Similarly S(#2y,y,) denotes the sum of terms like (a?y1 472+ 2?y241), and here 
there will be $n (n—1) terms, and so on, for other sums, 


3. (a) The Mean and (b) the Standard Deviation of py in Samples from a 
Finite Population with any given Distribution. 


(a) By definition, 


Pua? (ys— Y) 


= S S (#542) (1). 
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Now we have in repeated samples 


Mean S («,y,) = 7s (X.Y;), 


Mean S (x,y;) = Y,), 
and in the sampled population 


S(X,Y,)=NPu, S(X,Y) =—NPu, 


so that trom equation (1), 


—-— n-l 1 n(n—1) 
pu= (nPy) = Pal 


(b) From equation (1) 


1? 2y.2) +: + 2) 4 {(n— 1+ 1} 
+ na S ) + S (a; YeYud S Yu) (2). 


In finding the means of the above sums, the following relations will be required : 
S(X2V?) = N*P» Poe — 
28 (X,Y,X,V,) = N Po, 
S(X2Y,Y,) =S (X, X,Y?) =— 
= 2N Poe — 
28 (X2V,Y,,) = 28 (X,X,Y,2) = 2N P22 — N*P» Pee, 
4S = N* Por + 2N* Pu? — 6N Pro. 


* This result was first shown to me by Professor Pearson, and I reproduce it here for the sake of 
completeness. 


| 
(1 
| n, 
N 
When we put X = Y and «=y in (A), we obtain the familiar result ae 
| 1 
| N 
| 
| | 
in 
| 
| 

i 
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Taking the mean for all samples from equation (2) 


n(n —1)(NPx? — Po) 
2(N—1) 


— at 


xy 2 ——_ ,n(n—1)(n—-2) wpe 
(NP x» Pee Pa) + —"— 1) — 2) NP;;’) 
4 n(n—1)(n—-2) 4(n—1) 


4 n(n—1)(n—2)(n—838) 
nt4(N —1)(N —2)(N-3) 


n(n —1) P 


nt 


(NP x Po + 2N Py? — | 


Now using the result for py in equation (A) we find, for the standard deviation 
of pu, after reduction, 
=pu (pu) 
N(N—n)(n-1) 
n®(N 


Corollary 1. For samples from an infinite population 


| 1) Pn Win —N-n-1) Px 


[Poo Poe + 1) Px (2-2) | 
If the sampled population is also normal, Ps: =(1 + 2R*) and* 
-1 
= ) qd + R?) oxy’. 


Corollary 2. Putting X = Y and «=y, we obtain the resultt 
N(N—n)(n—-1) | 
(N —1 (WV 2)(N —3) 
x [(Nn — N —n—1)(N pa — — 3.N? + 6N — 3n — 3) pp? 


4, (a) The Mean and (b) the Standard Deviation of pa and pr, in Samples from 
a Finite Population with any Distribution. 


(a) Proceeding as in the case of py, we have: 
pa = 
=* [S (w2y,) — 20S + (y,) — US + (,) — | 
which gives on substituting S (,) = nz, S(y,) = ny, 


[S (w,2y,) — 208 (argy,) — YS + WF] (3). 


* See Dr Wishart: ‘‘ The Generalised Product Moment Distribution in Samples from a Normal 
Multivariate Population,” loc. cit. p. 44 (5). 


+ This agrees with the result obtained by Dr Neyman in Biometrika, Vol. xv. p. 477, equation (52). 


| 

} 
4 
q 
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As in the case of pu, we have to express pa in terms of sums such as S(#2y;), 
S(x,2,y,,) and so on. For this we have: 


1 

aS (#545) = n S S (22,42), 

‘ 1 1 

yS (as )= S(a; Ys) n S (a7 

[S(aPys) + S(aP yz) + 28S + WS 
Putting these values in (3), 


3, 2 2 1 


n n 


4 2 
+ (5 = S + S (4). 
To evaluate now the mean of pa, we have: 


Mean S(a2y,) =n Mean (X2Y,) = (Xe¥,) =nPn, 


_ _n(n—1) 
Pa, 
_ n(n—1)(n—2) ry \_n(n—1)(n—2) 


Hence, taking the mean in repeated samples, we get, after reduction, 
5) 

Pa n n 

(1-3) 
N. 


The value of pi: is obtained by replacing Ps by Py: in the above result. 


For samples from a normal bivariate distribution pa =0, since Pa=0. 


For the single variate distribution we get from (C) 


where mg is the third moment about the mean in samples of n, and yg is the third 
moment in the sampled population. 


poe 
| 
| 
| 
| 
| 
| 1) _2 
1-——-){1-- 
n 
Mz = Bs 
(1-x) (1-5) 
| 
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When the sampled population is infinite, we have, making in (C), 


— 1 2 


(b) For the evaluation of o%,,, we require the value of pa*, or since, from 
equation (4), 


1) (n—2)S(e2y,) — (n 2) 8 (n— 2) S +48 (0 


we have to expand the squares and products of these sums into other sums and | 
find the mean values of the latter sums. For this we have: 


[Ss (xP ys)P =8 + 28 (a? Yt); 
[S(a2y)? =S + 2S ys) + 2S yy?) + 2S 
+28 Yu) + 48 yu Yo), 
=S (aPaPy?) + 2S yr) + 28 (WP 
+ 2S Yu) + ey) + 4S Ly), 
[S =S(aPaPy?) + + 2S (PrP YuYo) 


ity Yo) + 2S + 4S (05 

S(afy)S (wey) =S(asysyd) +8 (we + yu), 
S(a2ys) =S + yea, + (ae 

42S (HP Yu) +S +S Lu Yo), 

+S +S (WP YP xy) + (HF Yo) 

+S y Yo) + 2S (42 

+S +S +S Yr) 

+S Ly) + BS (oY Yt ly 
In the above expressions there are 28 different sums involved, whose mean values 
are to be found. As before, we can express the corresponding sums in X and Y 
in terms of the product moments, Pq», of the sampled population. For the sake 


of brevity, I have not attempted to show the working but merely state the results, 
as follows: 


= 
S(XSV?)= 
S(X2X2V?)= N*P P2— NPs, 
2S(X2X2Y,2)= — N? (Pao + + 2N Paz, 
28(XAV,Y,) =— N* + 2N Paz, 


(r=). 
4 n n 
| 
| 
| 
a 
| 
‘ 
. 3 
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=—S(XAV2) =— NP2=S8(X2Y2X)), 
S(X2Y,X ZY,) =— N? (Po? + PoP 2) + 2NP 
4S (X 2X 2Y,V,) = — Pop? Poe + N? (4P 29 Pos + Pao Poo + 2P 2:2) — 6N Paz, 
S(XZY,X,Y,)= 
=— (Po? + Pua Pu) +2NP 2, 
2S (X2X — N?(2Py Pu + +2NP 
28 (X2Y2X,X,)=— Pe + 2NP 
4S + N? (2Po? + Pu + Pop Po) —6N Po, 
S(X3X,Y2)= NP 
= — N? (Poo Pr + Pa Pu) + 2N Px, 
S(XSY,X,Y,)=— + 2NP 
N? (Po? + Pu Put Po Px) —3N Po, 
S(X2X,Y2X,) =— N? (Px Piz + Pn Px) + 2NP 2, 
S(X2X,Y, X.Y.) =— N° Pu? Po» + N? (Po? + + 2P + PsP) 


—6NPp, 
S(X2Y2X,) =— (Pa Po + Po Pv) + 2NP x2, 


28S (NX ZV 2X,X,) = — N* Pa? Poe + N? (3P 29 Poe + 2P 10 Poe + 2P30P 2) 
—6NP x, 
28 (X3X.Y,Y,)= Pu + Pao Poe + 2P30 P12) —6N Pas, 
6S N?(2Ps Pr + 3P 29 Pe) 6NP 
— N? (4P31 + 2 Por? + 4P 2 Pos + Pao Pos + 2P 30 Pr) 


+12NPp, 
125 


— N? (5 Po +16 Pu + 6 Po? + Piz) + 22NP 
=— 249 


We are now in a position to write down the mean value of ps, and from the 
equation 


= pat (pu), 
where pa is given by (C), we can find o*,,,. 


After substitution and simplification, I obtained the result in the following 
form : 


N (n—1)(n—2)(N—72n) Pao Pee n?—12n+28 8(n—3)(n- 3 | 


4N (n—1)(n—2)(N—n) Poo Piz (n—2)(n—10) 
n®(N—1)(N—2) | N-3 


16 (n — 38) (n —5) 8(n—3) (n—4) 


~ 8(V—3)(N-4) (N—-4) 


| 
{ 
| 
| 
| 
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4N (n—1)(n—2)(N—n) PuPu 9n? — 42n + 56 
n®(N —1)(N—2) V-3 
8 (n — 3) (8n — 10) 32 (n — 3) (n — 4) | 


(V=3)(V—4) * (W=3)(W—4) 
2N (n—1)(n—2)(N—n) Po P: , 2(5n? — 27n + 42) 
= =| (na) + 

2 (n 3) (13n — 58) 20 (n — 3) (n — 4) | 

* 
N*(n —1)(n—2)(N—n) Pap? Poe +12)+ 4(n 


n®(N —1)(\N —2)(N -3) 
4N? (n—1)(n—2)(N—n) Py?P (n —3)(7n — 22) 

10 (n—3) (n— 4) 
(V-4)(V- 5) | 


N (n—1)(n—2)(N —n) Po? 15 (n — 2) (n—4) 
_ n — 2)(n —6) + - V 
8 (n—3) (5n — 18) 48 (n — 3) (n — 4) 2n — 6) 
2n (3n — 2) 
6 (n — 2) (2n — 5) 
N-2 


_(a- n) Pas ~1)(n—2)+ 
6 (13n? — 72n + 100) 8 (n — 3) (23n— 94) 

176 (n —3) (n—4) | (D) 
— 2)(N-3)(N-4)(N—5)] 

It is possible that the above expression may be simplified in some other way, 
but it is in the most convenient form when considering the case of YN infinite. It 
will be seen that (NV — x) is a factor throughout, as we should expect. 

Corollary 1. When ax 


= = — 1) Paz + 4P 30 Piz — (n — 6) Po? + Pao Poo 


— 4 (n 2) Pu Pu —2 (n—3) Px» 
4 — An + 12) Past Pra + 8 (0? — + 6) 


Corollary 2. When N-> and we take X,= Y> 


— 1) — — 5) — (0 — 10) ps?) 


3(a=1) 2) Bn? 12n + 20) 
nd 
where msg is the third moment coefficient about the mean in samples of n. 


+ oy 


3 * 


* This result may be written more conveniently, in terms of the f’s, 


\ | 
\ 
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Corollary 3. When N >. and both variates are normal 


2(n— — 2) (1 + 2 (n —1)(n—2) Poe Poo 


If in this we put R =1 and ox=cy, the case of a single normal variate, we 
have 


6(n—1)(n— 2) 
= 


which will be the result obtained when we put the normal values, pg = 15ex°, 
Ma = 30x", ws = 0, in Corollary 2. 


Corollary 4. The value of o%,,, when WN is finite is obtained by putting 
X =Yin(D). As I was not able to simplify the result appreciably by collecting 
the terms in pg, Hape, Ms’ and yw,*,I have not written down the full expression 
for 


5. The Mean of ps in Samples from a Finite Population with any given Dis- 
tribution. 


1 
9) 
= (a3 — 3% a2 + 3a? — (ys — 
=" [8 (w2y,) — S8(w2y,) + + Bey S (2) 


Putting «= : S(as), ¥ =1s (ys) and multiplying out the above products, we 
get 


BS =*[S(@ey,) + 

= LS (oye) + + 2S +28 
1 


(a8) = [S (a3 ys) = S (#722241) S y4) + S (a2 S 


To evaluate z7 I first expanded 2*¥7 and then multiplied each of the resulting 
sums by #; thus 


BY + + 28 + 28 
We have evaluated #S (w2y,) above, and for the others 


=~(S Py) +8 +8 


BS =*(S + +28 


| 
| 
an 
14 
| 
| | 
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If we now substitute the values of these products in equation (5) and collect 
terms belonging to the different sums, we obtain 


pa = 4 [(m — 1) — + 3) S (a3 y,) — 3 (n? — 3n + 3) S (a2 
+3 (2n —3)S(a2apy,) + 6 (n —3) S — — 3n + 3) 


+3 — 3) — 18S (a, (6). 
For the evaluation of ps; I obtained the relations 


Mean S(a3y,) (N 


Mean S(#2y,4;) = ) (— 
Mean S = (N?P x» Py 


n(n—1)(n—2) _ we 


Mean S 


Mean S (#3 y;) = (— VPs), 
n(n — 
Mean S (#2a,y,,) (2NPs— N?P» Pu), 


(N—1)(N— 2) 
Substituting these mean values in equation (6) and collecting the terms in 
Ps, and Po Py, we find 


pa = aPs + 3B Peo Py (E), 
where 
n—1 


a= 3 4 


4n? — 18n + 21 12(n—2)(n— 3) 

N-1 (N-1)(N -2) 

* 

ga 2n—-3  2(n—2)(n—3) 3(n-2)(n-3) 7 

N-1 (N-—1)(N-2) (N-1)(N-2)(N-8) 
The value of pis is obtained by substituting Pig and Po: for Ps, and Py in (E). 
Corollary 1. When NV —> « 


+ 8) Pu +3 (2n—8) Pao Py]. 


Corollary 2. For a normal! population Ps =3Re3oy, Py = Roxoy, so that 


pai = 3Ro ay (a B) = Px (a+ BP), 
where from (7) 


2 (n?—3n +? 
a+ 3n + 3) 5(n )(n —8) 


N-1 1) 2) 


9 (n — 2)(n 


\ 
| 
| 
| 
| 
| 
| 
i | 
| 
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Corollary 3. Putting the normal values of Py, Py in Corollary 1 or making 
N-> in Corollary 2, we have for samples from an infinite normal population 


— 3(n-1¥ —1\? 
(n YR 3 r= 
n 


Pau = 
Corollary 4. The mean value of the fourth moment coefficient in samples of n 
from any population is given by 
Mg = + 3B 


For the cases of normal or infinite populations we can simply put R=1 and 
ox = oy in the first three corollaries; thus 


ma = _— [(n? — 3n + 3) wa + 3(2n — 3) ws?] for any infinite population, 

m4 = 30x4(a+ 8) for limited normal population, 

— 3(n-1¥ 


Ms = ox" for infinite normal population. 


6. The Mean of px in Samples from a Finite Population with any gwen 
Distribution. 


1 

| pa = (ys 
ats — 2x8 (asys") 2yS (a2 y,) +28 (y3") (a2) 

+ (x,ys) — 

Expanding these products, we get 


— 1 9 9 2 
(x,y,*) = [S y2) +S 
n 


| gS (w2ys) =— [S(w2y2) +8 


[S (a2y2) + + 28 (ay + 2S 


| Zs (x2) [S S tc 28 (a2 ys¥t) 28 (72 
= = [S ys) + 2S +S Ysye) + S (ey (We 


= (a2 (ay?) + 2S (a2 + 28 24) + 28 (#7 


These equations give, after substitution, 


pea = —1) 8 (@2y2) + (2n 8) S 2a +S 
+4 (2n— 3) + 4(m — 3) 8 
+2(n—8) yeyu) +S — 12S (8), 
where a =n? — 3n + 3, a quantity which often appears in this work. 
Biometrika xx1 . 17 


| 
x 
= 
| 
i 
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The above sums are the same as those which occurred in the evaluation of o%,,,- 


Their means have been found. From these values we obtain, after simplification, 
= OP + B (Pap Pog + (F), 
where a, 8 are the same coefficients as those which occur in the value of Pat: 
Corollary 1. When 


pa 1 —3n +3) Pop + (2n—3) (Pa Po +2P 


Corollary 2. For a normal population Ps: = (1 + 2R?) coy", and thus: 
Poa = (4+ 8), 


— 
Pa™ ( n ) Pea. 
Since pz: and ps: both reduce to the mean value of the fourth moment, ma, in 


the case of a single variate, we shall obtain the same results from (F) as from (E) 


when we put X,= Y,. 


and for the case of NV > « 


7. The Correlation between the Variances in Samples from any Bivariate 
Distribution. 


For any sample, we have 
1 
== 


n—1 


Similarly of = * 8 ( (y.") — = (Ys¥t)- 
Therefore 
2— [S (a; 22) + S (x24 VE *)] nt (45 S x“ tYu) 


Thus we mi once more the sums involved in the expression for py?, equation 
(2). Using the mean values there obtained, we get, after reduction, 


(N—n)(n—1) n-1 2 (2n — 3) 6 (n —2) 
2N =n) (m= 1) Pat | 1 (n—2) 


NP Poe (n—1)(n—2)(n—8) (n—1)(n—2) 
+ i * 3) +2(n—-1) | 


Now — _N(n-1) —3_ N(n-1) 


(N—1)(N-2)]" 


= 
Pre, 
nm (lV — 


JOSEPH PEPPER 243 


N?(n—1F 
so that 1? PaPo 
and 


0,2 


_(N-n)(n-1) Pp 2 (2n — 3) 6 (n— 2) 
1 n—2 
+ 2N Py? W-)HW-2)W- 3) 


NP oP, 
— 3) 3) {N(N- 2) (n 1) (n 


We shall find the correlation between o,? and o,? from the relation 


Thus we now require the standard deviations of the variances, viz. o,2, o,2- 
This is given by Corollary (2) to the result (B) and the standard deviations may 
be written in the form 
N(N—n)(n—1) Px? 


oes = (N— —2)(N 5) 
N (N—n)(n—1) Po? 


where 
B= N?n-3N?+6N —3n—3, 
P. 
Therefore 


Hence, using the above equation (10) for the correlation, this may be written 
in the form 
AP: + 2(N —1)(N—n—-1) Pu? — Pop Pos {N (N —2)(n- 1) — (n+ 
Px V(ABz2, x — B)(AB2, — B) 


oy 


Corollary 1. When N->« 


Corollary 2. For sual from an infinite pate? population we must put 
and we obtain the simple result 
= R* 
independent of the size of the sample, a result already familiar*. 
* See Wishart: loc. cit. p. 43. 


17—2 


> 
! 
(VY 
| 
4 
| 
% 
| 
(G) 
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8. The Correlation between o,2 and py in Samples from a Finite Population 
with any given Distribution. 


We have the equations 


Co, = 


n—1 1 
Pu= Ys) ne S(asyt), 


(n—1) 


2) 3 
S(a, 


These sums are the same as occur in the expression for ps, and their means 
have been found. Hence, using these values, and the following means, previously 
reached, 


—;_N(a-1) — N(n-1) 
= — 
og = n(N — pu= 


we obtain after simplification 
N(N- n)(n—1) 
n®(N —1)(N 2) (N—- 


where A and B are the expressions in the previous section. 


(APs 31 — BP Ps), 


Now to find the correlation between o,2 and py we need the following standard 
deviations : 
N(N —n)(n-1) 
= 2)(N— 3) LA Pn + 1)(N -—n—-1) Po Poe 
— Pu", 
N(N— n) (n —1) Poo? 
2 = —2)(N — (ABs, x — B), 


giving the result 

where 


2 = 
Tox 


Corollary 1. When N+ 
(n - 1) Px = (n = 3) Px Py 


= 
Pu 


Px V(n—1) Bo, x —(n — 8) V(n — 1) Poo + Pp Poa — (n — 2) Pr? 


% 
| 
ll; 
| 
4 ] 
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Corollary 2. For samples from an infinite normal population, where 
Py =3Rox%cy, Px =(1 + 2R?) y?, Be, x=3, 


2R? 
—A/ 14 RR?’ 
once again independent of the size of the sample, a result already known *. 


9. The Correlation of (a) mz and my, (b) o? and my, (c) mz and pu, in Samples 
from a Finite Population with any given Distribution. 


(a) We have: MzMy = 5 S (x5) S (ys) 


1 


n(n—1) 


_ 
n(N—-1) ™ 
We also find: Mz = m, = 0, 
N—-n N-n 
(N —-1) Po, n(N— 1) 
_Py(N-n) /(N-2) Pu _ 
Hence my CN -1) n(V—-1) V Pay (J). 


It will be observed that this result is true for any sampled population, not 
necessarily infinite or normal, and it is independent of n, the size of the sample. 


(b) We have: 
n—1 2 1 
( ) S (a2) My= S (ys), 


If we refer back to Section (4) on pa, we shall find the mean values of the 
above sums written down. These give 
N(n (N —n) Px 
—-1)(N—-2) 


My = 


Now o,7m, =0, since m, = 0, 


N(N-n)(n—-1) Pa? _(N-12) Po 
Pa 


giving my — 2) Px (APs, x B) 


* See Wishart: loc. cit. p. 43. 

+ It will be observed that both results (K) and (L), when we put X=Y, reduce to the result obtained 
by Dr Neyman for the correlation between the mean of a sample and its variance, given in equation (67), 
Biometrika, Vol. xvu. p. 479. 


| ne 
P, 
n2 N(N-—1) 
rote 
| 
| 
| 
| 
| 
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Coroliary. When N > 


n—1 


Since for a normal population P =0, 72,2, m, Will be zero in this case. ) 


1 
(c) We have: pu = = S (ays) — S(a;), 


-l, n—-2 2 
Mz Pu = S(w2y,) S — GS --.(13). 


Again using the mean valucs of the sums found in pa we get 


N(n—1)(N—1) Pu 
(N—1)(N-2) ’ 


My Pu = 
the same result as for o,?my,. 
Hence, remembering that m,pnu=0 and using the values of o7,,, and o%,,, as 
before, we obtain the correlation 
Po / (L)*. 
(N—2)V Pm V APo+(N —1)(N—2—1) Po Poa — CPx? 
Corollary. When | 


Px (n—1)_ 
Mz, P14 (n 1) + P, (n— 2) Py? 


10. The Standard Deviation of (a) m,— my, (b) m,my. 


(a) Mm, = [S —S(ys)], 


(m,— my? = [S (a?) + 28 + S(y2) + 28 — 2S (xy) — 2S 


(m, — my) Px» + NP — WP oe 
N- 
— + Poe - 2P 


Since m,—m, = 0, we have 


N—n 


ng—my = — + oy — —2Royoy 


For No this agrees with the familiar result 


* See footnote +, p. 245. 


| 
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1 
(6) == [S (a2) + 2S == [S (ys?) + 2S (ysys)], 


Mae [Ss + S (a2y?) + 28 + 28 28 


+ 28 + 4S Yt) 4S YsXtYu) 4S 


Using the values of the means of these sums, previously found in § 3, it will be 
found, after reduction, 


= 


N-1 (N-1)(N—2)(N-3) 
= 2) (n—1) (WN = 0-1) (Po Pat 2P1;*) 


1 6 (n —1)(N-n—-1) 


From previous work, we also have 


= Py 
Hence ,= m,2m,? — (m,My)* 


N-1 (N-1)(V-2)(N-8) 
N (N —n)(n—1)(N — n—-1) Poo Poe 
(V—1)(N -—2)(N—-3) 
11. The Standard Deviations of (a) ps and pig, (b) poz, in Samples from an 
Infinite Population with any given Distribution. 


(a) I had worked out this case for a limited sampled population but owing 
to the great length of the final result which I obtained in an unsimplified form 
I decided for the purposes of this paper to confine myself to the case when the 
sampled population is infinite. Even here the result is rather long, but it reduces 
considerably when the population follows the normal law. 

We have already expanded pa; in sums of a, and y,. For the standard deviation 
of psi, We must square this expression and find the mean values of the resulting 
sums. As we are taking WV infinite, many of these sums will vanish when their 
mean values are taken, owing to the fact that S(X,) and S(Y,) vanish in the 
sampled population. Therefore, in the following expansions which are needed for 
psi", | have omitted these sums. Thus: 


[S ys)P = + 28 (xP 
[S(a2y,0,)P =S (a yea?) + 28 + 28S (a2 y, y%,2) + 
xP y?) + 2S ye) + W 
+ 2S + WS (we yea? a2) + 48 x,*), 


* This will be found to agree with Dr Neyman’s formula (59) in Biometrika, Vol. xvu. p. 478, on 
putting X=Y. 


| 
7 
) 
hs 
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ty) P= S ye + 2S 
+28 (x, + 
[S (xy) P= S y?) + 2S (xP + 28 (7 yy?) + ete., 
(wha? + WS + 2S eeu Yu) 
+28 + 2S (a2 + OS y,?) 
+ 48 (2 xP ry Yr) 
[S Yo) P =S y) + 2S (e202 Yu Yv) + ete., 
S(a2y,) 8S (a2 = S (a + ete., 
S(aPy)S (weary) =S + S + 
S(a3y,) 8S (wey) yea) + ete., 
S yey) =S ye) + ae) + 
+ 28 (a2 + ete., 
S (024504) S = S + etc., 
S = yotrys) +S + S t ete., 
S S (we = S + 2S (we ye vPa,2) + ete, 
= S + ete, 
+ x7) + ete., 
(a8 vy?) + 2S (a2 yey?) + ete., 
S (a S (a2 =28 (a Yu) + ete. 
=S et?) + S (aS +8 
+48 + ete.,, 
= S ye?) +S + ete. 
To find the mean values of these sums, it is necessary to express the corre- 
sponding sums in X and Y in terms of the product moments of the sampled 


population. However, it is only necessary in each case to consider the term with 
the highest degree in NV as those of lower degree vanish when N is infinite. 


For example, 


Mean S (#3 = Lim W 
_T: n (n 1) N?P3;? — NP 
=e 


= hn(n—1) Po)’, 
Mean S Poo, 
Mean S =n (n —1)(n—2) Pa Po Pu, 
Mean (#202 YuteYr)= n(n —1)(n—2)(n— 3) Poo? 


end similarly the means of the other sums may be written down and hence the 


| 
| 
} 
| 
\ 
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value of pa?. We have already found the mean of ps; in (E) and when J is infinite 
(pa)? == [a2 Pa? + 9 (2n — 3)? Pu? Pr? + 6a (2n—3) Pur Pa» Pua), 
where, as before, a= n? --3n +3. 
Hence, from the equation 
= Par (psi), 

it will be found, after some reduction, that 

a (n— 1)? (Peo — Pai? — 6 Pa Pu — 2 P32 Poo) 
+ (n—1) {Peo Por + 9P a2 Po + 6 P51 Pu + 10P3? + 6 Pao a 
+ 6 (n—2) Px Pa Py + (n— 2) Poo? Por + 9 — 2) Par? Poo 
+9(n—1)(2n—3) [ Pao Pos + Psi? + (n — 2) {Pu? Pao 
+2Ps Po Px + Poo? Poe + (n — 3) Poo? 
+ 9(n—1)(n—2)(n— 38) {6 Pa Pu + 4P 30 P29 Piz + 5 Poy? Po 
+ Pos + Pao Poe Po + 4P 31 Pu + Pru? Pao + 2P 20? Poe 
+(n—3) (Po? Pos + 7 Po”? Pu*)} 
+ 6a(n—1)?(2n — 3) (Ps Put Pa Po — Po Pu) 
— 6a(n—1) (2n—3) {Poo Pie + 4P Pa + 3P 32 Poo 
+(n—2)(4P Pa Pu + Ps Po Piz + 
— 6a(n—1)(n—2)(n — 8) (10P 31 Poo Pu + Pao Poo + 2P Pao + 3.P P22) 
+ 18 (n —1)(n—2)(n —8) (2n — 3) (P30 P20 Piz + 2 P30 Pa Pu + Po? Poo) 
+ 54(n—1)(n—2)(n —3) Poo + 3P 20 Pur?) 
— 9n(n— 1) (2n — 3)? Poo? 


Corollary 1. For a normal population, the product moments above have the 
values: 


Py=3(14+4R?) 
Py = Px = Py = Px = 
On substitution of these values, o”,,, reduces to the value 
6 2 
Stan — 12n+9) +3R2 (In? — 20n +13), 


Corollary 2. Put X=Y in the result, thus giving the standard deviation of 
the fourth moment in samples of ». I have written the result in terms of the #’s 
of the sampled population, thus: 

(n — 1) — 105) — 883 — (82 8)’ — 6 (Az — 3)] 


+ 16a? (n — 1) [(81— 15) + (82 — 3? + 6 (Bz + (n — 2) Bi] 
+18 (n — 1) (2n — [(B2 — + 2 (n + 1) — 3)] 


n'a 
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+72 (n—1)(n—2)(n—3) [(B2—3) + 2A; | 
+ 12a(n—1)?(2n — 3) 15) 3)] 
— 48a (n — 1) (2n— 3) [Bs + (n— 2) Bi] — 96a (n — 1) (n — 2) (n— 3) (B2 —3) 
+72 By + 24n3 (n — 1) (4n?— + 6) ...(15), 
where a=n?—3n+3. 


Corollary 3. When the sampled population is normal all the terms, except the 
last, vanish in the above result giving, in this case, 


= 24 (4n? — 9n + 6) o® 


(n—1¥ 1 1 


(b) Referring back to equation (8) giving the value of pz, we shall require the 
following results in the expansion of poo": 
[S(a2y2)P=S + (wey 2aPy?), 
LS (a ey?) P=S + 2S (a + WS (wty? yr?) 
+28 (w2y2a2y,2) +28 + 48 
P= S(asy2y?) + 28 + 2S (ae yryu?) + ete., 
+ 2S YP Lu YuXoYo) + W YL Yu) 
+ 2S (x Pay?) + 248 + ete., 
= S(aAy2y,2) + 2S (a2 + ete., 
[Sst YuYo)P + Cu YutoYo) 
+ 6S + 
(wey?) =S8 + 8 (wey sa?) + 8 
S(a2y2) =S (wey + ete., 
8 (a2y2) 8 =S + 8 
S(aPy?)S ysye) =S +S ys) + WS ys? Ye yw?) 
+ + ete, 
S (wey?) =S yey?) + 8 + 
S (a2 y?) 8 =S yPauyu) +8 YP + ete., 
Sey?) S (a2 yryu) =S (xP yr’) + ete., 
yt) S (oY =S YP + ete, 
(ae =S + ete, 
S(aPysye)S = S (aS + + ete., 
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S (xP S Yu) =S (PF + WW (HP ete., 
(a2 yryu) =S + ete., 
S (as = S (aS + ete., 
S (a2 yyu) S =S +S 
+8 (22 Yo) + ete., 
S (wary?) =S (ae + S (ws + S LuYu) + ete, 


The mean values of these sums may be written down as in the case (a). Thus, 
in repeated samples, 


Mean 28 (#2 y2a7 47) =n(n—- 1) 
Mean S(a,4y;4) =n (n—1) Pao Poa, 
Mean 28 = n(n — 1) (n — 2) Pao Poe’, 
Mean 48 (#222 y,2y,7)= n(n —1)(n—2) (n—3) Po? Poe’, 
Mean 248 (a5 Yo) =n (vt — 1)(n—2)(n—3) Pu, 
and so on. 


Corollary 1 to the result (F) gives the value of ps: when N is infinite, so that 


2 
(px)? = [a2 Pos? + (2n — 8)? (Pap Poo + + 2a (2n—38) Pos (Poo Poo +2Pu®)], 
where a=n*—3n+3. 
Hence, from the equation 


= po (p2)*, 
we obtain, after simplification, 
=a 
+(n—1)(2n—3) [9a + 16 (n — 2) b—8 
(ut w’)] 
+ 4a? (n — 1) [2a + (n — 2) (e+ e’) + 2(n—2) + 2m] 
+ 4(n—1)(n—2)(n—38) [5b + 4(n—3)04+5 (e+e) 4+ 166+ 49413 (n—S)h 
+36 (n—1)(n—2)(n—3) [0+ 4h +k] 
+ 4b 29+ 474+(04 
—4a(n—1)(2n—3)[(n (e+ e’) 4+ 8(n—2) 
+(n—2)(pt p')+(s + 
+e’) + 106 4+(ptp’)+ 2r] 
— 8a (n = 1) (n— 2) (n—3) [40 + 294-3 (WH (N), 


where a=n?—3n+3, and a, b, ¢, ete., have the same values as in equation (21). 
This results from the fact that the same sums occur in the expressions for p23” 
and put. 


‘a 
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a 
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Corollary. For a normal sampled population, the above product moments have 
the values stated on pp. 249 and 254 giving, on reduction, 


4 2 4 2 


Pas nt n—1 (n—1) 


12. The Third and Fourth Moment Coefficients of the Distribution of pu in 
Samples from an Infinite Population. 


The third moment coefficient of py, may be written in the form 
pus = Mean value of (pn — pu) 


We have already evaluated py and o*,,,,s0 that it remains to find py*. This 
I have done by multiplying the sums in equation (2) by | 


and finding the mean values of the resulting sums. These were as follows: 
S (sys) S ye) = 8 (a8 y2) + S (ae ye 
S(xsys)S ys) =S yr + 38 
S (ays) S (a2 ysyt) =S + ete., 
S(asys) =S (a2 + ete., 
S (wey?) =S (a Fy?) +8 (ae + 
S (wey) 8 (oP yy) +8 + ete. 
S (aay?) = +S (a? ye + ete. 
I have again omitted the sums which vanish when their means are taken. Now 
we have 
Mean S (a3 y,°) =nPos, 
Mean S (#2 =n (n—1) Pu, 
Mean S =n(n —1) Pai Pos, 
Mean S (w2a,y?) =n (n—1) Pig Poo, 
Mean =n (n —1)(n—2) Po PoPu, 
Mean S (#5 = (n— 1) (n— 2)(n—3) Pr’, 
Mean S(a#2y,0,y2) =n(n—1) Pa Pr, 
Mean S(a,2y)= n(n —1) Pao Pos. 


Hence, using the values, when J is infinite, of 


1 
(1 
pu=Pu 
(1-5) 
, 
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N(N—n)(n—1) 
and o*,., = n—1) Po Poe+(Nn—N —n—-1) Po 
N-2 1 
we may write, from equation (18), 
f] 
+ a(n—1)? [2c +(n—2) g]-—4(n—1¥ A-(n—-1) (0 +h)— 2a(n—-1)h 
f +9) 
—n?(n—1)8 g—3n(n—-1P +(n—1)ce—(n—-2) 9], 


where c=Py Px, d= 
Po Ps, f= Pu Px» Poe, 
| h=Pu Py, Ps Pos, 


I simplified the above by collecting terms in n’, n®, n and the constant (the 
terms in x* and x‘ vanishing) and finally obtained 


1 
pus (P33 — 8P x2 Py + — 6 Po Py») 
~ 15 Px Py — Pon —3P Pop +12P Pop Poa + — 18P Pp) 
+ "02—6.PigP 9+ 30 Py Po» 24P 13-21 PP i2— PoP os) 


= Py = Poe 3Pi3 Px 18Py 50 + 12 Pie — Ps Pos) 


The case of the fourth moment coefficient, although somewhat longer to work 
out, is simpler than the previous case, owing to the fact that the expressions 
involved are symmetrical and that the sums occurring in p29” are the same as those 

used to find py’, so that their mean values have been found. We now write 


Ma= put — (py, Ms) — 6 (20), 


Pu 
so that we have to evaluate py’, as the other terms are now known. 


The value of py? in equation (2) has now to be squared, and the values of the 
squares and products of the sums are given in equation (17); their mean values 
are also known. Thus ,,, M4 may be written down from equation (20). To shorten 
the writing I have put the result in the form 

= 
+ n3{—12a + 36b 72f 
+ 69 —6h —12 (i +7’) — 4)} 


* This agrees with the result of Dr Church in Biometrika, Vol. xv. p. 82, giving the third moment 


coefficient of the distribution of variance in samples from an infinite population, when we put X,= Y, in 
the above equation. 


| 
\ 
. 
\ (19 ) * ea 
. 
| 
= 
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+ n* {30a — 150b + 108¢ — 3d — 60 (e + e’) — 288f — 489 + 162h + 36 (¢ +7’) 
+247) + 9k + 6(1+U) + 12m 
+n {— 36a + 252b — 216c + 3d + 108 (e + ¢) + 4687 + 108g — 504h 
— 48 (¢ +7’) — 367 — 45k — 12 (1+ I’) — 24m + 132 (u+ wv’) +48 (ptp’) 
+3 q')+ 20r— 4s} 
+ {18a — 144b + 1440 — d — 72 (e + e’) — 288f — 729 + 432h + 24(¢ +7’) 
+16) + 5444+ 6(1+1) + 16m — 96 (u + uw’) —48 (p+p’) 
(21)* 
where a= P>;’, b= Py? Px, c= Py‘, d=Py, 
f=PaPePu, g=P2PoPe, h=Pu?P»Pe, 
i= Px Pros, j=PsPu, k = Pag? Poe’, l= PPro, 
m= Ps u=PyuPuPe, p=PsPePs, Px Poa, 
r=PyPoePu, s=PuPos, t= Pa Pos. 
The dashed letters denote the functions obtained by interchanging X and Y; so 
that e = = Piz P32, and so on. 


13. The 8; and Bz of the Distribution of pu in Samples from an Infinite Normal . 
Population. 


The results (A) and (B) and equations (19) and (21) give the first four moment 
coefficients of the distribution of py in samples from a population not necessarily 
normal. 


Make N->=x in (A) and (B) and substitute the normal values of the product | 
moments in the sampled population, which are as follows: 
Px» =(1+2R*) P33 =3R (3 + 2K?) Py 


Pu = 3 (3 + 24R? + 8R*) ox'oy', Py qd + 4R?) oxy’, Pa = 
The remaining moments, P,», in which a + b is odd, vanish in this case. 


The four moments may now be written: 


nth = Rexey, 
M 14+R 
M, =2 ("=") GR +R) 
Pu ( + 
(" =") (1+ R22 +(1 + 10R?2+ RY} oxtoy! (22). 


* Transforming the result above to the case of one variate, it will be found to agree with the value 
of »M, given by Dr Church in Biometrika, Vol. xv. p. 83. ' 
+ See Wishart, op. cit. p. 42. 
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GURVE OF fA, FOR THE FREQUENCY DISTRIBUTION OF 42, IN SAMPLES OF 22 
FROM AN INFINITE BIVARIATE NORMAL POPULATION OF CORRELATION R. 


8-0 
2 
B, (2-1) = (R* +3) 
: 
6-0H 
2-0 
0 0-2 0-4 0-6 +0 
Fic. I 
CURVE OF Az FOR THE FREQUENCY DISTRIBUTION OF 2,, IN SAMPLES OF 12 
FROM AN INFINITE BIVARIATE NORMAL POPULATION OF CORRELATION R. 
12-0 
6 (1+ 6R°+R*) 
(2-1) = 
10-0 
= 
— 
8-0 H 
6-0 I T T it I I 
0-2 0-4 0-6 08 1-0 
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4R?(R*+3? 
H = = 
ence M3 (n—1)(R?+1)®’ | 23 
(23). 
(n — 1) (R74 17 


The values of 8,(n—1) and (6:—3)(n—1) have been plotted for different 
values of R and the graphs are shown in Figures I and II respectively. For a given 
value of R, 8; and (82-3) are found by dividing the ordinates by (n —1). 

The result of climinating (n — 1) from equations (23) gives 

3A: (1 + R?)(1+6R? + R4) — 28, R2(3 + + 6R2(3 + R22 =0 ...(24). 


Thus, for any given R, the point (81, 82) lies on a straight line passing through 
the Gaussian point 8; =0, B2=3. 


When R=0, the line becemes and when R=1, (Aj, satisfies the 
condition for the Pearson Type III curve, viz. 28: — 38, —6=0. 


From Equations (23) it is seen that as n>, 8,0 and 8,3, the normal 
values. 


When 2 is eliminated from Equations (23), we obtain 
(G— + (20 — (25), 
4 / 6 

Thus, for any given size n of the sample, (81, 82) lies on the cubic curve (25). 

The system of straight lines (24) and the system of cubics (25) are shown in 
Figure III, which enables the values of (81, 82) to be read off from given values of R 
and n. The rapid approach to normality as increases is seen from this figure, and 
for high values of the correlation R, (81, 82) lies very close to the Type III line, 
38: — 6 =0. 

The main Pearson Types: covered by the points in Figure II are IV and VI, and 
Types III and VII are obtained for the special cases of R=1 and 0 respectively. 


For the particular case of n= 3 and R=1 Equations (23) give 8, = 4, B2=9, that 
is: the Exponential Point in the (1, 82) plane. 


14. Summary. Finally, to give some indication of the nature of the formulae 
provided in this paper, I have summarised them in the manner shown below. 

I. General values for any distribution and for a limited sampled population 
have been found for: 

(a) Mean values of pu, Piz, Por, Pox, Pair, Pris aNd consequently of mg, ms, mg. 

(b) Standard Deviations of pu, piz, Pa and consequently of mz and ms. 

(c) Correlations between m,, My, Pu- 


Of the above the univariate results for m2, m3, Ma, ANA ATE easy to 
compute in any given case, while o°,,, (see Corollary 4,’ p. 239), although rather 
long, does not present an insuperable amount of arithmetic labour to use in practice. 

Biometrika xx1 is 
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The bivariate results in this general case have a theoretical interest and may 
be used, for example, in the determination of certain bivariate distributions. 


II. General values for any distribution and an infinite sampled population have 
been found for : 


(a) The standard deviations of psi, p13, P22 and consequently of m4. 

The result for o?,,, (p. 249) has been given in terms of the §’s of the sampled 
population and is quite easy to compute. 

(b) The third and fourth moment coefficients of py and consequently of me, 
(or s*). These results, already obtained by Dr Church, are quite easy to compute. 


(c) The univariate results in I, These are correspondingly easier to compute 
when 


III. Values for an infinite normal sampled population have been found for: 


(a) All the results given in I and II. These reduce to very simple forms, the 
univariate results involving only the size of the sample (n) and the standard 
deviation (o) of the sampled population, and the bivariate results involving n, the 
correlation R of the sampled population and ox, cy the standard deviations of 
X and Y. These results are all easy to compute. 

(b) The A, and A, of the distribution of py. These are simple expressions in 
n and R (Equations (23)) and have been computed for different values of n and R, 
illustrated in Figures I, II and ITI. 


In conclusion, I wish to thank Professor Karl Pearson for suggesting the sub- 
ject of this paper to me, and for his invaluable advice and kindly encouragement 
throughout its progress; also Miss Ida McLearn for her preparation of the diagrams, 
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1. THE USE oF “STUDENT'S” z-TEST WITH PoPULATIONS NoT NORMAL. 


One of the most important problems with which the mathematical statistician is 
faced is that of bringing his theoretical structures into some degree of correspondence 
with the situations of practical experience. This is no doubt hardest when the 
samples are small, for here he will often be faced with two difficulties. In the first 
place his populations may not be completely stable; the sample when drawn may 
be a random one, but owing to difficulties in control or to some changing time 
factor he cannot be sure that it will be quite the same population with which he 
will be concerned in further work And then, even if he is sure of the stability of 
his population, it will generally be impossible for him to obtain any certain estimate 
of its exact form. For purposes of inference he may calculate from the sample one 
or more statistical measures, but the first difficulty will make him hesitate to lay 
too much stress on the exact value of the figures found on entering his probability 
table, while the second may make him wonder whether there is after all any 
appropriate table in existence. 


The questions of stability and randomness of sampling can only be dealt with in 
each problem as it arises, but though the statistician may be prepared to accept these 
conditions as approximately true, he is still faced with the second problem. “The 
majority of tests dealing with small samples,” he may say, “have only been worked 
out for the case in which the population distributions are normal. I do not know 
whether my distribution is normal, although from my general experience in the 
past I do not think that it is likely to be excessively skew or leptokurtic. How 
sensitive are the ‘normal theory’ tests to changes i in population form? May I use 
some with less hesitation than others ?” 
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In the present paper an attempt will be made to answer this question as far as 
it concerns some of the tests connected with “Student's” Type VII distribution of 
z, the two fundamental tests considered being those dealing with the mean of a 
single sample and the difference between the means of two samples. It may be 
well to illustrate the problem by taking a concrete example. A commercial firm, 
let us suppose, is considering whether to introduce a new method of production, 
which may he of advantage perhaps either through a saving of time or because it 
seems likely to lead to an improvement in the quality of the article produced. 
A series of experiments is carried out in which some variable quantity « is 
carefully observed under both methods. As a result two samples are available, one 
of n, values of # with a mean 7%, and standard deviation s,, the other of nz with 7, 
and s;. In this case the most useful answer that statistical analysis could give 
would perhaps be as follows: “The exact difference that would be found to hold 
in the long run between the average values of « arising from the two methods 
cannot of course be determined, but the odds are k& to 1 that this difference lies 
between d,; and dz.” With such an answer as this before it the firm could decide 
whether the innovation showed an improvement of sufficient significance to be 
commercially profitable, or if the question remained in doubt whether it seemed 
worth the expense of undertaking further experiments in order to narrow down 
these limits, d, and d,. But unfortunately an answer in so precise a form cannot be 
given without serious assumptions which at once destroy the precision. 

If the samples are small we may use R. A. Fisher’s two-sample z-test* and 
calculate 
_ &—%—d 
+ V my + 
Then choosing a suitable value of a, such as ‘O1, and entering “Student’s” tables, 


we may find the values of d, and d, corresponding to z= +2. for which P,= 2a, 
where 


On the assumption that the two distributions of # are normal and have the same 
variance, we can then say that if the difference between the population mean values 
of # were (1) as low as dj, or (2) as high as d,, then the chance would be a of 
obtaining in pairs of random samples of 1 and ng: (1) a positive deviation of z, or 
(2) a negative deviation of z as great or greater than that observed. But it is not 
possible to speak in any exact sense of the odds being 1 — 2a to 2a that the difference 
in means lies between d; and d,. Such a use of the inverse probability would 
involve an assumption regarding the & priori probability distributions of the 


* Metron, 1925, Vol. v. No.3, p. 7; Statistical Methods for Research Workers, 1928, p. 107. 

The relation of this and the single sample z-test to the criterion of likelihood was discussed by 
Neyman and Pearson in Biometrika, Vol. xx4, pp. 190 and 207. The symbol z will be used throughout 
this paper. “Student’s” later tables in Metron, Vol. v. are entered with t=z,/n’ - 1, and the t-notation is 


that used by Fisher, In equation (2) cy has the value I’ (4 (1 (§ (m1 + —-2)) J}. 
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population means and standard deviations; and further in the case where it is not 
even certain that these populations are exactly normal a more complex & priori 
assumption still must be introduced, so that any approach to an exact solution in 
terms of inverse probability becomes impossible. The difficulty and one method of 
treating it was discussed briefly by “Sophister” in the last number of this Journal * 
in dealing with the distribution of z found on sampling from a skew population. 
With the fuller results now available it will be possible to analyse the situation a 
little more in detail than he was able to do last year. 


It is true that it may be more helpful for the practical worker to look at his 
problem from the inverse point of view, and to obtain some measure of the odds 
for or against the population parameters lying within certain limits. But a little 
reflection suggests that unless he is prepared to grapple with @ priori probability, 
his justification in the use of any such rough and ready guide must depend on 
the validity of employing the probability tables of the z-distribution in dealing with 
the following questions : 

(a) There is a sample of » individuals measured for a certain character. We 
wish to test the probability of the hypothesis that this sample has been drawn from 
a population whose mean is at a distance m=%—a from the sample mean %. 

(b) There are two samples of n, and ng, and on the assumption that they come 
from populations with the same variance, we wish to test the hypothesis that the 
means in these populations differ by d+ (d of course will often be zero). 


In discussing the various experimental results we shall therefore be concerned 
chiefly with the adequacy of the “normal theory” in testing these two fundamental 
hypotheses. There are many cases in which the problem presents itself in almost 
exactly one or other of these forms, but the reader should find no difficulty in inter- 
preting the tables given in any manner which seems more applicable to the particular 
form of problem with which he is concerned. 


In practice an hypothesis will be accepted or rejected with a varying degree of 
confidence ; no precise line between acceptance or rejection can be drawn. Yet 
some light is thrown upon the problem if it is supposed for the moment that this 
vague edge of uncertainty can be given precision, the statistician being compelled to 
make a definite decision one way or the other; he will reject the hypothesis when 
P,< 2a} and accept it when P, > 2a, where the value of a used will depend upon the 
nature of his problem. If this be so errors in judgment cannot be avoided, and it 
is seen that they will be of two kinds: 


(1) The hypothesis is rejected when it is in fact true. 
(2) It is accepted when it is false. 

* Biometrika, Vol. xx. p. 421. 

+ The question of finding the probable limits d, and dz in the commercial problem suggested above 
seems really to consist at bottom in testing the second of these hypotheses for varying values of d. We 
can then get a good appreciation of these limits without attempting to assign numerical odds to the 
chance that the difference in population mean lies between them. 

t In the case of two samples P, is as in equation (2) above. For the single sample hypothesis 


P,=2 dz, where c)=T'(4n)/{T (3 (n-1)) /z}. 
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It is impossible to estimate the relative proportions in which these two types 
of error occur, as it will depend upon the kind of problems to which the statistician 
applies his tests, but we can analyse separately each type. 


If the populations sampled are all of a form such that z follows “Student’s” 
distribution, then the source of error (1) may be completely controlled. In the long 
run such errors will be committed in 100 x 2a°/, of the cases in which the 
hypothesis tested was really true, and the statistician may choose a according to 
the risk he is prepared to take of making this form of error of judgment. From this 
point of view, |z|* is as good a criterion as z. Suppose that + 2, are the deviations 


Distribuiion of Z in samples 
from a ormal population. 


Distribution wher 
population is skew. 


Fig. 1. 

corresponding to tail areas of a when “Student’s” tables are entered, but that 
in fact, as the population is not normal, the distribution of z in repeated samples 
follows a certain skew curve. The tail areas beyond + 2, are now a, and a, which 
are not equal. But if we know that a+ a= 2a (or very nearly so) and this for a 
wide range of values of a+, then our control of the first source of error will be as 
good in sampling from the non-normal population as from the normal one. 


We shall therefore first consider below how far |z| follows “Student’s” 


distribution in samples from a variety of non-normal populations}. We may note 
here, incidentally, that any other statistical constant, 2’, for which the sampling 


* The expression | z| indicates that the numerical value of z is to be given a positive sign. 

t+ Say between a=-100 and -005. 

t Previous experimental work in this direction has been carried out by Shewart and Winters, 
Journal of the American Statistical Association, Vol. xx111. pp. 144—53; Neyman and Pearson, Biometrika, 


Vol. xx4. pp. 197—207, using Church’s sampling data; ‘‘Sophister,” Biometrika, Vol. xx4. pp. 408—21, 
and Rider in the present volume, pp. 124—43. 
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distribution of | z’| is as invariable for changing populations as | z|, will be of equal 
value as a criterion in so far as the control of source of error (1) is concerned. 

When, however, we consider the second type of error, the position is somewhat 
different. It will not generally in practice be of serious consequence if we accept 
the hypothesis tested when in fact the mean of the sampled population differs by 
some small quantity, 7, from the supposed value a; nor in the case of two samples, 
if the population means differ by d +7 instead of by d. This cannot be avoided, 
but we should like to have some appreciation uf the rapidity with which the untrue 
hypotheses are rejected as 7, or rather the ratio of + to the population standard 
deviation, increases. If we accept the hypothesis when P, > 2a, are we likely to be 
doing so when really the true population mean is at a distance of o or perhaps 
even 2o from its supposed position? Or in the second test, when the means of 
the two populations really differ by d+o¢ or even d +2a? We are concerned now 
with what may be termed the sensitivity of the test in the rejection of false 
hypotheses, and this will depend upon (a) the size of the sample, (b) the form of 
the population sampled, and (c) the sign of 7. It has been pointed out that in 
testing any given hypothesis there will be an indefinite number of criteria which 
will ensure the control of the first source of error, but it seems probable that for 
each type of population there will be one of these which is more efficient than 
any other in controlling the second error. This point will be examined in more 
detail below in connection with the experimental results, and the sensitivity of 
“Student’s” z and of the ratio z’=sample centre/(half sample range)* will be 
compared for samples of 5 and 10 from a variety of populations. 


2. THE POPULATIONS SAMPLED. 


No experimental programme could possibly cover all the populations likely to 
be met in common experience, but a variety of types of frequency form have been 
represented by taking samptings from Pearson-curves of the following nature : 


TABLE I. 
Population B, and By, of 8.D. of population in 
Curve grouped distribution Samples terms of grouping unit 
Type II 0, 2°50 1000 of 2 63°25 
500 of 5, 500 of 10 6°32 
500 of 20 10°54 
Type VII 0, 4°12 1000 of 2 56°67 
500 of 5, 500 of 10, 500 of 20 5°67 
Type VII 0, 7°07 { 1000 of 2 64:48 
(1000 of 5, 500 of 10, 500 of 20 645 
Type III *20, 3°30 1000 of 2 50°00 
1000 of 5, 500 of 10 5°00 
500 of 20 6°67 
Type III “50, 3°73 { 1000 of 2 50-00 
1000 of 5, 500 of 10, 1000 of 20 5°00 


* The use of the ‘‘centre” or mid-point between extreme observations in the sample as an estimate 
of the population mean was discussed in Biometrika, Vol. xx. pp. 212 and 358. 
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The sampling was carried out with the help of Tippett’s Random Numbers *. 
Certain results obtained from the sampling of the three symmetrical populations 
have already been published+. The samples of 5 and 20 from the skewer of the 
two Type IIT populations are those obtained by “Sophister”{, who has kindly 
placed his data unreservedly at our disposal. To these we have added samples of { 
2 and of 10, and have taken a fresh Type III population to fill in the gap between 
his population and the normal population. 


In drawing samples of 2 from a grouped population distribution, both indi- 
vidual values will occasionally fall in the same group so that the value of z becomes 
indeterminate. And even if the values fall into groups, one or two units apart, 
considerable uncertainty must exist as to the true value of z if it be supposed that 
the population distribution is really continuous. By taking a very fine grouping, 
ie. 50 or more groups to the population standard deviation, this difficulty was 
reduced to a minimum. Only about 10 cases occurred in the 5000 samples of 2 
in which both individuals fell in the same group; these cases were discarded and 
fresh samples taken, and it was assumed that no serious systematic error would 


arise in other cases if z were calculated on the assumption that the variates had 
mid-group values. 


TABLE II (a). | 


Frequencies of z in 1000 Samples of 2. 
Populations Sampled 
|2| 
| | g,=0-00 | g,=0-00 | p,=0-00 | g,=0-20 | @,=050 
B2=1'80 | B.=2°50 | B.=3-00 | | | | 
| 0-0 1000°0 1000 1000°0 1009 1000 1000 1000 
0°5 682°5 716°5 723°5 699 
10 500°0 487 500°0 512 526 509°5 487°5 
400°0 373 374°5 372°5 376°5 355 
2°0 308'5 295°2 296°5 272 290°5 280°5 
f 2°5 285°7 249°5 242°2 233°5 204 226 231°5 
3°0 250°0 222 204°8 199°5 173 188 196 
3°5 193 170°5 147 152°5 168°5 
4:0 200°0 178 156°0 156 131 134 150 
4°5 181°8 162 139°4 147 113 119°5 126 
50 166°7 145 125°6 132 109 106°5 116 
6-0 142°8 119°5 105°2 112 97 84 101 
70 125°0 99 90°4 100 88 74°5 88°5 
80 111°1 90°5 79°23 87°5 76 67°5 78°5 
9°0 100°0 80 T0°4 79 68 64 71 
10°0 90°9 73°5 63*4 69°5 62°5 57 61 
15°0 62°5 50 42-4 42 42 39°5 36 
20°0 31°5 31°8 30 29°5 28 26°5 
lets — 137 _- 684 *006 394 71 
17 — 17 17 17 17 
Goodness 
of Fit (P 249 022 
— — — 26 26 


* Tracts for Computers, No. xv. A fresh sampling was carried out for each of the 20 sets, and the | 
columns of the sampling book and the number scale were frequently altered so as to ensure as far as | 
possible complete independence between the different sets. 

+ Biometrika, Vol. xx4. pp. 356—60. 

Biometrika, Vol. xx4, pp. 389—423. 
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3. THE SINGLE Same_e Tzst. 
Tables II (a), (b), (c) and (d) give the results of the sampling. In the first 
place they show the number of samples in which |z| lay beyond the limit given 
. in the leading column. The figures in italics are theoretical values, the others 


TABLE II (0). 
Frequencies of z in 500 Samples of 5. 


Populations Sampled 
|z distribution 
th vith S.D. 
8:=0:00| | g,=0-00| 8,=0-00 | 3,=020 | g,=050 | 
By=2°50 | B»=3-00 | | | B=3-73 | 
0-0 500 500°0 500 500* 500* 500* 500°0 
432 425°6 436 430 422-5 433 
0-2 355 376 371°5 360°5 357°5 388°C 
| 0-3 284 290°4 296 305°5 302 291°5 335°7 
Or4 216°5 2343 235 254 246 231°5 
179 186°5 203°5 192 183 239°8 
0-6 147 148°? 146 158°5 153 150 198-1 
| 121 117°1 113 123°5 121 117 161°1 
| 0°8 95°5 81 88 92 88 128-9 
o-9 76 731 65 70 73 71°5 101°6 
1:0 65°5 50 51 D8 60°5 78.7 
| 55 38 39°5 50 50°5 59°9 
1°2 43 37-2 30 30°5 42°5 41 
1°3 32 30°O 26 24 35 31°5 33-0 
1°4 26 244 22 19°5 28°5 23 
15 22 20°0 19 14°5 22 21 16°9 J 
1°6 20 16*4 13 18°5 16°5 11°8 
| 20 13°6 14 8 16°5 145 
1°8 14 11°4 13 75 14 12°5 a5 
1°9 ll 26 8 5 12°5 10 36 
2°0 8°5 6°5 3°5 10 9°5 2-3 
\P *629 °057 “678 “407 
171 In’ 15 — 15 18 18 18 
Goodness 
— 30 28 — 
Mean z ~-0268 | op 0225 | +0066 | --o244 | —-1283 
| 
7273} *6556 “6447 *7235 *7005 | 
experimental. Thus to take Table II (a), we find among 1000 samples of 2 the 
following numbers having | 2|> 5-0, that is to say with z outside the limits — 5-0 
and + 5:0: 
* Figures in these columns reduced from results for 1000 samples. 
{ Standard error of Mean z for 1000 samples from a normal population, The standard error of ¢, 
i would be theoretically infinite were the sampled population traly normal. 
| + This value of oc, has been calculated, omitting one very divergent value of z of - 85; including it 
| o,='8193. 
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Rectangular Population, 166°7 (theory)* ; Symmetrical Platykurtic Population 
(Bz = 2°5), 145; Normal Population, 125°6 (value from “Student’s’ tables); Sym- 
metrical Leptokurtic Population (6, = 41), 132; ete. 
TABLE II (c). 
Frequencies of z in 500 Samples of 10. 


Populations Sampled 
distribution 
greater than | _0.00| ,=0-:00 | ,=0:00| 6,=0-00| g,=0-22 | g,=0-20 | g,=0-50 
B2=2°50 | | | | | B.=3-73 
“00 500 500°0 500 500 500+ 500 500 500°0 
‘05 435 446 446 433 438 
‘10 370 8855 390 388 381°5 380 379 895°7 
“15 312 331°6 349 335 330 332 BGT 
*20 265 281°7 307 294 270 287°5 273 298°4 
*25 224 236°2 269 246 239 245 254°2 
*30 186 195°8 218 209 185 207 200 213°7 
*B5 153 160°5 180 168 172 167 177°2 
40 121 130°4 137°5 138 124 145 139 145°0 
“45 95 105°0 104 108 123 112 116°9 
50 7 83°9 82 86 83 99°5 96 92°9 | 
64 66°7 62 71 80 73 72°8 
60 51 52°7 51 57 44°5 59 60 56°2 ! 
65 41 41°5 38 41 41 49 $2°7 
70 35 82°6 34 30 31 37 41 32°1 
"75 29 25°5 25 24 33 35 23°6 
80 26 19°9 19 19 21°5 29 31 ri pe 
*85 20 15°6 17 15 26 29 12°2 
“90 15 12°2 11 13 12 19 22 86 | 
“95 11 9°6 8 11 16 19 6:0 
1°00 9 8 1l ll 40 
| |?! 16 16 16 16 16 
3s _ §P “033 071 “005 
Mean +0007 | -orent | ~ 0226 | +°0208 | --0120 | +-0022 | --0556 
3763 | | "3808 | “3815 | 3709 | 
The last columns of Tables II (6), (c) and (d) give the corresponding frequencies 
obtained on the assumption that the distribution of z is normal, with a standard 


deviation of 1/Vn — 8 or 1/V2, 1/V7 and 1/V17 respectively. 


* For samples of two, z is the same as 2’, or the ratio, centre/{4 range), for which the distribution 

y=} (1+! 2’ |)-? was given in Biometrika, Vol. xx4. p, 211. 
+ Figures in this column reduced from results for 1000 samples. | 
+ Standard errors of Mean z and c, for 500 samples from a normal population. 
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In the lower part of Tables II (a), (b), (c) and (d).are given: 


(1) The result of applying the (P, x?) test for Goodness of Fit, the theoretical 
distribution being in each case that of the Type VII z-curve of “normal theory.” 
In the test for |z|, corresponding positive and negative values of z have been 
combined, or the z-curve was doubled over about z=0; in that for z the positive 


TABLE II (d). 
Frequencies of z in 500 Samples of 20. 


Populations Sampled —e 
|z| distribution 
ter th ith 8.D. 
8,=0°00 | ,=000| 8,=0-00 | 8,=0:20 | g,=030 | Wit 
B2=2°50 Bg=412 | G2=7°07 | | 
“00 500 500°0 500 500 5 500* 500°0 
“05 415 4149 402 409 412 413 418-3 
“10 333 333-9 324 317 323 332-5 340°0 
“15 253 260°5 251 244 240 261 268'1 
182 197°1 196 176 194 198°5 
“25 136 147 125 145 150 151*4 
“30 101 103-3 103 84 98 105 108-0 
“35 69 80 54 65 74:5 
“40 46 4S? 51 38 52 57 49°6 
“45 35 323 32 21 36 37°5 318 
0 26 21-1 20 11 25 26 19°6 
“55 20 13°%5 15 6 12 16°5 11°? 
“60 13 85 10 1 11 10°5 C7 
65 7 53 3 1 7 7 37 
70 6 33 1 1 5 6 2-0 
535 618 “487 172 797 
Good ll — ll 11 13 
ooaness 
Mean z +:0006 | | | +:0135 | --0217 | —-0293 sie 
“2425 


and negative values were kept separate. n’ is the number of groups used in 
applying the test. 
(2) For samples of 5, 10 and 20, Mean z and oe, are given{. The results have 
been represented graphically in Figures 2 (a), (b), (c) and (d). The continuous 
* Figures in this column reduced from results for 1000 samples. 


+ Standard errors of Mean z and c, for 500 samples from a normal population. 
t{ Here and throughout this paper the standard error of a standard deviation has been taken as 


ho nf B “fs : , Where ¢ and fz: are the constants of the theoretical distribution of the variable, and N is 


the number of samples upon which the value of the standard deviation has been based. 
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curve shows the change in the P, of “normal theory” as |z| increases, and the 
upper and lower limits of the shaded belts represent the highest and lowest 
observed frequencies of the corresponding row of Table II when divided by 500 or 
1000 as the case may be. To give some indication of the sampling variation that 
might be expected to arise at different points on the z-scale if the true distribution 


Scale of |z| 
-00 410 20 -30 40 -50 
1-00 rT I I I I I I I I I I I I I 1-00 
PROBABILITY DISTRIBUTION OF |Z|: SAMPLES OF 20 | 
For Student's Type VI Gurue 
“90 
— —— For Normal Gurve with 
The skaded belt indicates the repior within H 
whick the experimental resulis were fourd. 
H N H -80 
\ 
60H N -60 
= 
N N 
40h 
-30H H -30 
20 } H -20 
H -10 
10H 
00 10 -20 “5 -60 
Scale of | z| 
Fig. 2 (d). 


followed “Student’s” curve, lengths equal to twice the standard error of these 
reduced frequencies have been plotted on either side of the continuous curve*. 
But of course the systematic manner in which the frequencies differ in certain 
cases from “normal theory,” as shown in the tables, makes it clear that the width 
of the shaded belt has at any rate sometimes a real significance. Owing to the 


* If P, is as defined in the footnote to p. 261 above, then the standard error of the proportion of 
N samples in which | z| is greater than a certain value is VP, (1- P,)/N. 
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inevitable sampling fluctuations too much stress cannot be laid on any single 
difference taken alone, but in combination the results support one another. We 
shall consider them briefly in order, 


Samples of 2. 


Taking the symmetrical populations, the progressive change in the frequencies 
corresponding to a given value of |z| as we pass from the rectangular population 
to the most leptokurtic population (8,=7-07) is very marked. The changes are 
less clear in passing from the normal population down the Type III line; this is 
the result of doubling over a skew z-distribution, but for reasons given above 
we shall be content in the present paper with considering the distribution of | z | 
only *. 


Samples of 5. 

The table and diagram show that a normal curve with ¢,=1/V2 provides a 
very poor approximation to “Student's” curve. For the symmetrical populations, 
a, diminishes steadily as the population 8 increases, and the tail frequencies in 
the 1000 samples of 5 from population (82 = 7:07) are quite clearly less than those 
expected on normal theory. The correspondence for the other four populations is 
really very good. The distribution of z (not doubled over) is, however, very skew 
in the case of the population (8; =°*50, 8, = 3°73). This is “ Sophister’s ” case and 
has been fully discussed by him. 

Samples of 10. 

Figure 2 (c) shows that the line representing the tail area of the normal curve 
with ¢,=1/V7, although still differing rather widely from the line representing 
“Student's” curve, now falls largely within the shaded belt. For |z|>-6 the 
difference between the two curves is not great. For the samples from the three 
symmetrical curves, , lies very close to the “normal theory” value, and the corre- 
spondence in frequencies is gooa. For samples from population (8,=0, 8,= 7:07) 
there is curiously no evidence of the shortage of frequency in the tail which appears 
‘for samples of 2, 5 and 20. For the two Type III populations there is an excess of 
high values of | z| which shows itself in the upper limit of the belt in the diagram. 
This tendency is not at all evident in the 1000 samples from Church’s population 
(A, ='22, 8B, =3°16), but great caution must be exercised in drawing conclusions 
from apparent differences in these cumulative frequency distributions. If we take 
the distribution of |z|, (a) for the 500 samples from the Type III population 
(8, ='20, 3°30), and (b) for the 1000 samples from Church’s population (8, = ‘22, 
8.=316), and apply the (P, x*) difference test, we obtain for 11 groups a P of 
‘592; that is to say the observed differences which 'vok large in the columns of 
Table II (c) are not inconsistent with a common theoretical law of distribution 
for |z|. 


* That the distribution of z for samples from the skewest population is also skew, is shown by the 
drop in value of P from +871 (test for |z |) to 022 (test for z) in the goodness of fit tests. 
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The distribution of z (not doubled over) for samples from “ Sophister’s ” popula- 
tion (8,=°50, 8, = 3°73) is definitely negatively skew. 


Samples of 20. 


Figure 2 (d) suggests that we have now reached a size of sample where the 
normal curve with standard deviation 1/Vn—3 represents the z-distribution very 
well. The observed distributions of |z! are quite closely represented by “normal 
theory” in all cases except that of the extreme leptokurtic population. Here 
there is again a shortage of high values of |z|, although judged by the test of 
goodness of fit this difference is not exceptional. For the Type [II populations 
the distributions of z are again skew. 

A completely satisfactory analysis of the position will only be possible when the 
theoretical distribution of z in samples from any non-normal population has been 
found. But in the meantime these results enable a good appreciation to be formed 
of the extent of variation from “normal theory” that may be expected in sampling 
from a fairly wide variety of populations*. They suggest that within this range 
there will not in practice be a danger of any serious loss of control of the source of 
error (1), if |z| be assumed to follow “Student’s” law. The least satisfactory 
agreement occurs among the samples from the very leptokurtic population (8,=771). 
Taken together, we find that the 21 tests of goodness of fit for | z| give a mean 
value of P of -463; even if the variations were all due to chance we should only 
expect a value of ‘500. 


In Table III a comparison is made at about the level P, =°04 of the chances, 


theoretical and observed, of obtaining | z | greater than the values indicated in the 


TABLE ITZ. 
Comparative values of P, near ‘04. 
. 
Population 
distribution 
8,=0-00 | 8,=0-00 | ,=0-00 | 8,—0-00 0-20 | g,=0-50 
n gi=250 | ,=3-00 | g,=4-12 | ,=7-07 | | | 
2 15:0 *050 “042 “042 “039 “036 
5 1°5 “O44 “038 “044 “O34 
10 0°8 "052 “040 *038 “038 “058 “062 “O34 
20 O42 “040 “052 “039 


2nd column. The observed frequencies have been divided by 500 or 1000 according 
to the number of samples, and the figures are therefore subject to sampling errors. 
But even if they represented the true values of P, in sampling from the corre- 
sponding populations, the differences between them and the “normal theory” 

* Certain incomplete results suggest that the population skewness cannot be increased much further 
without beginning to modify the distribution of | z | appreciably. 
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274 Small Samples from non-normal Populations 
values, as shown in the 4th column, are hardly large enough to lead to any serious 
errors in inference. | 


With characteristic intuition “Student” anticipated the adequacy of his test 
in sampling from symmetrical leptokurtic systems more than twenty years ago 
in his original paper*; the idea of the “doubling over” in the case of skew 
populations lies also to his credit. 


4. THe Two SAmpPtLe TEST. 


We may now examine the adequacy of Fisher’s two sample z-test in controlling 
the source of error (1) when sampling from non-normal populations. If two inde- 
pendent samples of n, and nz are drawn from the same normal population, then 


Vins? + Nyse 


+n, 
is distributed according to the law 
y = constant x (1 + 2*) 2 (4). 


Equation (4) is the distribution of z in the single sample problem with n, + n, — 1 
written for n. It does not, however, necessarily follow that when sampling from a 
non-normal population the distribution of z= m/s for n = 14, let us say, will be the 
same as that of the z of (3) when n,=5, n,=10. This fact is illustrated in the 
case of sampling from the leptokurtic population (8,=0, 82 = 7°07); there is here a 
considerable positive correlation between the values of m and s in asample. Large 
deviations in mean tend to be associated with large deviations in standard devia- 
tion, and as a result the preceding tables have suggested that the ratio, z, is 
slightly less variable than on “normal theory.” But if we combine the samples of | 
5 and 10, taking n, = 5, n= 10, and calculate the z of (3), the most variable term 
in the numerator is %,, the mean of the smaller sample, while the most important 
term in the denominator is 10s,?, which is quite uncorrelated with %. There is 
not compensation, therefore, as in the previous case, and as a result the z is some- 
what more variable than that of “normal theory.” 


Tables IV (a), (b) and (c) show the result of pairing together samples of 
(a) 5 and 10, (6) 5 and 20, and (ce) 10 and 20, from the three populations (0, 2°5), 
(0, 7:07) and (‘50, 3°73). Results for the other two populations sampled are not yet 
available+. The tables show the observed and theoretical frequencies lying beyond 
certain values, not of |z|, but of a multiple of | z| (as shown at the head of the 
leading column), which was a simpler ratio to obtain in the computation. The 
values of Mean z and oa; are, however, given below, as well as the results of testing 
the doubled-over distribution for goodness of fit. The skewness and goodness 
of fit of the undoubled-over z-distributions have not yet been examined. The 
final columns of each table contain the frequencies found from a normal curve 


with standard deviation equal to 1/Vn,+n,—4; even for samples of 5 and 10 


* Biometrika, Vol. v1. p. 19. + See Addendum, p. 285. 
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these frequencies never differ very widely from those of the true “normal theory ” 
z-curve. The sampling results as they stand do not suggest that the distribution 
of | z| varies in any simple way as the sampled population changes, But this could 
hardly be expected owing to the complex structure of the ratio, in which Z, is 
correlated with s,?, and Z, with s,?, but with no cross correlation. It seems justifiable, 


TABLE IV (a). 
Distribution of z in Pairs of Samples of 5 and 10. 
Frequencies in 500 pairs. 


Populations Sampled 
VT5 distribution 
with 
greater than B,=0-00 B,=0-00 8,=0°00 B, =0°50 
B,=2°50 B.=3°00 | B,=7°07 | B,=3°73 
00 500 500°0 500 500 500°0 
“05 447 4426 459 443 446-1 
“10 402 386°6 399 390 393°3 
“15 352 333°0 341 337 S423 
297 283-0 295 277 294°0 
*25 235 256 232 249°2 
*30 196 196°4 222, 197 208°3 
*35 157 160°8 184 156 I71°G 
“40 131 130°0 153 130 159°4 
“45 106 104°0 121 99 111°S 
86 82°5 102 85°5 87°99 
55 67 6h? 86 72 68-2 
60 44 67 53 52" 1 
65 34 39-0 61 44 39°2 
70 23 30°0 49 33 29-0 
75 15 22°9 35 23 21°1 
“80 12 23 18 15°71 
“85 9 13°2 19 14 10°7 
“90 9 10°0 18 10 74 
7 10 9 
1°00 7 57 6 
Goodness P 161 — 
of Fit {i 16 16 16 
0 
Mean z — S.E. +°0141 — 
3019 "3015 3217 “3024 


however, to conclude, after examining the tables, that the practical worker will be 
led to make no very serious error of judgment if he refers the value of z to 
“Student’s” tables (or even to the normal tables with o,=1/Vn,+n,—4) when 
examining the difference between the means of pairs of small samples, taken from 
moderately skew, leptokurtic or platykurtic populations. Possibly the position 
might be less satisfactory if ny and n, were below the values of 5 and 10. 

19—2 
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The average of the nine values of P found in the goodness of fit tests is now 
‘832. The standard errors given for Mean z and a, are for 500 samples from a 
normal population. 


TABLE IV (0). 
Distribution of z in Pairs of Samples of 5 and 20. 


Frequencies in 500 pairs. 


Populations Sampled iis 
ano |z| 
wi 
greater than 8, =0°00 B,=0°00 | 8,=0-°00 | 21 
B.=2°50 | B,=3°00 | | p,=3°73 
“00 500 500°0 500 500 500°0 
411 416°0 412 417°5 
‘10 332 336°0 340 340°5 
“15 255 263-2 274 260 269°3 
*20 198 199°9 224 183°5 206°2 
*25 143 147°3 162 139 152°8 
106 123 101 109°4 
35 64 82 72°5 
10 49 f9°8 53 47 50°6 
45 33 33°O 36 30°5 I2°6 
50 23 21°4 23 18 20°2 
“DS 13 13°6 16 8 12°1 
“60 7 85 10 TO 
*65 6 4 15 39 
‘70 2 32 3 0°5 21 
“75 2 1°9 
*80 2 2 
Goodness P “610 “085 — 
of Fit ll 13 
Mean z — 0094 SE. 98 | + “0099 — — 
*2182 
°2175 S.E. 0074 *2280 "2088 


5. EXAMINATION OF THE SECOND Type OF ErRvr. 

Suppose that on finding a value of z such that P, > 2a (say, > 10 perhaps), it 
is decided to accept the hypothesis that the mean of the sampled population has 
a value b, How often is this likely to occur when in fact the true population mean 
lies at a instead of b? In such a case “Student's” tables will have been entered 
with £=(%—b)/s instead of with 2 =(%—a)/s, and the error in judgment will 
arise because the test is not sensitive enough to detect this fact. What we require 
is to have, for different values of (a —b), some appreciation of the chance that 
—2a<€<+2,*, for the smaller the chance the more effective is the control of 
this source of error. 


* 


Zq being, as above, the value of z giving P,=2a. 
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The position may be explored with the aid of the experimental sampling results. 
We have fixed in the first place on two different values of a, 05 and ‘01, which 
backward interpolation in “Student's” tables shows to correspond to deviations (z.) 
of 1:066 and 1873 for n=5, and of 611 and 941 for n=10. We have then chosen 
out randomly for each of the five sampled populations, and also for a normal 
population*, 100 of our samples and have given in succession to (a—b) the values 


TABLE IV (ce). 
Distribution of z in Pairs of Samples of 10 and 20. 


Frequencies in 500 pairs. 


Populations Sampled 
W1°5 |z| distribution 
greater than 8,=0-00 | 8,=0-:00 | p,=0-50 | gp 
8,=2°50 | | B,=7°07 | p,=3-73 | 

“00 500 500°0 500 500 500°0 

“05 411 415°3 410 416 

10 310 329 330 338°6 

“1d 239 261°1 258 27% 266°2 

*20 174 197°4 196 216 202°5 

“25 124 1446 144 155 149°0 

*B0 97 102°7 105 119 105°8 

75 TO°8 76 82 

“40 51 5d 59 47°9 

“45 32 30°9 31 34 30°5 

*5O 25 19°7 19 19 18°7 

“DD 16 22 12 8 11°0 

“60 12 Th 8 3 6-2 

65 8 yh 5 3 34 

“70 + 26 4 1°8 

“75 1 1°5 2 o-9 
Goodness { P “917 
of Fit 11 11 11 
Mean z 0000 | | | —-0085 


o/Vn, 2a/V'n, 30/Vn, ..., ete. (n=5 and 10), where is the standard deviation of the 
population sampled. (a—b) has then been added in each case to the observed 
deviation in the sample mean and the result divided by s, the corresponding sample 
standard deviation, to give ¢ In samples from a normal population, if (a —b) were 
zero, the percentage of values of €(=2), which should lie in the long run within 
the limits + z,, should be 90 for «=-05 and 98 for a=‘01. For the non-normal 


* One hundred random samples of 5 and 10 were specially drawn from a normal population for this 
purpose. 
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population, the results discussed in Section (3) above suggest that these percentages 
will also be fairly nearly approached. As (a —b) is increased from zero the number 
of values of € found between these limits will decrease and will represent the 
percentage of false hypotheses accepted. The situation can be explained most 
clearly by turning to Table V. 


This table shows the percentage of samples for which —z.< €<+z2, when 
different multiples of @=o/Vn have been added to or subtracted from the sample 
mean. Suppose for instance that we have a sample of 10 from the population 
(8, =0, 8, =7°07) and wish to test the hypothesis that the population mean lies at 
b, and decide to accept it if | z|=|(%@—b)|/s<z,. Then the experimental results 
suggest that 

(1) if the true population mean were to lie at a=b + 2o/V10 =b +°63c instead 
of at b, we should in repeated sampling accept 38 °/ of these false hypotheses if we 
took a=-05 as the critical level, and 67 if we took a="01; ~ 

(2) if the true population mean were to lie at a=b + 40/V10=b + 1:260 we 


should accept in repeated sampling only 2°/ of these false hypotheses in taking 
a="05, and 9° with a=-01. 


POPULATION DISTRIBUTION 


Hygeothetical Mear 


+: @ @ Sample of 5 
a-b  #-a-& 


Fig. 3. 

The table therefore shows the sensitiveness of “ Student’s” test in rejecting false 
hypotheses when applied to samples from various populations. We may comment 
on the results briefly as follows: 

(a) For symmetrical populations the test will be equally sensitive whether (a — b) 


be positive or negative. Multiples of «/Vn were therefore only added to the observed 
samples 


(b) There is extremely little difference in the degree of sensitiveness among the 


samples from the four symmetrical populations, the percentages being of course 
subject to sampling errors. 


(c) The Type IIT populations were both positively skew, and the position is 
represented diagrammatically in Figure 3. An examination of Table V shows that 


* For convenience in comparison with the results for the skew populations the figures for the 
normal population have been repeated on the negative side. 
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for these two populations the test is quicker in rejecting false hypotheses when the 
true population mean is, as shown in the figure, to the right of its supposed position 
than when it is in the other direction. 


(d) For values of (a—b) + the same sign as the population skewness the test 
appears to be slightly more tive in rejection than in the normal case. But for 
the opposite sign the posit? distinctly less favourable when the populations are 


skew. In other words when dealing with skew populations there is more danger of 
failing to detect a faulty hypothesis when the long tail of the true population 
distribution points towards the position of the supposed mean than when the steep 
tail does. In certain problems the direction of the skewness, if not its exact magnitude, 
may be clear; in such cases we shall know that the chance of error is less completely 
controlled in one direction than in the other. 


(e) The control of what has been termed the first source of error is as good for 
small samples as for large, provided that the population is such that | z| follows. 
approximately “Student's” law. It is in dealing with the second source of error 
that small samples are at a disadvantage. Suppose for example we are dealing with 
normal populations and on obtaining a sample (%, s) decide to accept the hypothesis 
that the population mean lies at b whenever £ =(%—b)/s < z, or P, > 2a="10, say. 
Then a rough interpolation in Table V suggests that for samples of 5 we may be 
accepting the hypothesis in as many as about 42°/ of cases where the true popula- 
tion mean differs from b by as much as the population standard deviation; while 
in samples ef 10 this will happen only in about 9% of such cases*. For samples of 
20 the risk would be almost negligible. There is nothing new in this except perhaps 
the method of approach ; it is the old tale that no conceivable method of statistical 
analysis will enable differences below a certain limit to be detected from the evidence 
of a single small sample. 


6. AN ALTERNATIVE TEST. 

In a recent paper+ it was shown that in sampling from a rectangular population 
the appropriate criterion to use in testing a hypothesis regarding the position of 
the mean, a, was not z but the ratio 2’ =(@—a)/}.R, where 

u and v are the highest and lowest values of the variable in the sample, 
( is the sample “centre,” =} (u + v), 
R is the sample range, = u—». 

The theoretical distribution of z’ in samples of n from this population was 
obtained, and it was suggested that perhaps it might be of wider application, just 
as “ Student’s” z-distribution has been found to be adequate for populations differing 
considerably from the normal. Further analysis, however, soon showed that the 


* For n=5, a='05 we have interpolated roughly between the columns a — b=20=260/N. 5="8940 and 
a=—b=30=30/V5=1°342c, i.e. between the percentages 48 and 24. For n=10 we interpolate between 
a—b=80/V 10 and 

+ Biometrika, Vol, xx4. p. 212. 
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“rectangular theory” z’-distribution would not be appropriate for samples from the 
populations of common statistical experience. That this is so is suggested at once 


by an examination of the values of «, found from the sampling experiments and 
given in Table VI. The whole form of the curve also changes. 


TABLE VL 


Comparison of Observed Distribution of 2’ with Empirical “Normal Theory.” 


Populations, 
8, =0°00 0-00 0-00 0-00 0-20 
1°80 2°50 3-00 4°12 3°30 
Goodness { P — — °175 
of Fit x’ = 12 = 12 5 
5 Mean 2’ 0 — 0 — 9224 +°0274 
S.E.* = “0242 “(242 0171 
oy “5515 “D418 “5150 “D651 
S.E.* — “0309 “0309 “0218 
Goodness P? — “003 “063 “007 
of Fit nr’ — 13 — 13 13 
Mean 2 0 +-0160 0 +0034 + °0737 
10 S.E.* = 0132 = 0132 0132 
oy “1890+ -2629 -3169 "3246 
S.E.* — “0103 *0103 *0103 


It seemed, however, worth undertaking the following research : 


(a) Find experimentally the distribution of 2’ in samples of 5 and of 10 from 
a normal population, and by fitting the data with curves obtain empirically “normal 
theory ” z’-curves. 

(b) Test the adequacy of these curves to represent the distribution of 2’ in the 
samples from the three neighbouring non-normal populations, with 8, and By: 
(0, 2°5), (0, 4°1), (0°2, 3°3). That is to say examine the adequacy of these distributions 
in controlling the error (1). 


(c) As in the case of z, examine the sensitiveness of the z’-test in rejecting false 
hypotheses (control of error (2)). 


(d) Make a comparison of the sensitiveness of the z- and z’-tests for samples of 
5 and 10 from the same populations. 


* Standard errors for samples of 500 or 1000 if the distribution law of z’ were of the empirical 
** normal theory” form. 


+ These are theoretical values obtained from equation (xliii), Biometrika, Vol. xx. p, 211. 
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Let us take these steps in order : 
(a) Mr L. H. C. Tippett very kindly placed at our disposal the 1000 samples of 


5 and of 10 from a normal population which he had used in his work on the 
Distribution of Range*. He also undertook some preliminary computation. The 
distribution of z’ must clearly be symmetrical ; the following values were obtained 
by using the 2nd and 4th moment coefficients about 2’ =0. 


n=5 oy ='5418 7'°5225, 
n=10 oy ='2947 B,=3°4342. 


Type VII curves were fitted to the observations and gave on applying tests for 
goodness of fit, for n=5, P="715; and for n=10, P='491. These curves were 
taken to represent the standard z’-curves of “normal theory,” and the chance of 
exceeding any given value of z could be obtained by interpolating in “Student's” 
Tables of t (Metron, Vol. v. No. 3, p. 26). 


(b) The two curves were then doubled over and fitted to the observed dis- 
tributions of | 2 | for the three non-normal populations with the result shown in 
Table VI. The fits appear quite reasonable for samples of 5, but are no longer 
satisfactory when n= 10. That is to say it would appear that the “ normal theory ” 
z’-curves will only represent the distribution of | z’ | from moderately non-normal 
populations in very small samples. It did not seem worth while attempting the 
fitting in the more extreme cases of sampling from the populations with 8, and 
Bz (0°00, 7°07) and (0°50, 3°73). The table shows how, for symmetrical populations, 
decreases with for n =5 and increases for n= 10. For samples from the skew 
Type III population the distributions of z’ are negatively skew, and Mean 2’, at any 
rate for n= 10, differs quite significantly from zero. In dealing of course with a skew 
population the mean value in repeated samples of G, the “centre,” is no longer at 
the population mean but at a point which changes as n is increased. 

(c) The sensitiveness of the test in the control of error (2) was examined in 
precisely the same manner as for the z-test. The error arises because on taking 
P, = 2a as the limiting probability +, we find — z,’< ¢’< + 2,., where =(@—b)/$R 
has been calculated instead of 2 = (@—a)/}R, the supposed population mean being 
at b, the true one at a. Table VII gives the observed results based as before on 
100 samples in each case. The following appear its most important features : 

(1) For the symmetrical populations the test becomes less sensitive the more 
leptokurtic the population. This is not connected with the change in oy, which, as 
we have seen, takes place in opposite directions for n=5 and 10, but arises because 
the z’ criterion becomes less and less efficient in controlling error (2) as we move 
away from the rectangular population for which it is theoretically most suitable. 


* Biometrika, Vol. xv. pp. 364—87. 


+ Pl =2 | J (z’) dz’. Using the empirical distribution referred to above it was found that 


for a=°05, z,’= *852 when n=5 and z,’=°482 when n=10, 
for a= 01, z,’=1°404 when n=5 and z,’="710 when n=10, 
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(2) In sampling from the skew population, the control is slightly better than in 
the normal case when (a—b) is positive, but worse when this difference has 
a negative sign. Exactly the same effect was observed in the case of z. 

(d) We shall conclude with a comparison between z and z’. For the second 
type of error, this can be obtained by comparing Tables V and VII, but for con- 
venience the results for the case a=*05 have been placed together in Table VIII. 
The figures give the percentages of false hypotheses accepted for increasing values 
of (a—b). It will be seen that for samples of 5 the z-test is not very much more 
sensitive than the z’-test, but that when n has increased to 10 the former has 
a very marked advantage. The difference is least for the platykurtic population. 


TABLE VIII. 
Comparing the Efficiency of the z- and z'-Tests in Rejecting False Hypotheses. (@ = o/Vn.) 


n=5 n=10 
By 0-0 0-0 0-0 0-2 0-0 0-0 0-0 0-2 
2°5 4-1 3°3 2°5 3-0 4-1 3°3 
; Positive @ | Negative 0 Positive 0 | Negative @ 
t 
75 | 77 | 70 | 77 | 73 | 8% 84 72 0} 82 74 | 80] 69 | | 74 72 67 84 80 
290 | 57 | 60 | 48 | 491 54] 54 | 51 | 38 | 68 | 39156] 59 | 42 | 57] 312 | 46 | 46 | 66 
30 28 | 28 | 24 | 29 | 23 | 35 14 21 16 28 13 | 29 | 10 | 29 | 21 | 33 9 25 18 44 
40 7 | 14 6) 15 8 3 13 3; 9 1 | 13 1% 1 6 3 20 
50 2 1 | 7 1 7) — 4 1|— — 1 9 
60 — — 1 3) — 4 


The figures for z have been printed in italics to aid the eye in comparison. 


We have available, therefore, the distribution of two criteria in samples from 
anormal population, one (of z) known exactly and the other (of z’) found empirically. 
That of the former, which is in theory ideal at the normal point, has been shown to 
be still applicable for a very considerable variety of population forms. But the 
distribution of 2’, while providing complete control of the first type of error at this 
point, begins to lose this control much more quickly than does that of z as the 
population form is modified. And further the z’ criterion is less sensitive than the 
other in the detection of false hypotheses regarding the position of the population 
mean. Were the populations of experience clustered round the rectangular point 
the situation would almost certainly be reversed. 


Owing to the simplicity in calculation it seems, however, possible that in 
problems where the population is known to be approximately normal, the criterion 


=(u+v—2a)/(u—v) 


may be of value in providing a rapid method of testing the validity of a hypothesis 


| 
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regarding a population mean from a knowledge of the two extreme individuals in the 
sample only. This would be in cases where n is not greater than, say, 7 or even 
10; for n=2 of course z=z’. It is therefore hoped to provide shortly brief tables 
of the empirical “normal theory” probability integral of 2’. 

Elsewhere in statistical theory there may well be cases of two criteria, for both 
of which the frequency distributions in sampling from a given population are known. 
In the case of z and 2’ the method of likelihood expresses in simple logical form 
the reason for the choice of z at the normal point and of 2’ at the rectangular point. 
This method should be applicable in other cases, and its value in picking out the 
right criterion is supported by the conclusions of this paper which have been reached 
by a quite different process of argument. In any case, however, the sensitiveness 
of the tests to changes in population form could not have been gauged except by 
the present form of experiment or by surmounting certain stubborn obstacles in the 
mathematical theory of sampling. 

In conclusion, it is necessary to emphasise the extent to which this paper is 
a result of co-operation. The labour of sampling and computation is far too great 
to have been undertaken by a single individual. Mr N. K. Adyanthaya has been 
entirely responsible for this and other work on the symmetrical population with 
B,=41. As has been stated above, the results for samples of 5 and 20 from the 
skewest of the populations have been taken from “ Sophister’s” paper, and acknow- 
ledgments have also been made to Dr A. E. R. Church and Mr L. H. C. Tippett. 
Far the greater part of the remaining computing has been courageously undertaken 
by Mrs L. J. Comrie, while other computers have been Miss Marie H. Anderson, 
Mr A. B. Thomson and Mr Ernest Martin. To Mr A. E. Stone we are indebted for 
some 11,000 samples, and the diagrams are the work of Miss Ida McLearn. To all 
these the chief author is exceedingly grateful. 


ADDENDUM: Distribution of z in 500 Pairs of Samples from 
Population = 0°20, Bz = 3°30. 


Samples of 5 and 10 Samples of 5 and 20 Samples of 10 and 20 

|z| Normal V5 |z| Normal | z | Normal 
Observation Theory Observation Theory Observation Theory 
00 500 500-0 00 500 500-0 00 500 500°0 
‘15 361 333-0 10 340 336-0 10 342 334-5 
“30 204 196°4 “20 200 199°9 20 203 197°4 
“40 135 130-0 “30 121 105°4 30 119 102°7 
50 88 82°5 “40 59 49°8 “40 64 47°4 
“60 52 50°4 *bO 23 21°4 25 19°7 
70 29 30-0 “60 9 85 15 12°2 
80 14 17°4 65 6 52 60 8 74 
90 6 10°0 ‘70 3 3°2 “65 6 4°4 
1:00 5 57 "75 2 19 ‘70 5 2°6 

337 “441 185 

16 nv 12 ll 
3023 *B015 2204 1983 1961 
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The apove results correspond, in somewhat abbreviated form, to those of 
Tables IV (a), (b) and (c) above. The values of «, show very close agreement with 
“normal theory,” and the frequencies do not appear to differ seriously. 


For the population 8; = 0-00, 8, = 4°12 the result for samples of 5 and 10 alone 
is available. Testing goodness of fit to “normal theory” it is found that P = °350, 
while o,= ‘3111 against the normal value of 3015. The distribution of z is 
somewhat too variable, but not as much so as in the case of samples from the 
extremely leptokurtic population (8, = 7:07). 


| 
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SAMPLING WHEN THE PARENT POPULATION 
IS OF PEARSON’S TYPE ITI. 


By CECIL CALVERT CRAIG, Px.D. 


Introduction, It is an immediate extension of my thesis* to apply the metheds 
there developed in a more detailed way in the study of sampling in cases in which 
the parent distribution is skew. One of the most useful and important of the skew 
frequency functions is the Type III of Pearson. If its equation is written in the form 

apg (1) 


in which z= = 


, and b=a?  (as:,=V Ay), 
Cx O3:% 
the semi-invariants, d,, of this frequency function follow the simple law+ 

(Ao = 1 and A, =0 since (1) is written in standard units with the origin at the 
mean.) This simple, explicit expression for any semi-invariant invites an applica- 
tion of the method of semi-invariants to the case in which the parent distribution 
is of this type. 

The three parameters of the Type III distribution are the mean, m,, the 
standard deviation, o¢,, and the skewness, us:z. (The measure of skewness is in 
this case just twice that given by Pearson.) The problem is to find the semi- 
invariants of the frequency distributions of these three characteristics as found 
from samples of N, each taken from an infinite parent population which is distri- 
buted according to the Type IIT law. 

More explicitly let the infinite parent be given by means of the semi-invariants 
of (2). Let infinitely many random samples of V each be taken and the mean, the 
standard deviation, and the skewness be calculated for each sample. To find the 
semi-invariants, =@,, and A;:a,., =,, of the frequency distributions of 
iae sample means, sample standard deviations, and sample skewnesses thus obtained. 

Section I. The Frequency Distribution of Sample Means. In the case of sample 
means it has already been shown that they also form a Type III distribution if 
the parent does f. T believe however that it will be interesting to show how neatly 
the same conclusion is reached using semi-invariants. 


* Metron, Vol. vit. pp. 3—75. 

+ Steffensen, J. F., Matematisk Iagttagelseslere, G. E. C. Gads, Copenhagen, 1923, p. 60. Also 
the development of Section I follows exactly the same lines. 

+ Church, A. E. R., ‘‘ Means and Squared Standard Deviations of Small Samples from any Popula- 
tion.” Biometrika, Vol. xvi. (1926), pp. 335—338, Also, Irwin, J. O., “On the Frequency Distribution 
of the Means of Samples, etc.” Biometrika, Vol. x1x. (1927), pp. 228, 229. 
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If from an infinite population distributed according to a frequency law which 
has Ay, Ae, ... Ay, --- for its semi-invariants, infinitely many random samples of V 
be taken, it is a property of semi-invariants that the distribution of means, mz, of 
these samples, has semi-invariants, A,:m,, given by* 


ry 
If the parent distribution be of Type IIT then 
(r—1)!a@’ 


Comparison with (1) and (2) suggests that in this case 
in which y= m,. It is only necessary to verify this by finding the semi-invariants 
of (5). This is done by equating the coefticients of like powers of ¢ in 


~ 6 dy ....... (6). 


The minimum value of z in (1) is —a@ and this will also be the minimum value 
for y. Put a+y=o in the right member of (6) and it becomes 


Thh\Nb p—Nb p ® Nb Th\Nb p—at po Nb 
(N b) é (w-a) Jw = (N b) | 
0 


Nb\Ne 


Then taking the logarithms of both sides, 
Ost + Oat + + ...=—at— Nblog (1 


_ (at? (at 


= Nb + 3(Nbet (7), 


as anticipated. Note that the coefficient of ¢° on both sides of (7) is zero; that is, 
the constant term in (5) has already been so chosen that the total frequency is unity. 


The final step is to write (5) in its own standard units. The mean is already at 
the origin since Aq:,,.=0. Also 
mz 


and 


AV aVN WN 
* Thiele, T. N., Zhe Theory of Observations, C. and E. Layton, London, 1903, p. 42. 


mz 


| 
| 
—at 

Nb No at \% 
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If now I write z= £ =yVN, 
y 
O3: mz 

and B=A?=Nb, 

(5) reduces to F(y)= A®T(B) (A + 4°, 


which is the desired form. 


Knowing that the distribution of sample means is of Type III, in practice 
formula (4) is the one that will be used. For example, if for the parent a;=0°5, 
then a=4 and b=16. If I choose V=100, 


M:m, 4, 
= —= _=,? 
Ae: Nb N my) 
on, = 01, 
2a* 
As: Mz (Nb)? =0 00005, 


03: = 0-05. 
These are the characteristics of the Type ILI distribution of means of samples of 
100 taken from an infinite parent population which is distributed according to the 
Type III law. 


In general terms, this Type III distribution of sample means has the same 
mean as the parent distribution, and a standard deviation and a skewness, a3, equal 


to those of the parent respectively divided by VN, where N is the size of each 
sample. 


Section II. The Semi-invariants of the Distributions of Sample Standard 
Deviativns and ag’s. 


In my the-’s I used the following method for approximating the values of the 
semi-invariants of the distribution of standard deviations in samples of V taken at 
random from an infinite parent population, the frequency law for which is given 
by the semi-invariants, ... Ay, The desired semi-invariants, dz, ...d;,..., 
are defined by 


— | doy f, (oz) = | fx(v2) ......(10), 
-@ 
in which /;(¢,) is the frequency function for o, due to sampling and /2(vg) is the 
Biometrika xx1 20 
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same for v2. (v2=o,2.) The second form on the right arises by virtue of a well- 
known property of semi-invariants. I write 


v2= Ag+ €, 
d th 
an en mM, = N 2> 
e\? 
2 
On substitution in (10), I had 


Expansion of the exponential on the right gave 


2 


(1 _ gs 


dy = do? (1 + 201 + Po) — 4d, d3 — 3d.? — 6d2d,? — 
in which p, is the rth moment about the mean of the samples’ v2’s. For the d,’s were 
substituted their values in terms of the semi-invariants S,(v2) of v2 due to sampling. 
In the results g, was written for S,(v2)/As”. Also S,(v2) is of order —1 in NV and 
S,(v2) is of order —(r—1) in N for r>1. Below are given the results when all 
terms of order —3 and higher in WN are retained : 


(1+ $91 — bgt t + 


d,= (g1— 69392 + 692°) 


/ 


For further details of these calculations and of similar ones in the case of a3 
consult my thesis. 


For ag essentially the same device was used. The semi-invariants, b;, be, bs, ..., 
are defined by 


1 1 
byt +5 + +... 


in which (a3) is the frequency function of the as’s due to sampling. Using this, 
I wrote 


Vo == + 
as before, and V3 = Ag t+ €2, 


| 
| 
V4 
eee 
Xe! 
| 
| 
| 


Crcrt CALVERT CRAIG 291 


in which 2g is the third semi-invariant (or third moment about the mean) of the 
parent. Then I rewrote the above, 


-@ 


as in (10), in which @ (ve, vs) is the correlation function of v2 and v3 due to sampling. 
The ae term on the right was expanded, and I had 


=4(1- 15, P20 35 ) 
2 “8 re 16 
2 
-3— -1054 
1 2 
2? i= 


— 4b, b3 — —b,! 
in which the p,,’s are moments of the correlation function @ (v2, v3). (Hoo = 1.) 
For the their values in terms of S;;(v, v3)’s the semi-invariants of (v2, vs) 
were substituted in the above, and in the results gy written for Sus(v2, v2) -. Inmy 
2 
thesis I have the final expressions which include all terms of ager — 3 and higher 
in NV. Here, for reasons to be discussed later in this paper, I will only reproduce all 
terms of order — 2 and higher in N. These are: 
by = a3 (1 — 3.910 + + — — AGP + 253 920") 
+ (go— $91— $910 901 + gar + + 42911910 — 195 goo 
bo = as" (920 42 930 — 4? g20910 +4) goo”) 
+ 2as3(— $911 + gai + 3.920901 + 6911910 — 182 >...(16); 
+ (go2— 3912 — 3902910 — 3911901 + 32. + 6 G20 Jo2) 
bs = (— 22 + 42° goo”) + Bas” (2.921 — 18q20g11) 
+ 3a3(— $912 + $920go2 + gar") + (Jos — 9902911) 
by is of order —3 in N. 


The series in (12) and (15) give rise to questions of convergence. In my thesis 

I imposed a sufficient condition on the sampling which has the effect in practice of 

ensuring convergence. This restriction was that the frequency distribution of sample 

v2's be of limited variation. This got rid of the difficulties on the point of con- 

vergence in (12) and (15). Then, strictly speaking, the 9’s in (12) and (15) and 
20—2 
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the S’s which are substituted for them in obtaining (13) and (16) should be the 
moments and semi-invariants of the frequency distribution of sample v2's and of 
the correlation surface of sample v,’s and 3's respectively in which in both cases 
the range of sample 72's is restricted to an arbitrary interval about their mean. 
But the moments and the semi-invariants actually used are those on which no such 
limitation has been made. It was assumed for moments and semi-invariants of low 
order that the limited range is still large enough in practice for the error made to 
be negligible. But since the order of contact of the tail of a Type III distribution 
is not so high as it is in the case of the tails of a normal distribution, it appeared 
that in the case of a Type III parent this assumption had better be more carefully 
studied. My digression for this purpose grew to such proportions that it seemed 
better to give it a separate existence as a study of the semi-invariants and moments 
of incomplete frequency distributions both normal and of Type III. In that in- 
vestigation, which I hope shortly to publish, it is found that the assumption is valid 
for semi-invariants of v, of order as high as four for skewness of the parent not 
exceeding unity. Also this other paper makes it possible to answer another question 
which arises in the present connection, namely, concerning the systematic error 
which is introduced when in the sampling formulae arrived at in this present 
investigation, values of semi-invariants and moments determined from a finite and 
necessarily incomplete sample distribution are substituted in place of those of the 
parent. It must be well known that in the case of the Type IIT parent, at least, 
the differences so caused are by no means negligible; it appears from my work 
that these discrepancies alone render practically valueless the inclusion of semi- 
invariants or moments of any high order in such formulae as I give below. 


The calculation of the d’s to order —3 in N and of the b’s to order —2 in N is 
carried out without the use of semi-invariants of order higher than four for either 
vz OF v2 and vs together and with the use of only the first eight semi-invariants of 
the parent distribution. Into the formulae (13) and (16) the values of the g’s as 


found from my thesis and expressed in terms of as by means of (2) were inserted 
and after reduction I found: 


To order —3 in JX, 
— pra + as" + + 
dy = + 2) + +4) 
+ 257 last + 36: a3” 2_ 3) ( ) 


dg= 


(Lag! + 47g? + 28) 


‘ 
| 
| 
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To order — 2 in N, 
by= on [1 — + + + 
= ral + Day? + 6)— + + 36) | ..(18). 
bs = (A842 + + 2810, + 216) 


I was considerably perturbed over the apparent danger there was of bz becoming 
negative or quite small for small values of V. It is possible to caleulate the b’s to 
order —3 in WV using the semi-invariants of v2 and vs to not more than the fourth 
order and using only the first twelve semi-invariants of the parent distribution. 
I spent literally months performing the necessary preliminary computations and 
I did complete 6; and b. to order —3 in N before deciding it after all to be labour 
in vain. In the first place the results involve a3 to powers as high as the tenth and 
the standard error of a3 is of the order of V6/N. For small values of N it is quite 
useless to include high powers of a3 in the values of the b’s. And for small values 
of N also the value of as obtained from the sample is shown by my other investiga- 


tion to be nearly valueless for use in values of b’s which include high powers of ag 
as determined from the parent. 


ANN ARBOR, 
Micuiean, U.S.A. 
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NOTE ON DR CRAIG’S PAPER. 
By EGON 8S. PEARSON, D.Sc. 


THE formulae (17) and (18) of the preceding paper contain approximate expres- 
sions for the semi-invariants and moment coefficients of the standard deviation and 
of /8, in samples from a Pearson Type III curve. The results are of considerable 
interest, but as it is important from the practical point of view to appreciate how 
far the expressions are convergent and how far they are modified by changes in 
sample size and population form, it seemed desirable to examine them numerically. 
With this suggestion Dr Craig has readily concurred, but he is of course in no way 
responsible for the conclusions which I have drawn. I have taken sizes of sample 
with V = 5, 10, 20, 50, 100, 250, 500 and 1000 (the last two only in considering 
the semi-invariants of /8;), and examined the position for samples from five 
populations with increasing skewness, namely 8,=0, 0°2, 0°5, 1:0 and 1°5 corre- 
sponding to as3=/8,=0, °4472, ‘7071, 10000 and 1:2247 in Dr Craig’s notation. 
Table I contains the numerical values of the successive terms of the expansion (17), 
and Table II of (18). It will be remembered that the population standard deviation 
is taken as unity. 

To summarise and compare these results I have formed Tables III, IV, V and 
VI. It is not of course possible to fix any exact point at which the expansions (17) 
and (18) become inadequate ; this will depend partly on the purpose to which the 
results are turned. But I have assigned a rough scale of (??) and (?) to borderline 
cases, Any reader who is not satisfied with this classification can form his own 
directly from the Tables I and II. The expressions for d, (4th semi-invariant of 
the standard deviation) and for b, (3rd semi-invariant of /81) contain only one 
term, and therefore the marks noted against the tabled values of the B, of s and 
the B, of ./f; are very arbitrary. It will be clearest to discuss the latter tables in 
detail separately. 

The Mean of the Standard Deviation (d,= Means). Table IIL. 

Table I shows that the convergence is good except for very small samples from 
the skewer population. For the normal population the values obtained from (17) 
agree exactly to four decimal places with those obtained from “Student's” curve 
and given in Biometrika, Vol. xX. p. 529, The results show how with increasing VN, 
the Mean s converges somewhat more slowly on the population o as the variation 
deviates from normality, but the difference is not great. 


The Standard Error of s (/dz=¢,). Table IV. 


I have compared Craig’s value from (17) with two other approximations, namely 


9 
Approximation A, o,= N / 8+ _2N 


Approximation B, o, 


| 
| 
| 
| 
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TABLE I. 


Distribution Constants of the Standard Deviation, s, in Samples of N. 


or 


N d,= Mean s =p, (8) 
(1) Normal Population with 8;=a.2=0 
5 1 — 000 — 008 750 — -000 562 *100 000 — -005 000 — 500 *010 000 + -001 500 
10 75000- 2187— 70 50000- 1250-— 187 2500+ 187 
20 37500—- 547 9 25 000 — 312- 23 625+ 23 
50 1- 15000- 87 1 10000 50 — 1 100+ 1 
100 1- 7 500 — 22 5 000 — 12 25 
250 l1- 3000- 3 2 000 — 2 4 
(2) Population with 8,=a;?=0°2 
5 1 —*157 500 — -002 297 — :005 825 “115 000 — -020 212 + -010 927 *023 825 — -015 778 
10 78750— 574- 728 | 57500- 50534 1366 5956-— 1972 
20 1— 39375- 144- 91 | 28750-— 1263+ 171 1 489 — 247 
50 15750- 23 6 11 500— 202+ 1l 238 — 16 
100 l- 7875- 6- 1 5 750 - 51+ 1 60— 2 
250 | 3150- 1 2300 — 8 9(5)- 0(1) 
(3) Population with 8;=a;?=0°5 
5 1 — 750+ -008 613 — -020 260 137 500 -- 703 + 043 427 656 — 059 458 
10 843754+ 2153- 2532 68750— 114264 5428 11914-— 7432 
20 l1— 42187+ 538 — 317 34375~ 2856+ 679 2979- 929 
50 1— 16875+ 86-— 20 13 750 457+ 43 477 59 
100 8437+ 22 3 6875—-— 114+ 5 119- 7 
250 3375+ 3 2750 18 19(1)— 0 (5) 
(4) Population with 8;=a,2=1-0 
5 1-187 500 + °030 078 — 083 *175 000 — -095 3124-141 445 *095 625 — +188 320 
10 93750+ 7520- 8135 87500-— 238284 17681 23906— 23540 
20 46875+ 1880-— 1017 43750-— 5957+ 2210 5977-— 2943 
50 l1-— 18750+ 301 - 65 17 500 — 953+ 141 956 — 188 
100 9375+ 75- 8 8 750 238+ 18 239 24 
250 1- 3750+ 12- i 3500 — 38+ 1 38 (2) — 1 (5) 
(5) Population with 8,=a2=1°5 
5 1-206 250+ °055 645 —°141 261 *212 500 — 153 828 + 476 *153 906 — -401 382 
10 1-°1038125+ 13911-— 17658 *106250— 38457+ 38184 38477— 50173 
20 515624 3478- 2207 53125- 9614+ 4773 9619-— 6272 
50 l— 20625+ 556 — 141 21250- 15384 305 1539 - 401 
100 1-— 10312+ 139 — 18 10 625 — 385 + 38 385 — 50 
250 4125+ 22— 1 4250 62+ 2 61 (6) 3 (2) 
{ 
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TABLE III. 
Mean of Standard Deviation (d;= Mean s). 


Population 
8, =0°2 8, =0°5 B,=1-0 
Size of 
Biometrika 
Craig (17) Vol. x. p. 529 Craig Craig Craig Craig 
5 840 688 8407 “8344 8196 (2) “7775 (22) — 
10 “922 743 9227 “9199 “9152 (?) “9056 (2) “8931 (2?) 
20 ‘961 944 “9619 9604 “9580 9540 “9497 (2) 
50 984912 “9849 “9842 ‘9815 9798 
100 ‘992 478 9925 9921 “9916 ‘9907 “9898 
250 996 997 “9968 “9966 “9963 “9959 


It will be seen that for the normal population, the values from (17) almost 
agree throughout to 4 decimal places with those given in Biometrika, Vol. x. For 
very small samples the expansion to 3 terms in (17) becomes inadequate as the 
population becomes skew, but there is no reason to suppose that the Approxi- 
mation A is any more satisfactory in these cases. It will be noted however that 
as soon as the run of the terms in Table I suggests that the values from (17) are 
satisfactory, these values agree closely enough for most practical purposes with 
those of Approximation A. 


This is a result of some interest and shows the value of the latter expression 
as an approximation to the standard error of the standard deviation in non-normal 
material. For samples of more than 50 the very simple expression, Approxi- 
mation B, provides good values. 


In Biometrika, Vol. x11. pp. 276—277, K. Pearson has given general expressions 
for both Mean s and o, for samples from any population in terms of the first six 
moment coefficients of that population. On making use of the appropriate relations 
between the moment coefficients of Type III curves, it will be found that his 
equations (R) and (W) correspond exactly with Craig’s expressions for d, and dz 
in (17) as far as the terms in 1/N* That is to say Craig has provided an additional 
term in these two expressions; the point at which this term can be neglected may 
be seen by examining Table I. 
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TABLE IV. 


Standard Error of Standard Deviution. (/dz= 3.) 
Population 
=0°2 B,=0°5 
Size of 
Craig (17) | yo}. x. Approx. A | Approx. B Craig | Approx.A|Approx.B| Craig Approx A | Approx. B 
5 *3058 (7) “3052 “3162 3251 (?) *2993 *3225 3708 
10 2204 *2203 2121 "2236 “2320 (?) ‘2260 *2505(??)| °2453 *2622 
20 1571 *1570 1541 "1581 1663 1647 "1696 1794 "1795 "1854 
50 0997 “0997 “0990 “1000 1063 "1060 "1072 1155 "1158 1173 
100 ‘0706 0704 0707 "0755 ‘0754 ‘0758 0823 “0824 “0829 
250 0447 “0446 “0447 0478 ‘0478 “0480 “0524 
B,=1°0 
Size of 
Sample 
Craig | Approx. A} Approx.B| Craig | Approx. A | Approx. B 
5 *B578 “4183 *3899 "4610 
10 "2745 "2958 “3009 ‘3260 
20 | -2000(%?)| *2017 2092 | -2197(?)| "2305 
50 "1292 "1304 1323 "1415 "1435 "1458 
100 ‘0924 “0929 “0935 1014 “1023 "10381 
250 “0588 “0590 “0592 ‘0647 ‘0650 
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TABLE V. 


bo 


The Coefficients B, and By of the Sampling Distribution of the Standard Deviation. 


Sample | 
| 


Vol. x 


B, =d,7/d5 
Population 
B,=0 | B,=0-2 =0°5 8,=1-0 | B,=15 | 
| | 
Size of | 
Craig (17) corr igen Craig Craig Craig | Craig 
5 “1618 1646 | 
10 “0631 -0634 (2?) — — | 
20 “0280 “0281 073(2) | *126(2) 
50 0104 0105 034 “074 (2) | “161 (22) 
| 
100 “0050 “0051 | ‘017 | 010 (2) | 103 (2) 
250 *0020 | “007 ‘O17 | 033 “046 
| | | 
B,=3+d,/d? 
Population 
1=02 | B,=05 | B,=1-0 | 
Biomet. 
Craig (17) Craig | Craig 


5 3 30593 | = | 

10 | 3 3°0106 3°49 (22) | 

20 | 3 3°0022 3°23 (2) | | 
50 3 3°0003 3-089 3°23 (? 3°46 (22) | 3-692) 
100 3 30000 3111 3°22 (2) 3°33 (?) 
250 3 - 3°017 3°044 3-086 37125 


: 
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The Coefficients B, and B, for the Standard Deviation, Table V. 
(B, = d#/d8, B,= 3 + dy/d,?). 

For the normal population the values of B, agree closely with those given in 
Biometrika, Vol. X., but as the single term in d, contains the factor ag which is zero 
in this case, the values for B, obtained from (17) are all equal to 3. The con- 
vergence of the expression for d; is not satisfactory except for large samples, and 
therefore the values of B, can hardly be treated as accurate until we have reached 
a stage where for most purposes they could be taken as zero. There is no check 
on the degree of convergence of d,, so that no great reliance must be placed on 
the differences between B, and 3. The value of the formulae seems therefore to 


lie in giving a rough appreciation of how soon the distribution of standard deviations 
may be taken as normal. 


The Mean /8,(b,). Table VI. 


For samples from a normal or any symmetrical population this is zero. The 
quantity given in the first section of Table VI is the ratio of the Mean Sample /; 
to the Population ./f, or ,/a3 in Craig’s notation ; it tends to unity as V increases 
but not as quickly as the corresponding ratio for Mean s shown in Table III. For 
a given N the ratio changes only very slowly with increasing skewness. 


The Standard Error of 8, (ovg,= Vb2). Table VI. 

An expression for the standard error of 8, has long been used*; it is however 
only the first order term im an expansion and vanishes if the population be 
symmetrical. For this reason, when dealing with normal populations, the standard 
error of /8, has been employed; this to the first order is /6/N. Formula (18) 
provides in addition a second order term, namely for a normal population it gives 


The relative magnitude of these two terms for different values of N will be 
seen in Table II. The formula is also valuable in giving the standard error of 8; 
for skew Type III populations, provided the population be large enough. 


The Coefficient B, for the distribution of (By = Table V1. 

As the expression for bs in (18) contains only one term, there is no means of 
judging at what point it becomes adequate, but clearly the convergence will be 
less satisfactory than for bg. The question-marks added to the figures in the third 
section of Table VI have therefore been somewhat arbitrarily assigned. It seems 
probable however that there is considerably greater skewness in the distribution 
of /8, than in that of s. 

Dr Craig has referred at the end of his paper to the inaccuracy that would be 
involved by inserting into the formulae for the semi-invariants high powers of ag 


* Phil. Trans. A, Vol. 198, 1902, p. 278. Numerical values are given in Tables for Statisticians and 
Biometricians. 
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Frequency Constants for Sampling Distribution of »/Px. 
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(Mean sample ,/8,)/(Population ,/8,) =), /a; 


Standard Error of 


| | amos | | wars | | pinto | 
20 *7390 (2?) "46 (22) — 
50 8732 (%) | °8711(?) | °8696(2?)| °8707 “32 (2) "33 (72) 

100 *9329 *9298 9252 (2) | °9213(?) °237 26 (2) (2) — 

250 9722 “9705 “9678 9651 172 (2) “23 (22) “27 (2?) 

500 ‘9860 “9820 "109 “144 “175 “20 

1000 9929 “9925 ‘9917 “9909 “O77 088 “103 149 
B,=b,2/bs3 

20 0 — 
100 0 89 (2?) — = — 

250 0 “26 (2) “94 (2?) 
500 0 ‘119 "39 (2) pers 2°00 (2) 
1000 0 057 “180 456 (2) 


= 
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determined from the sample. In practice however the difficulty is perhaps not so 
serious as he believes, for an exact appreciation of the higher moments of the 
population is not really necessary. The value of this work of his and of similar 
research lies mainly in the light thrown on the manner in which the distribution 
of frequency constants in samples varies with changes in population form. Standard 
errors are associated with a population and not a sample, and it will be found that 
the answer to many statistical problems must be obtained not by assigning a 
standard error to the sample constants, but by considering the following question. 
Is it or is it not likely that the observed sample could have been drawn from a 
population of a certain specified form? If, for example, we believe that a sample 
with a given 8, comes from some Type III population, we do not need to assign 
a standard error to this /8,, but rather to find out two limiting population para- 
meters a, and a’, the one above and the other below ./f,, such that 


a3 — /8y= koya, and 1/8; — = 


the two standard errors being associated with a; and as respectively*. That is to 


say we insert into the formula for b, of (18) not a sample value of a3=1/8,, but 
certain hypothetical population values, 


* The values given to k and k’ will depend on the probability limit which is chosen, and on the 
degree of skewness in the sampling distribution of ,/8,. Certainly this latter is difficult to ascertain, 
and we may often have to be content with putting k=k’=3, say. 
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1. Introduction. 


The first attempt to obtain a prediction of stature from measurements of the 
long bones on the basis of the correlational calculus was made by Pearson in 1898+. 
The particular problem that Pearson set himself to solve at that time was that of 
reconstructing the stature of prehistoric races. The only data then available for 
calculating the necessary coefficients of correlation between human stature and 
long bones, and between the various long bones themselves, were those provided 
by Rollet in his work De la Mensuration des Os longs des Membres, Lyons, 1889, 
and it was from the means, standard deviations, and correlation coefficients of this 
French material that Pearson’s original stature regression formulae were derived. 
The question of applying formulae of one local race to another was carefully con- 
sidered. Pearson in the course of his discussion of this question in the original 
paper states that “the extension of the stature regression formulae from one local 
race—say, modern French—to other races—say, palaeolithic man—must be made 
with very great caution,” nevertheless such extension was deemed theoretically 
permissible on the assumptions (1) that stature represents an indirectly selected 
racial character, and (2) that whereas regression formulae in general might be 
expected to change from one race to another yet certain of these, viz. regression 
formulae of indirectly on directly selected characters, should not change; while in 
the case of others, where mere size is the chief factor involved, the differences 
encountered should be only of the second or third order of small quantitiest. 
These conclusions seemed to find practical justification in the trial application of 


* Formerly Peking Union Medical College, Peking, China. 


+ “On the Reconstruction of the Stature of Prehistoric Races,” Phil. Trans. A, Vol. 192, 
pp. 169—244. 


t Loe. cit. p. 177. 
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the regression formulae based on the French data to the reconstruction of stature 
from the long bones in the case of such a widely separated racial group as the 
Aino. 

The accumulation of comparable osteometric data in the case of a second and 
distinct contemporaneous racial group, the Chinese, affords an opportunity of 
testing directly the validity of applying regression formulae derived from one 
branch of the human race to another. Without anticipating in too great a degree 
the conclusions arrived at below, it may be stated that the results of such a test do 
not sustain the early confidence in the general applicability of the particular regres- 
sion formulae in question to all racial groups. While such a conclusion may call 
for a general reconsideration of the premises upon which the original assumptions 
were made, a more immediate implication lies in the desirability of working out 
specific regression formulae for different racial groups as soon as the necessary 
data become available*. Such racially specific formulae should not only better 
serve the practical end of more reliable predictions in the case of the groups 
for which they have been derived but should also, in their differences, provide 


a means of studying the direction and degree of organic differentiation among the 
racial groups thus studied. 


The present paper presents stature regression formulae specifically derived 
from Chinese data and compares these with Pearson’s original stature regression 
formulae based on Rollet’s French data. Use is made also of certain available 
constants for Aino and Naqada skeletons for a slightly wider comparison of racial 
variations in general, The writer gratefully acknowledges his personal indebtedness 
to Professor Pearson for his stimulating interest in the problem under consideration, 


and for his generous permission to make use of certain preliminary notes made by 
him on the same subject. 


2. Data and Treatment. 


The data necessary for the cz'culation of stature regression formulae in the 
case of the Chinese are to be found in the osteometric records based on the 
collection of Chinese osteological material in the Department of Anatomy of the 
Peiping Union Medical College of Peiping. The actual measurements were made 
by Drs Gerhard von Bonin and M. T. P’an. The writer assumes full responsibility 
for the calculation of the various constants, correlation coefficients and regression 
formulae based upon these measurements. Lack of adequate female skeletal 
material confines the discussion to males alone, and the material is further re- 
stricted to representatives of the North China population. 


* In this connection Professor Pearson states that he prepared many years ago a schedule for taking 
cadaver and long bone lengths in the post-mortem room, and sent it to a number of anatomists. 
It produced rothing at all in England. In Strasburg Gustav Schwalbe promised aid, and shortly before 
the Great War measurements had been made on 80 male and some 40 female subjects. Schwalbe died 
during the war, and Professor Pearson has been unable to find anyone who knows what has become of 
the material. The data which were in England in 1913 or 1914 were returned to Schwalbe as he thought 
he would be able ultimately to complete 100 cadavers of each sex. The rediscovery and reduction of 
these valuable data would be of great importance. 
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All measurements on the Chinese material were taken on well-macerated bones, 
with cartilage removed and after the lapse of ample time to ensure thorough drying. 
Maximum length measurements only are used, those of the tibia were made without 
the spine but including the malleolus. To render the Chinese formulae comparable in 
all respects to Pearson’s formulae for the French the measurements of the right 
bones only are used. Rigid rejection and selection in the interests of assured 
normality still further restricted the Chinese material finally used to forty-eight 
skeletons. The constants for the French, Aino and Nagada tabled together with 
those for the Chinese are taken in the first two instances from the original paper 
by Pearson (Joc. cit.) and in the last from the report of Warren on the Naqada race*. 

The theory of regression undoubtedly affords the most reliable method of 
determining the best prediction of stature from given measurement of the long 
bones. Thus if Xo, Z, be the mean values of the stature and the length of one of 
the long bones respectively as calculated from a sample of the population in 
question, likewise o9, o, their standard deviations and 79, the coefficient of 
correlation between them, then the most probable stature Xo to be predicted from 
a particular bone length «, is given by the simple regression formula 


n 
which may be transformed into 
> 
Xo= (X.- Ton Ty 


n 


+ Ton — 


n 
+ 

where ¢, and cz are constants specifically derived from the sampled values of the 
two variates under consideration. The probable error of this determination is 
6744905 V1—1ro,2 if the stature prediction is made for a single individual, or this 
amount divided by Vn if the «, used in the determination represents the mean of 
measurements on n individuals, as would be the case if the prediction of the most 
probable stature of a group or race is desired and the mean value of measurements 
on n individuals is available for the prediction. 

For the prediction of stature on the basis of given measurements of more than 
one bone, recourse must be had to the multiple regression formula, The most 
convenient working form of this formula is that in which the multiple regression 
coefficients are — in the form of determinants, viz. 


‘00 on 
where a... #, represent the respective an bones, and Ag... Ao, the minors of 
the determinant 
A= 1 To. «Tog Ton |> 


Ti0 Tyo Tin 


* Phil. Trans. B, Vol. 89, pp. 135—228. 
Biometrika xx1 
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in which ro... 70, represent the various correlations between stature and the 
different long bones, and ry... 7,1, the correlations between the bones them- 
selves. 


Substitution of the values of the variable factors concerned in formula (ii) 
transforms the equation into the form 


Xo = Cy + + Ln; 


where the stature is again expressed in terms of a linear function of the various 
ry 

long bone measurements. Formula (ii) has a probable error of ‘6744909 ms aA? 
00 


with a similar provision for reduction by Vn in the case of the determination being 
based upon measurements of more than one individual. 


3. Comparisons of Data involved in Stature Regression Formulae. 


It is quite obvious from a consideration of their derivation as shown above, 
that the constants c; and cz in the final regression formulae are functions of the 
respective racial means, standard deviations and coefficients of correlation. We 
will commence therefore with a comparison of these variates in the case of the 
French and Chinese (Table I). Flanking these values for the French and Chinese 
are those also of the Nagada and Aino, providing a wider basis of comparison of 
the general interracial differences in the characters concerned. 


The first thing to attract attention in the above table is the significant 
difference in cadaver length in the case of the French and Chinese. Lest the 
figure for the latter be suspected in error it may be mentioned that all the 
cadavers in the series in question are of Northern Chinese, whose mean living 
stature has been adequately determined as 168°830 cms.* In regard to the bone 
lengths of the French and Chinese only the humerus shows a difference that 
proves statistically significant, yet the consistently smaller value for the Chinese 
limb bones is particularly worthy of attention in the light of the reverse total 
body length difference noted above. The Nagada and Aino on different ends of 
the size scale show very marked differences in limb bone lengths. When the four 
races are grouped together as representing Mediterranean and Oriental racial 
stocks respectively a racial differentiation on the basis of shorter limb segment 
lengths in the case of the latter seems to be clearly indicated. 

As regards variability the table shows that the Chinese are both absolutely 
(cf. standard deviations) and relatively (cf. coefficients of variation) significantly 
less variable than the French. While the French and Nagada variabilities are not 
individually significantly different, the ancient Naqada considered as a whole show 


* There are well-demonstrated total size differences between the Chinese of different regions of 
China—those of Central and South China having mean statures of 165-1 and 163-0 cms. respectively as 
compared with the considerably higher stature of 168°8 ems. of the North. (This latter figure is based on 
unpublished data on eleven hundred individuals.) Cf. P. H. Stevenson, ‘‘Collected Anthropometric data 
on the Chinese,” China Medical Journal, 1925, Vol. xxx1x. pp. 855—898. 
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greater variability than the French. The Aino tends to agree in the main with 
the French and Naqada in being somewhat more variable than the Chinese. We 
may summarise the figures shown in this table by saying that the limb bones of 
the Nagada and French races are longer than those of the Chinese and Aino, 
and the Aino agrees with the two former races in exhibiting a greater variability 
than the Chinese. The possible influence of these differences on the regression 


formulae will be discussed later. 
TABLE L 


Stature (Cadaver) and Dry Long Bone Measurements. 


(Absolute measurements in cms.) 


Naqada() French) Chinese Aino() 
Means: 
Stature 166-260 + 0°525 168°923 + 0°528 157-900) 
Femur 45°930+0°170 |(%44°578 + 0°226 43°975+0°174 40°770 + 0-193 
Tibia 37°970+0°137 36°336 +0°172 36°248 +0°149 33°895 + 0-183 
Humerus 32°618+0°146 32°600 +0°147 31°073+0°115 29°502 +0°135 
Radius 25°697 +0°127 24°1744+0°112 23°779 + 0°096 22°9134+0°121 


Standard Deviations: 


Stature — 5°502+0°371 5°4244+0°373 

Femur 2°519+0°134 2°372+0°160 1‘788+0° 1°898 +0°136 
Tibia 1°877 +0°097 1°799+0°121 1°535 1°668 +0°129 
Humerus 1°701 +0°103 1°588 +0°104 1°182+0-081 1°343 +0°095 
Radius 1-290 +0°090 1:170 40-079 0-987 +0-068 17117 + 0-086 


Coefficients of Variation: 


Stature 3°309 + 0°223 3°2114+0°221 

Femur 5°484 +0°293 5°425+0°354 4-066 + 0-280 4°655 + 0°336 
Tibia 4°943 + 0°256 4°888 +0°330 4°2344+0°291 4°921+0°381 
Humerus 5°216+0°317 4°659 +0°314 3°802 + 0-262 4°552 +0°322 
Radius 5°021 +0°350 4°796 + 0°323 4°150 + 0°286 4°875+0°375 


(a) Taken from Warren, Phil. Trans. B, Vol. 189, 1897, pp. 135—19i. 


(b) Taken from Pearson and Lee, R. S. Proc, Vol. 61, 1897, p. 347 and Phil. Trans. A, Vol. 192, 
pp. 169 et seq. 


(c) This measurement of the Aino represents the cadaver length as estimated on the basis of a living 
stature of 156°7 ems. plus 1:2 ems., which is a proportional estimate of the amount figured by Pearson 
(loc. cit. p. 191) as the difference between living stature and corpse length. [The living stature given here 
is for the Yezo and Sachalin Aino, not for the Shikotan Aino.—Eb.] 

(d) The mean lengths given here for the French long bones are not based on the data given originally 
by Rollet but represent the mean lengths found by Pearson after the subtractions calculated by him 
(loc. cit. p. 195) as necessary to reduce the lengths of freshly autopsied bones with cartilages to the 
corresponding lengths of dry bones without cartilage and free of animal matter. Al! the measurements 
of long bones in this table are therefore strictly comparable. 
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TABLE II. 


Stature (Cadaver) and Long Bone Correlations (Males). 


Race Stature Femur Tibia Humerus Radius 
= | French 1 *8105 + °0327 ‘7769 + °0378 “8091 + ‘0329 + *0492 
 )Chiuese 1 “8036 + °0344 *8563 + “6128 + -0608 “6801 + °0523 
(Naqada 1 ‘9164+ | *84164+°0248 | *8465+ -0295 
French “8105 + °0327 1 *8058 + °0335 *8421 + °0277 *7439 + °0426 
5 Chinese *B036 + °0344 1 “8904 + ‘0202 ‘7377 + 0443 “6696 + °0536 
| Aino -- 1 *8266 + *8584 + 0274 “7891 +°0418 
Naqada -— 9164+ 0115 1 "8497 + °0218 | °8505+ °0247 
*7769.+ ‘0378 “8058 + °0335 1 “8601 + *7804 + °0373 
= Chinese *8563 + °0260 “8904 + °0202 1 “6866 + °0514 *7642 + 0405 
Aine "8266 + °0338 1 *7447 + "8655 + ‘0286 
(Naqada 8416+ 0248 | *8497+°0218 1 "8232 + 0308 
| French *8091 + ‘0329 | °8421+°0277 | ‘8601+°0248 1 *8451 + 
Chinese “6128 + ‘0608 ‘7377 + “6866 + °0514 1 “6715 + °0534 
= \Aino "8584+ | ‘7447+ 0481 1 "7763 + -0429 
{Nagada "8465 + "8505 + ‘0247 *8232 + ‘0308 
= | French “6956 + ‘0492 *7439 + ‘7804 + *8451 + °0273 1 
|Chinese | -6801 +°0523 “6696 + °0536 *7642 + *6715 + 0534 1 
| Aino “7891 + *8655 + 0286 ‘7763 + 1 


(a) French, Aino and Naqada values taken from Pearson, Lee and Warren as cited under Table I. 


We turn next to the correlations; these are given in Table II. It is to be 
noted at the outset that owing to the smallness of the members in the various 
series* the probable errors of the coefficients run high notwithstanding the high 
values of the correlations. Care must be exercised therefore in attributing significance 
to the differences observed. Of the correlations between stature and various long 
bones in the French and Chinese, only in the case of that between the stature and 
humerus do we find a difference approaching statistical significance, the difference 
here being 2‘9 times its probable error. A peculiar fact to be noted in connection 
with the stature long bone correlations in these two races is that whereas in the 
Chinese it is the distal limb segments that show the highest correlation with 
stature, the reverse is true in the case of the French. 


* The number of individuals figuring in the above correlations are Chinese 48, French 50, Aino 
varying from 32 to 39, Naqada varying from 24 to 88. 
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Turning to the correlations between the various long bones themselves we note 
that with the exception of that between femur and tibia all the Chinese correlations 
are smaller than the French. In addition to its low correlation with stature noted 
above the Chinese humerus seems to be significantly low in its correlations with 
other long bones also. Glancing at the correlations of the part of the Naqada and 
Aino groups we note that the Aino, except in the single case of the correlation 
between the humerus and tibia, is in closer agreement with the French and 
Nagqada than with the Chinese. These correlation differences are not great how- 
ever, and until confirmed (or otherwise) by data on other allied races should not 
have too great importance attached to them. 


The remaining constants necessary to complete the formulae are the combined 
lengths of femur plus tibia and humerus plus radius. These are: 


Femur plus Tibia Mean 8. D. Correlation 
Chinese... 80°223 3°231 “8515 
French 80°848 3°979 “8384 


Humerus plus Radius 


Chinese... 54°852 1-984 “7032 
French 56°738 2°536 ‘7973 


Having noted the racial differences in size, variability and correlations in the 
Chinese and French statures and long bones we are now ready to study the 
resultant differences in the respective regression formulae derived from them. 
Substituting in the generalised regression formulae (i), (ii) the appropriate racial 
means, standard deviations and correlation coefficients, we obtain the two series of 
regression formulae tabled together in Table III. The first constant in the French 
formulae has been recalculated to provide in each case the cadaver length (rather 
than the living stature) prediction*. The two sets of formulae are therefore strictly 
comparable in all respects. 


There is no need to pause over the individual differences in the corresponding 
constants in these regression formulae, such differences being expected in the 
nature of the case. Glancing at the probable errors it is to be noted that while in 


* The French formulae as given here differ slightly therefore from either of the two series derived by 
Pearson. His first series (loc. cit. Table VII) were ‘‘ Formulae for the Reconstruction of the Stature as 
Corpse, the Maximum Lengths of the F., H., R. and T. without Spine being measured with the Cartilage 
on and in a Humid State”; his second (Table XIV), ‘‘Living Stature from Dead Long Bones.” The 
French formulae as recalculated for this paper are for Cadaver Length from Dead (Dry) Long Bones, 
the same as in the case of the Chinese formulae. [The “ recalculation” should consist in adding 1°26 cms. 
to Pearson’s formulae for stature prediction (loc. cit. pp. 187 and 191). I do not understand how 
Dr Stevenson reaches a fourth decimal place in the constant terms, Pearson having only three, or why 
his values of the constant terms are far irom agreeing with Pearson’s constants plus 1-26 cms. Ep.] 
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the case of the French the best single bone prediction is to be had from the 
femur (a), in the case of the Chinese the best single bone prediction is to be had 
from the tibia (c). Further, whereas in the French the combination of the tibia 
with the femur, either by adding the two lengths together (e) or by using a 
bivariate formula (f), materially improves the prediction, in the Chinese no 
appreciable gain in accuracy is to be obtained through combining any other bone 
with the tibia. In the French the excellent prediction on the basis of the bivariate 
formula (7) is hardly improved upon by using all the bones (k). In the Chinese 
the best prediction of all is based on all the bones (4). 


TABLE III. 
Prediction Equations for Cadaver Lengths from Dry Long Bones. 


From Chinese Data From French Data 

(a) C=61°7207 + 2°4378 F +2°1756 (a) C=82°5661+1°880 +2°174 
=81°51154+2°8131 +2°8903 (b) =71°91564+2°894 1 +2°181 
(ce) =59°22564+3-0263 7’ +1-8916 (ec) =79°9257+2°376 T +2°337 
(d) =80°027643°7384 R +2°6791 (d) =87°1868+3:271 R +2°666 
(e) +7’) +1:9214 =72°557241°159(F+7) +2°023 
(f) =55°3865+0-°6024 “42-4014 7'+1°8605 (f) =72°7052 41-220 +1-080 7’ +2°030 
(g) =63°4865 + 1°9222 (47+ + 2°6529 (g) =68°1033 + 1°730 (7+ R) +2°240 
(h) =64°427241°3052 17+ 2°6889 R+2°5691 (hk) =71°2767+2°769 H4+0°195 R +2°179 
(4) =59°7828 + 2°3397 #40°2012 H+2°1747 1°557 7+1°962 
(J) =57°19544+2°8594 +0°3398 +1°8838 (j) *=73°7659 + 1°831 7'4+1:074 +2°276 
(k) =52:2596 +0°6640 +2°2065 7' (k) =68°3990+0-913 F +0°600 7' 

—0°1008 1+0°4464 +1°8201 +1°225 H-—0°187 +1°961 


4. Application of Formulae of one Race to another. 

We pass now to the question of applying formulae specifically derived from 
data of one race to prediction in the case of a second. The first test of such 
application is found in Table IV. The probable errors of the predictions herein 
tabulated are for 48 and 50 individuals respectively. It is to be seen at a glance 
that the average Chinese stature prediction from French formulae is over 4 cms. 
too small, and that of French stature from Chinese formulae about the same 
amount too large. These differences are of an order of more than seven times 
their own probable errors, and are quite obviously too great to justify the application 
of French formulae to Chinese or vice versa. In fact such a difference indicates 
a statistical improbability of the order of several millions to one that the formulae 


of one of these two races will provide a satisfactory prediction of the stature of an 
individual belonging to the other. 


It will be of interest to review briefly at this point the various racial factors 
entering into the derivation of these formulae, with the purpose in mind of 
determining which are responsible for the failure of the formulae of one of the 
two races in question to provide suitable predictions in the case of the other. 


[* This formula seems to me erroneous ; it has been worked out for cadaver length and humid bones 
with cartilages attached. I think the constant term should be 74864. Ep.] 
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In this connection we must take note of differences in absolute size, absolute and 
relative variabilities, correlations between the factors involved, and the racial 
differences in stature-limb proportions. We will briefly discuss these points, as 
far as our data permits, in the reverse order of that just named. 


TABLE IV. 
Trial Reconstruction of Stature (Cadaver Length). 
Formula Chinese from French | French from Chinese 

True Value 168°923 + *528 166°260 + °525 
(a) 165°239 + °314 170°247 + °307 

(b) 161°841+°318 173°218 + 

(e) 166-051 + °307 169-190 + 

(d) 164-968 + °384 170°400 + *378 

(e) 165°536 + 169°825 + 
(f) 165-502 + -293 169-461 + 
(9) 162°997 + °323 172°617 + °375 

(h) 161-955 171-978 + °363 

163°323 + *283 170°501 + 

(J) 165°675 + °328* 169-309 + 

(k) 163-915 + 169°500 + -257 
Mean (a)—(k) 164:273+°312 170°568 + “315 


(a) Influence of Differences in Stature-Limb Proportions. With shorter limb 
bones the Northern Chinese are nevertheless taller than the French. The question 
immediately arises as to the possibility of judging in advance as to the applicability 
(or otherwise) of formulae of one race to a second on the basis of similarity or 
dissimilarity of the sitting height-stature index}. At first sight this suggestion 
seems reasonable on the grounds that the sitting height-stature index, by definitely 
indicating the total lower limb-stature proportion, might be expected to provide 
an indication of stature-limb proportions in general. The natural assumption would 
be that the greater the difference between two races in the sitting height-stature 
index the less likely would the formulae of either race prove applicable to 
the other. 

To test this assumption it is necessary to have recourse to stature reconstruction 
data on a third race, as well as the sitting height-stature indices of all three races 
under consideration. The racial variables given for the Aino prove useful for this 


{* This value should, I think, be 166-773, raising the mean to 164°383. Ep.] 

+ Professor Pearson in commenting on the proportionately shorter limb bones of the Chinese says : 
‘*Their vertebral columns must be relatively longer, and accordingly their index: 100 sitting height/ 
standing height, should differ very sensibly from that of the French. Before applying our French 
reconstruction formulae to a second race, it would certainly be wise, where it is possible, to test whether 
the above index is approximately the same for the two races.” 
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purpose. Table V presents the parallel series of Aino stature reconstructions on 
the bases of the French and Chinese formulae respectively, and Table VI contains 
the figures necessary for an estimate of the influence of sitting height-stature 
index on the applicability of the Chinese and French regression formulae to each 
of the three races. The sitting height-stature indices for the French and Aino are 
taken from Martin*, that for the Chinese from the writer's unpublished data 
on over one thousand Chinese. 


TABLE V. 
Aino Stature Predictions. 

Formulae French Chinese 
(a) 159°214 161°110 
(b) 157°294 164°503 
(e) 160°460 161°802 
(d) 162°135 165°685 
(e) 159-094 160-978 
(f) 159-051 161°342 
(9) 158-781 164239 
(h) 157°436 164°544 
(i) 157°576 161 °108 

(J) 160°436 161901 
(k) 157°814 161°375 
Mean (a)—(h) 159°026 162°599 


TABLE VI. 
Influence of Sitting Height-Stature Index. 


| Predicted Statures from 
Sitting Height- Actual | 
Race Stature Index Stature + 
| Ch. Formula Diff. Fr. Formula Diff. 
French 51°9 166-260 170°568 4°308 
Chinese 53°9 168°923 164°273 4°650 
Aino 54°8t 157°900 162°599 4°699 159°026 1°126 


The results shown in Table VI are interesting and not a little surprising. 
The sitting height-stature index of the Aino, as is well known, is very high. This 
race in fact represents one extreme in trunk-limb proportion. The index for the 
Chinese is much nearer the Aino than either of these is to the French. On the 


* Rudolf Martin, Lehrbuch der Anthropologie, 2nd edition, Vol. 1. p. 339. Jena, Gustav Fischer, 1928. 
+ Cadaver length, 


[{ I do not see why the Shikotan Aino should be cited by Martin, nor used by Dr Stevenson ; Koganei, 
who took the measurements, considers this value exceptional, and gives for the Yezo Aino 52:4 and for 
his general Aino mean 52-7, which place the Aino nearer to the French than to the Chinese. Ep.] 
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assumption stated above the Chinese formulae should give a much better prediction 
of Aino stature than the French formulae. The fact is, however, that the pre- 
diction of Aino stature by use of the French formulae, in spite of the wide 
divergence in sitting height index, is very much better than that given by 
the Chinese. 

It may be objected with reason that the index in question is concerned only 
with relative proportions of the lower limbs to,the stature. Using the formulae 
based on lower limb segments alone might therefore be expected to give a better 
Aino stature prediction from the Chinese than from the French formulae. But 
Chinese formulae (a), (c), (e) and (f), in which the lower limb segments alone 
are involved, give an average prediction of Aino stature of 161308 as against 
159-454 cms. given by the same formulae of the French; the actual stature being 
157-90 cms. Clearly we must conclude that the sitting height-stature formula 


fails singularly as a criterion of the applicability of racial formula from one race 
to another, 


TABLE VII. 


Comparison of Separate Limb Segment-Stature Ratios. 


Femur Humerus Tibia Radius 
French *2678 "1961 *2185 71454 
Chinese... *2603 +1839 "1468 
Aino "2582 “1868 *2147 “1451 


But there are other much more critical limb proportion tests than the one just 
used. Table VII for instance gives a comparison of the separate limb segment to 
stature ratios in the three races under consideration. Here it is to be noted that 
with the single exception of the radius the Aino and Chinese are again nearer to 
each other than either is to the French. Excluding the formulae containing the 
radius should therefore, if limb proportions play an important réle in determining 
the applicability of formulae of one race to another, provide a better prediction 
of Aino stature from the Chinese than from the French formulae. The average 
Aino statures predicted from formulae without the radius, however, are from the 
French formulae 158°781 cms., and from the Chinese 161°807 ems. The French 
formulae still give the better prediction. 


The results just noted suggest a still further step in limb proportion analysis. 
Table VIII gives a comparison of the stature and individual limb segment ratios 
of the Aino and Chinese, each with respect to the French. The total size differences 
between the two races obscure the comparison in the first two columns, but when 
the Aino ratios are adjusted to what they would be were the statures of the two 
races the same—i.e. multiplying each by the factor ‘necessary to equalise the 
statures, as is done in the last column of the table—then the relative ratios of 
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the Aino and Chinese limb segments to the corresponding French limb segments 
are indicated clearly. The results are the same as those noted above, namely, 
except in the case of the radius, the Aino and Chinese limb segments bear 
practically the same proportions to the French. The Chinese should, on this basis, 
have as good prediction values from the French formulae as the Aino. 


TABLE VIII. 


Stature and Limb Segment Ratios of Aino and Chinese respectively to French. 


Aino Chinese Aino (a)* 

} 

| 
Stature "9497 1:0160 1°0160 
Femur “9158 ‘9878 “9797 
Humerus ... “9050 "9532 ‘9681 
Tibia “9329 *9976 “9980 
Radius ‘9478 *9837 1:1040 


The evidence just presented leads us to the conclusion therefore that racial 
similarities or differences in limb segment and stature proportions, or limb segment 
proportions pen se, are not the chief factors concerned in the question of the 
satisfactory application of stature reconstruction formulae from one race to another. 


(b) Influence of Size, Variability and Correlation. It is not difficult to show 
that the values of the different constants in the various regression formulae depend 
upon the means, standard deviations and correlation coefficients of the racial 
characters involved. The following form of the regression equation— 


Og ag 
= — Ta "op — 
S= (Ms — rsx Mp) + 


| + 


where S and B represent the stature and one of the long bones respectively, and 
Mg, and Mz, og and ag, and rgz their means, standard deviations and correlation 
coefficienis—expresses clearly this intimate relation between the ultimate values 
of the constants c, and c, and the various racial variables. Thus the first constant 
(c,) is seen to be a function of all five variables, while the second (cg) is the 


regression coefficient itself (rsu 28). Although it is possible to formulate a 
B 


mathematical proof of the influence of single or associated deviations in the case 
of each of these racial variables on the derived constants, yet the empirical results 
given in Table IX will suffice to demonstrate the general character of the resultant 
changes brought about in the constants by the indicated changes in the respective 
variables. 


* Adjusted to Chinese stature equivalents. 
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TABLE IX. 


Influence of Variations in Racial Size, Variability and Correlations 


on Regression Constants. 
A. VarIations IN Size. 


(a) Of stature. 
Stature Long Bone Equation Constants 
Mean ‘§..D. Mean §8.D. Cy 
a 160°00 5°00 45°00 2°00 *80 70°00 
a 165-00 ” ” ” ” 75°00 ” 
a 17000, 80°00, 
(6) Of long bone. 
b 165°00 43°64,  — 
b ” ” 45°00 »” ” 75°00 ” 
b 46°36, 7228, 
(ec) Of both stature and long bone, in same direction, 
as 
(d) Of both stature and long bone, in opposite directions. 
d 160°00 46°36, 67°28, 
d 165°00 45°00, 75°00, 
d 17000, 43°64 ,, 82-72, 
—-——-- 
B. VARIATIONS IN VARIABILITY. 


(a) Of stature. 


a 165°00 4°00 45:00 2°00 “80 93°00 1°60 


(b) Of long bone. 


1°60 52°50 2°50 
b 99 2-00 75°00 2°00 
b 2°40 90°00 1°67 


(ec) Of both stature and long bone, in same direction. 


4-00 1°60 75°00 2-00 
5-00 2-00 75°00 2-00 
6:00 » 75°00 2-00 


(d) Of both stature and long bone, in opposite directions. 


d 4:00 2°40 »  105°00 1°33 

d 5-00 2-00 75-00 2°00 

d 6-00 1°60 30°00 3-00 
C. VARIATIONS IN CORRELATIONS. 

a 165°00 5:00 45°00 2°00 ‘70 86°25 1°75 

a ” ” ” 80 75°00 2°00 

a 90 63°75 2°25 
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If we start with a set of hypothetical racial values—e.g. for stature, let the mean 
be 165°00 cms., s.D. 5°00; for the long bone (femur), mean 45:00, s.D. 2°00; corre- 
lation rs, ="80; the regression equation being S = 75°00 + 2:00 F—then Table IX 
shows in the last two columns the changes that occur in the values of the two 
constants of the regression equation incident upon the various changes in the 
racial variables indicated in the sub-headings of the various sections of the table. 
The centre row of each section repeats the hypothetical values just given; the line 
above this centre row shows the effect of a decrease in the variable concerned, the 
row below the effect of an increase. Variations in size and variability in the case 
of the femur are proportional to the variations arbitrarily chosen for the stature. 
The various ranges of variations chosen for illustration are all of them perfectly 
normal and likely to occur in the light of the racial values given in Tables I 
and IT and experience with other racial data. 


A glance at the results given in the last two columns of Table IX (p. 315) shows 
several things. In the first place, as is easily understood from a knowledge of 
the derivation of the constants, variations in size (cf. Section A of the table) 
affect only the first constant. Any variation in the first variable alone, for instance, 
results in a change in ¢, corresponding both in amount and in direction, while 
a variation in the second variable alone produces a change in the opposite direction 
in the constant and of an amount determined by the regression coefficient 


(rss 2). It is in the case of differences in the sizes of both variables and in 


opposite directions, cf. A (d), that the greatest change occurs in the constant. It is 


in this latter category, it so happens, that the stature and long bone differences 
fall in the case of our French and Chinese material. 


Differences in variability (cf. Section B of the table) affect both constants 
except when the differences are exactly proportional and in the same direction, 
Furthermore, the resultant changes in the first constant are considerably larger 
than those resulting from differences in size only. The balancing effect of pro- 
portional differences in both variables and in the sam~ direction is also to be noted, 
cf. B(c), although this fact is easily explainable by the particular relation these 
variables bear to each other (zs 

to those of the French the variabilities of our Chinese material may be considered 
as falling into category B (b) of the table. 


) in the derivation of the constants. With respect 


The effect of variations in correlation are shown in Section C of the table. 
Both constants are affected, and always in the same direction. 


Although there is nothing in the above table that a knowledge of the theory 
of regression would not have anticipated, yet the results tabulated therein make 
possible a very simple visualisation of the relative influence of common racial 
variations in size, variability and correlation on the two regression formula 
constants. In actual practice, however, matters are rarely as simple as indicated 
in the table, owing to the fact that we usually meet with various combinations of 
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differences in all three of the variables at once. Considering the human family at 
large it must be realised that the possibilities of such combinations are practically 
infinite. Judgment in advance of the applicability of regression formulae of one 
race to a second, except in rare cases of practical agreement in respect to all 
factors concerned, would seem to be most difficult, if not impossible. Fortuitous 
combinations of differences in size, variabilities and correlations in the case of 
widely separated races may occasionally provide an equally fortuitous combination 
of regression equation constants that may yield otherwise quite unexplainable 
results in regard to applicability of the regression formulae of one to the other of 
the two races. It is suggested here, though certainly not proven, that such a 
fortuitous combination of circumstances, especially in regard to variability and 
correlations, is operative in the case of the French and the Aino. The urgent 


need of similar regression formulae for a much wider range of racial groups is vital 
to the problem in hand. 


5. Conclusions. 


__ Aseries of Chinese stature and long bone regression formulae, based on associated 
measurements of the cadaver length and dry long bone lengths of forty-eight Chinese 
male skeletons, is presented herewith (Table X). These formulae, together with the 
racial variables involved in their derivation, are compared with a similar series of 
regression formulae derived by Pearson from French data. 


The validity of applying regression formulae of one racial group to a second is 
tested by the trial application of each of these two sets of formulae to stature 
predictions in the case of the opposite race. An analysis of the factors underlying 
the resulting failure of the formulae of one race to give satisfactory prediction 
results for the second is then attempted. Through the application of each of these 
two sets of formulae to a third race, the Aino, the influence of such factors as 
(a) stature-limb proportions and individual limb segment proportions and (b) varia- 
tions in racial size, variabilities and correlations on the respective prediction results is 
noted. Differences or similarities in stature-limb proportions or the intersegmental 
proportions of the various limb elements seem to play a minor réle in determining 
the applicability of racial formulae of one race to another, although this phase 
of the subject requires much more study than it is possible to give to it at present 
on account of the lack of suitable data, The influence of common racial differences 
in size, variability and correlation, especially of the second of these factors, is noted 
in the case of a tabulated résumé of the variations observed in regression constants 
incident upon variations in the underlying racial factors just mentioned. 


Lastly, the urgent need of additional data in the form of similar series of 


regression formulae based on comparable material for other races is strongly 
emphasised. 
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TABLE X. 


Chinese Statures (Cadaver Lengths) and Right Long Bone Measurements. 


Cad. No. Stature Femur Humerus Tibia Radius 
20 159°2 41°7 30°4 34°3 22°3 
j 159°6 43°3 30°6 35°1 23°9 
94 159°7 41°9 29°6 35-0 22°8 
&8 160°0 41°7 29°8 33°2 22°5 
14 161-0 41°1 28°5 34°2 22°7 
81 161°5 43°0 32°2 34°7 22°7 
84 163°1 30°9 34°3 33° 
23 163°7 41°3 29°8 33°6 23°5 
90 164-7 43°2 30°7 35°9 23°8 
30 165-0 43°8 34-6 23°4 
36 165-0 43°8 30°9 35°0 23°1 
49 165-0 43°5 30°6 36-4 24°4 
83 165-4 39°5 30°2 34-4 22°8 
74 165°6 43°4 31°6 36°2 23°0 
76 165-7 44°1 30°5 35°4 23°4 
28 165-7 43°4 29°5 36°5 23°1 

109 165°9 42°5 30°2 35°3 24°] 
106 166-7 42°6 31°8 36°2 24°6 
46 167°1 43°4 30°0 35°3 
99 168-0 42°5 30°5 35°1 22°5 
34 168-0 43°8 31-4 35°5 22°9 
79 168°2 41°7 31°7 35°1 24°8 
95 168-2 44°29 37°2 24°] 
37 169°0 28°3 35°6 22°2 
56 169°0 14°2 31°6 36°5 24-0 
92 169°1 43°1 31-1 35°U 22°3 
48 169°7 42°8 29°9 34°9 23°2 
18 170-0 44°3 36°2 25°3 
73 170°1 45°*1 31°5 37°2 24°4 
54 170°3 43°5 37°1 24°0 
110 170°5 33°2 37°5 24°3 
22 170°5 46°7 32°6 38°4 24°5 
29 170°5 42°6 30°6 35°4 24°6 
31 171°0 46°0 30°9 37°8 24°] 
7 172-0 44°8 31°6 37°4 24°5 
114 172°2 14°8 B04 37°5 23°7 
80 172°5 44°7 36°2 23°3 
100 173°5 44°4 3i°l 36°4 23°5 
53 173°7 45°2 31°6 37°4 25°0 
35 174°0 45-4 31°3 37°2 
72 17471 45°4 31-0 37°0 24°2 
69 174°7 44°9 32°6 38°3 24°5 
75 175'8 46°8 33°0 38°6 
97 176°5 45°1 30°2 37°9 23°7 
21 176°5 45°4 32°3 37°8 25°7 
102 F771 47°2 33°2 39°0 25°3 
101 180°0 48°0 32°7 39°1 24°5 
40 184°0 48°8 34°5 40°0 25°8 

Mean 168°9229 43°9750 31°0729 36°2479 23°7792 

5°4243 1°7881 1°1816 1°5348 0°9868 

of V 32111 40662 3°8024 4°2343 4°1499 
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Nore. I think there should be some hesitation in accepting all Dr Stevenson’s 
conclusions. I am prepared to admit that better results for the regression formulae 
will be obtained by applying the formula peculiar to a race itself than by applying 
a formula arising from a second race. Yet the results of Table IV seem more 
divergent than I should consider possible, and become more remarkable when we 
notice how well the French formulae reconstruct Aino stature. Dr Stevenson tells 
us that the stature of the Northern Chinese (measured on 1100 individuals) was 
168°830 cms. I should expect the cadaver length therefore to be about 170°090 cms. 
The cadaver length of the 48 subjects was 168-923, corresponding roughly to a 
stature length of 167°7. The 1-1 cms. difference in stature between the general 
population of Northern China and the post-mortem room population may be 
possible ; such a population is usually not a random sample from a general population. 
On the whole, however, it would be desirable to discover whether the cadaver length 
was measured by Rollet and by the Peiping anatomists in the same manner. If this 
really were so, then it must follow as far as I can see that it is the correlation of the 
vertebral column with the stature which is affecting the differentiation in the 
racial results. The sitting height index would be a sign of racial differences in the 
vertebral column, and I suggested it might possibly be a measure of whether a 
racial formula could reasonably be applied from one race to a second. To this 
Dr Stevenson gives the reply that whereas the French formulae give Aino stature 
with fair approximation, the Chinese formulae do not, although the Aino and 
Chinese sitting height indices are fairly close to each other and divergent from the 
French. To this the answer must be that we do not know adequately the sitting 
height index of the Aino, whose long bones were measured. If they were Shikotan 
Aino with a sitting height index of 58-4, then their average living stature was 
1579 cms. (not the 156°6 of the Yezo and Sachalin Aino), corresponding to 
159-2 cms. cadaver length, which is astonishingly close to the value 159°0 of the 
French prediction. 


To surmount this difficulty Dr Stevenson introduces his Table IX, in which he 
gives arbitrary values to his stature, long bone lengths, standard deviations and 
correlations and calculates the new regression coefficients ; he infers that because 
these quantities are not the same for two different races, it is due to the actual 
means, standard deviations and correlations not being the same. As I have said 
Dr Stevenson gives arbitrary values to these quantities and shows as a result that 
the regression coefficients will be modified. Let us look at this a little more closely. 


Intraracially there exists a high correlation between stature and long bones, 
also between their standard deviations and correlation coefficients; there is also 
correlation between individual standard deviations and between individual corre- 
lation coefticients. If the distribution be non-normal there may be correlation even 
between the means themselves and these other constants. It would therefore be 
quite impossible within the race to take a group from the population with the sort 
of changes denoted by those in Dr Stevenson’s Table IX, for the odds against their 
coexistence would be in most cases excessive. 
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Now let us turn to interracial data, that is to say to tables based on racial 
means, from which the standard deviations, correlations and regression equa- 
tions of racial means are derived. These interracial constants are determinable, 
and have been determined in a certain number of cases. In the matter of stature 
and long bones, the correlations are likely to be high, the race with short average 
stature will have short average long bones and the tall races will have greater average 
long bones. Further the interracial standard deviations will usually be smaller than 
the intraracial standard deviations. Means have not such a wide range of distribution 
as individuals—the individuals belonging to a race stretch out over a wide range 
which may cover the whole range of interracial means. 


It is accordingly not possible for Dr Stevenson to give arbitrary changes to his 
means, standard deviations and correlations ; all these quantities in the interracial 
tables will be correlated and they cannot be measured by the scale of intraracial 
standard deviations, and treated as possible systems of change for other races. 
I feel fairly confident that a race with stature 160-0 cms. and femur length 46-4 cms., 
and one with 170-0 cms. of stature and 43°6 cms. of femur, are so improbable that 
Dr Stevenson will search the world for them in vain. The fact that interracially 
stature and femur have standard deviations of order 5-0 and 2-2 cms. respectively 
does not justify us in attributing changes of this order in combination to racial 
means. 


One further point, let us suppose that we were in possession of a multiple 
regression equation for the group of men from whom by a process of selection we 
believe all races of mankind to have sprung. Let it be 


S=Cot + Cn Xn, 
where § is the probable stature of the group in this race which has skeletal parts 
represented by a, #2, ... @,. Then if these skeletal parts include all those which 
have been directly selected in the course of evolution, the regression equation for 
stature would remain the same in all races, although the means, standard deviations 
and correlations might change in a great variety of ways*. The regression co- 
efficients would be unaltered by the selection ; in other words they have a stability 
far higher than that of means, standard deviations and correlations. If these 
regresssion coefficients change it must be because some other skeletal parts 
#n41, Un4g, +++ Zp» not included in our formula, but highly correlated with stature, 
have been selected. The divergence therefore between the stature-prediction 
formulae for the French and Chinese must be due to one or more skeletal 
parts, which are highly correlated with stature, having been omitted from the 
formulae. If we consider the parts of the skeleton not taken into consideration, 
and which suggest selection, we naturally turn to the vertebral column as the 
most important. Of course the pelvic and cranial heights might present appreciable 
correlations, but the first subje:t for study seems to me the vertebral column. At 


* Pearson, ‘On the Influence of Natural Selection on the Variability and Correlation of Organs.” 
Phil, Trans. A, Vol. 200, 1902, p. 21. 
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present nobody knows the correlations between individual vertebrae, nor the 
correlation between any individual vertebra and the total length of the column. 
It is quite possible that it might not be needful to use all the vertebrae, but that 
the correlation of stature with the height of one or two vertebrae might be nearly 
as efficient as measuring the whole series. The investigation would be well worth 


while making, if the Chinese material extends to measurements on the vertebral 
column. 


Unfortunately Dr Stevenson being in Peiping I cannot talk matters over with 
him and I am uncertain whether his conception of bones “free of animal matter” 
quite coincides with the view I had in my memoir of 1898. Still I do not think 
that the corrections he has made in this respect would materially alter the difficulty 
that my formulae while giving good results for the Aino give bad ones for the 
Chinese, but on the other hand his formulae for the Chinese give bad results for 
both French and Aino. Some light might possibly be thrown on our difficulties 
could we ascertain from hospital data the true relationship of living stature to 
corpse length for the Chinese. It is a case where far more data and far more 
research, especially as to the part played by the vertebral column, are requisite. 


Biometrika xx1 22 
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MEASUREMENTS OF MACEDONIAN MEN. 
By MARGARET M. HASLUCK, B.A., anp G. M. MORANT, D.Sc. 


I. Introduction, by M. M. Hasluck. 


THE measurements analysed in the following paper were made in 1921—3 in 
what Professor Ripley once called * the “practically unworked” field of South-West 
Macedonia. Its extreme boundaries may be given as the River Vardar (the ancient 
Axios) on the East, the Pindus mountains on the West, Mount Olympus and the 
Thessalo-Macedonian frontier on the South, and Mount Kaimakchalan and the 
Graeco-Serbian frontier on the North. The whole region was transferred from 
Turkish to Greek sovereignty after the Balkan wars of 1912—3, and it has an area 
of some seventy square miles. 


Measurements were made among six different groups of people, who have been 
called respectively Greeks, Vlachs, Christian Bulgars, Mohammedan Bulgars, Turks, 
and Greek-speaking Mohammedans. These names divide the groups into Christians 
and Mohammedans according to their religion, and into Greeks, Vlachs, Bulgars, 
and Turks according to their language. The Rumanian patois spoken by the Vlach= 
(i.e. Wallachians) is meant by the Vlach language. 

The linguistic touchstone which gave these names was the language spoken at 
home by the women. The additional language or languages spoken by some women 
and many men were ignored as adventitious accomplishments. The three Christian 
groups belong to the Eastern or Orthodox church. The vast majority of the 
Mohammedans are Sunnis, only half the small group of Greek-speaking Moham- 
medans and a very few Turks being Shiahs (of the Bektashi Order of dervishes). 
The Greek-speaking Mohammedans and the Mohammedan Bulgars are respectively 
Greeks + and Bulgars{ who abandoned Christianity for Mohammedanism at least 
two hundred years ago§. From the linguistic point of view the six groups are thus 
only four. 

The Turks descend from Asiatic Turks who came to Macedonia from Asia 
Minor a little before A.D. 1400. Some of these early Turks were cavalry in the 
service of Sultan Murad I{! (r. 18360—1389), the Turkish conqueror of Macedonia, and 
of his son Sultan Bayezid 14 (x, 18389-1402), and others were colonists imported by 
Sultan Bayezid with their wives and children to keep down the conquered natives **. 

* Races of Europe, London, 1900, p. 422. 
+ Wace and Thompson, Nomads of the Balkans, London, 1914, pp. 29—30. 
t Colonel W. M. Leake, Travels in Northern Greece, London, 1835, ru. p. 270. 


§ The evidence will be set out in detail in the book which the observer hopes to write on the folklore 
of the Greeks, Turks, and Albanians in the Western Balkans. 


|| Chaleondyles, De Rebus Turcicis, 1. p. 52 B and c—p. Further details will be found in the 
observer’s book, 


{ Ibid. u. p. 52 B. ** Ibid, m1, pp. 31 B, 53 a. 
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The Bulgars, coming from the Volga to the Danube and then sweeping south and 
west across the Balkan peninsula, made themselves masters of Macedonia about 
A.D. 850*. The Slavs with whom they fused+ had come there towards the close of 
the sixth century}. The Vlachs are not mentioned until just before a.p. 600§, but 
their Latin language shows that they are older||.. The Greeks are at least as old as 
the Vlachs. An Albanian strain of recent origin is traceable among the Greek- 
speaking Mohammedans{, and possibly a Pecheneg (Russian) strain dating from 
A.D. 1091 among the Mohammedan Bulgars of Karajova (Moglena)**. 


Intermarriage between any two of the six groups is so rare in normal times as 
to be biologically negligible++. The Christian women reputed to have been carried 
off to Turkish harems have not been seen in the harems by impartial witnesses and 
seem to have existed mainly in the imaginations of propagandists eager to inflame 
Christian Europe against the Turkish Government. The Christian Macedonians 
denied the existence of such women. In times of disturbance on the other hand, 
after an abortive or an actual rebellion or after a war of conquest, intermarriage 
may have occurred on a biologically important scale. For instance, all the Turkish 
cavalry of the early sultans can hardly have brought their wives with them like the 
colonists of Sultan Bayezid}}, and they may safely be presumed to have taken 
native women to wife. The same is probably true of the conquering Slavs and 
Bulgars. 

Since the Mohammedan Bulgars and the Greek-speaking Mohammedans are 
only islands in a surrounding sea of Christian Bulgars and Greeks, the six groups 
are to be regarded as only four from the geographical point of view. The Christian 
and Mohammedan members of the Greek and Bulgar groups may live side by side, 
even in the same village, but the four linguistic groups live each in its separate 
district. The Bulgars live in the Vardar valley and along the Graeco-Serbian 
frontier, that is to say, on the eastern and northern fringes of the area investigated. 
The Turks occupy the central region, the fertile plateau that stretches from 
Sorovich past the large village of Kayalar to the towns of Kozani and Servia. The 
Greeks live on, or west of, the plateau of Anaselitza, which lies south-west of the 
Turkish area and is walled off from it by Mounts Sinatziko and Burunos. The 
Vlachs live in high-lying, sub-Alpine villages among the Pindus mountains, on the 
slopes of Mounts Sinatziko and Vermion, and on the Gumenje Balkan of Karajova, 
for they are shepherds and merchants in contradistinction to the others who are 
all agricu!turists. 

The accompanying map portrays this distribution of the village population and 
attempts also to suggest the relative numbers of the different groups. As much of 


* G. Weigand, Ethnographie von Makedonien, Leipzig, 1924, p. 16. 
+ Ibid. p. 15. t Ibid. p. 10. 
§ Wace and Thompson, p. 256. || Ibid. p. 272: cf. Weigand, p. 11. 
| The observer will give details in her future book. 
** Zonaras, Annales, xvii. p. 23. Weigand perhaps exaggerates the strength of this Pecheneg strain : 
ef. his Aromunen (Leipzig, 1895), 1. p. 250, and his Ethnographie, p. 22, with his Ethnographie, pp. 39, 56. 
++ The case will be fully set out in the observer’s book. tt Chalcondyles, m. p. 31 8. 
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Macedonia is very mountainous or is infested with scrub, an erroneous idea of the 
population is given by maps that only shade or colour large tracts of country and 
do not mark each village distinctively. Two caveats must be entered, however. In 
the first place, the villages differ considerably in size in proportion to the fertility 
of the soil or, in the case or the Vlachs, the range of pasturage. No reliable statistics 
exist, but possible averages for the Vlach, Turkish, Mohammedan Bulgar, Greek- 
speaking Mohammedan, Christian Bulgar, and Greek villages respectively may be 
given, though with some reserve, as 1800, 500, 350, 300, 280, and 270 souls. In 
the second place, the map only claims to represent the population as it was in 1923 
and the immediately preceding years, and it takes no note of such linguistic changes 
as Dr Weigand* and Messrs Wace and Thompson+ witnessed, or of such political 
changes as the wholesale substitution in 1924 of Greek refugees from Asia Minor 
for the Mohammedans under the Convention appended to the Treaty of Lausanne 
for the Exchange of Populations between Greece and Turkey. 

The measurements were all made on villagers. The population of the towns, 
especially the Mohammedan population, was too mixed in origin to be biologically 
valuable. The Mohammedan Bulgars measured lived in the villages of Rudina, 
Polyan, Kosturyan, Kapinyan, Prabodicha, Subotsko, and Fushtan on the very 
fertile plain of Karajova (Moglena) in the North-East. The Christian Bulgars came 
from fifty-six scattered villages. To evade political difficulties most of their measure- 
ments were made, by the kindness of the Greek authorities, on young army recruits 
who were serving in Athens. The Turks came from the villages of Chukur Anbar, 
Shahinlar, Dedeler, Kalbujalar, Sarihanlar, Yenikeui, Ak Bunar, Koja Ahmedli, 
Kuchuk Ahmedli, Islamli, Sinekli, and Hasankeui, all of which lie immediately 
west of, or south of, Kozani. ‘lhe Greek-speaking Mohammedans came from all the 
villages of their group. The Greeks measured came from thirty-seven different 
villages in the extreme West. The chief were Bogatsko near Hrupista, Yerania 
beside Shatista, Konstantziko and Zhupan in the Pindus, and Dovrunista south of 
Lapsista. The Vlachs measured came from the Pindus villages of Samarina, Smixi, 
Avdela, and Perivoli. 

In each of the Greek, Greek-speaking Mohammedan, Turkish, and Vlach groups 
two hundred heads were measured. One hundred Christian Bulgars and one hun- 
dred Mohammedan Bulgars were measured, but the records of forty-five of the 
latter were lost by an unfortunate accident. Only men were measured, because the 
thickness of the women’s hair made the measurements of their heads unreliable. 
The men measured were between eighteen and fifty years of age, and generally 
between eighteen and thirty. 

The measurements made were stature (without shoes), cranial circumference 
(through the glabella), head (glabello-occipital) length, head breadth (greatest 
transverse breadth of the cranium), face (nasio-mental) height, face (bizygomatic) 
breadth, nose height (distance between nasion and subnasal point), and nose width 
(without pressure). The stature was measured with the sectional height standard 


* Aromunen, 1. p. 249. t Nomads, pp. 30—31. 
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recommended by the Anthropvlogical Institute of Great Britain. With the excep- 
tion of the nose width the measurements taken were made with moderate pressure. 
The colouring was recorded by eye only and not by comparison with tinted wools 
or other substances. The adjectives employed explain themselves with the exception 

of “medium” as applied to eyes. The indeterminate shade usually called hazel in 


England is meant. The moustache was usually lighter than the hair and was often 
bleached. 


II. Reduction of M. M. Hasluck’s Material, by G. M. Morant. 


Table I gives the mean measurements of the six groups of Macedonian men. 
They are arrangeil in order of the cephalic indices aad it will be seen that there is 
no other measurement which furnishes the same order. Not only is that so, but 
there is actually no single pair of measurements which arrange the types in the 
same way. Such a state of affairs might still be found if the means for the total 
populations were available, but the apparent lack of any high inter-racial correla- r 
tions between the measurements is probably due in part to the fact that statistically 
small samples are being dealt with. It is clear that no reliable conclusions can be 
deduced from the comparison of single characters. 


TABLE I. 


Mean Measurements of Groups of Macedonian Men. 


Turks Greeks Greek-speaking Christian 


Mohammedan 
Mohammedans Bulgars ee 
: 


Bulgars 


No. of Individuals 200 200 200 100 200 


or 


Stature ... | 1679°2 42°91 | 1672°6 42°76 | 1675-9 +2°62 | 1679°2 +3°84 | 1686°5 +3°04 | 1668°5 +4°78 
Head Length... 180°93 +4 °31 183°29+ °30 | 181°67+ | 183°24+ -46 | 187-964 °34] 186°78+ -64 
Head Breadth 157°65+ | 157334 | 153°57+ -27 | 152°10+ | 155°814 -28 | 150-244 -65 
Horizontal | 543-794 -69 | 546-304 -70| 538-114 -69 | 539-934 -93 | 550°17+ °79 | 532-9141-28 
Circumference 

Facial Height 124°22+ 121°28+ ‘36 | 121°84+ 1177144 | 119°66+ | 120°79+ °47 
Facial Breadth 142°28+ :25 | 140°58+ -26 | 135°21+ | 137-°08+ °33 | 137°48+ °34 136°48+ -48 
Nasal Height... 53°95+ 53°26+4 +20 5O°85+ +25 52°90+ 52°24+ 
Nasal Breadth 35°65+ °15 35°79+ .17 34°83+ 33°25+ °19 35-264 36°29+ -35 
Cephalic Index 87°20+ °17 8592+ °19 84644 83-264 82°98+ °17 80°53+ °37 
Facial Index ... 8740+ 86°20+ 90°31+ 85-47 + -29 87-314 °25 88°47 + 
Nasal Index ... 67°20+ °39 68°39+ 67°05+ °41 65°80+ “40 68-00+ -39 69°95+ -91 


Standard deviations for all 11, and coefficients of variation for the 8 absolute 
| measurements,are given in Table II. A number of significant differences in variability 
may be noted, but the differences between the extreme standard deviations only 
exceed 3°5 times their probable errors in the case of the facial height and breadth, 
the nasal height and the facial and nasal indices. All the, measurements of the face 
| show more significant differences in variability than do the measurements of the brain- 
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TABLE ILI. 


Constants of Variation for Series of Macedonian Men. 


Christian Greek-speaking | Mohammedan 
Bulgars Turks Mohammedans Bulgars Greeks Viachs one 
Standard 
Deviations 
No. of Individuals 100 200 200 55 200 200 (from 
weighted 
Standard Deviations 
Stature ... | 56°98+3°19 | 60°98 + 2°06 55°02 + 1°86 52°58 +3°38 | 57°88+1°95 | 63°764+2°15 58°86 
Head Length ... +33 660+ +22 616+ °21 700+ 6°38+ °24 6°61 
Head Breadth ... | 5°38+ +26 | 5°65+ ‘19 5°76+ °19 714+ °46 | 5°67+ °19 | 594+ °20 5°81 
Circumference *** 13°82+ ‘66 | 14°45+ -49 | 14°544 -49 | 149124 °91 | 14°78+ | 16°50+ °56 14°S1 
Facial Height ... | 616+ °29 | 659+ -22 651+ 5°15+ °33 | 752+ °25 | 6°61 
Facial Breadth ... | -23 | °18| 6194 -21 528+ -B4] 551+ | -24 5°88 
Nasal Height ... | 3°69+ ‘18 | -16 4°93+ °14 3°94+ °25 4°50+ °15 | 4°15+ °14 4°28 
Nasal Breadth ... | 2°87+ +14 | 3°08+ -10 3°01+ 3°80+ | 3°564+ | 3°57+ °12 3°30 
Cephalic Index ... 4001+ °19 | 3°50+ °12 3°66+ ‘12 4°005+ °-26 | 3°97+ °13 | 3°55+ °12 3°73 
Facial Index 4°32+ 4°72+ -16 560+ 5°18+ | 5°67+ °19 | 5°32+ °18 5°23 
Nasal Index | S1l+ -29 |10°03+ °65 | 866+ ‘29 8°27 
Mean of o?/Mean o? ‘976 1-057 1:062 
Coefficients of Variation 

Stature 16 +° 13 3°28+ °11 3°15+ °20| 3°464 -12} 3°78+ °13 
Head Length ... | 3°75+ 3°39+ ‘11 3°75+ °24 | 3°48+ °12 | 3°74+ 
Head Breadth ... | 3°54+ +° 12 °13 4‘75+ °31 | |] 3°81+ 
Circumferencef 2°56+ | 2°66+ 2°65+ °17 | 3°00+ °10 
Facial Height ... | 5°26+ | 5°314 :18 | 6°20+ °21 | 5°38+ °18 
Facial Breadth ... | 3°54+4 ‘17 | 3°66+ °15 3°87+ °25 | 3°92+ ‘13 | 5°13+ °17 — 
Nasal Height ... | 7°264 °35 | 8°534 :29 °27 754+ °49 | 8454+ | 7°84+4 
Nasal Breadth ... | 8°63+ °41 8°64+ 8°64+ |10°47+ | 9°95+ ‘34 | 10°12+ °34 


box. The Christian Bulgars have the lowest constants for head breadth, horizontal 
circumference, facial and nasal breadths, nasal height and facial and nasal indices. 
The Vlachs are more variable than the other series for stature, horizontal circum- 
ference and facial breadth. The standard deviations in the right-hand column are 
average ones found by weighting the squared standard deviations of the series with 
the number of individuals they contain. A measure of the relative variability of 
the series based on all the characters was obtained by averaging for the 11 measure- 

ments the squared serial o’s divided by these mean o’s squared. The Christian 


Bulgars are found to be appreciably less variable than any other population 
represented, 
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The coefficients of racial likeness between the six groups are given in Table III* 
All the available 11 characters have been used for this*‘purpose and it is known that 
the intra-racial correlations between some pairs are greater than 0°5. The theoretical 
condition that the measurements used should be uncorrelated, or, at any rate, lowly 
correlated with one another, is thus not fulfilled, but if a selection were made the 
number of characters would be too small. As the series contain different numbers 
of individuals, the coefficients were reduced to the values they would have if each 


si sample in the comparison consisted of 100. Direct comparison may be made between 
2 these adjusted values. The populations dealt with live in adjoining regions and in 


close contact, but they can be distinguished easily. In spite of differences in language 

and religion, the connection between the Greeks and Turks is the only intimate 

one. The inter-relationships of the types suggested by the coefficients can be seen 

more readily in Fig. 1. The Turks and Mohammedan Bulgars are most widely : 
separated, but they are connected through the other four populations. The lack of ' 
any close connection between the Christian and Mohammedan Bulgars is surprising : 


TABLE III. 


Coefficients of Racial Likeness between Series of Macedonian Ment. 


| Greek-speaking |Christian| ,, Mohammedan 
Turks Greeks Mohammedans Bulgars Vlachs Bulgars 
(200) | (200) (200) (100) (200) (55) 
— Crude Coefficients 
Turks ons (200) 5°39 28°85 32°57 35°75 29°92 
Greeks ees (200) 5°39 22°20 19°29 14°86 21°21 
Greek-speaking Mohammedans (200) | 28°85 22°20 — 12°67 22°41 10°95 
Christian Bulgars ... ees (100) | 32°57 19°29 12°67 — 13°56 11°97 
Vlachs eee (200) | 35°75 14°86 22°41 13°56 -- 12°35 
Mohammedan Bulgars_... (55) | 29°92 21°21 10°95 11°97 12°35 
Coefficients reduced to 2, 22/ (nj =50 
Turks wer 2°69 14°43 24°43 17°87 34°68 
Greek-speaking Mohammedans ... 14°43 11°10 — 9°50 11°21 12°69 
Christian Bulgars... 24°43 14°47 9°50 10°17 16°87 
Viachs 17°87 7743 11°21 10°17 14°31 
Mohammedan Bulgars... 34°68 24°58 12°69 16°87 14°31 


* With the usual notation the form of the coefficient used was : 


Mn, +-n's NV M 
The average standard deviations giver in the right-hand column of Table II were used for this : 


purpose. 
+ All the coefficients are based on the 11 characters given in Table I. The probable errors are + +27. 


\ 
| 
| 
| 
| 
tie: 
| 
| 
4 
ti. 
AEF: 
| 


328 


Measurements of Macedonian Men 


and it will be seen that the Turks resemble the Christian Greeks very much more 
closely than they do the Greek-speaking Mohammedans. Several very distinct 
racial types are evidently represented in Macedonia and more abundant material 
from that region, and from neighbouring districts, would be needed to unravel their 
blood relationships. The possession of a common religion or of a common language 
gives no indication whatever of descent. The coefficients of racial likeness have 
been calculated between a number of cranial series from South-Eastern Europe *. 
The values reduced to samples of 100 each are given in Table IV for 6 of these. 


TABLE IV. 
Coefficients of Racial Likeness between Male Cranial Series from South-Eastern Europe 
reduced ty =50. 
+ Ne 
Slovenes | Rumanians Turks Greeks Serbo-Croats (Meaieeral) 
(59°6)t (40-0) (67-0) (89-7) {79°8) (27°6) 
Slovenes C.R.L. 3°244+°'22 | 5°224+°22 | 8:°464+°21 | 8-20+°'21 | 16°51+4-°20 
(59°6)+ No. of Characters — 17 17 20 20 21 
Rumanians C.R.L. 3°24 + °22 8°88+°18 | 6°17+°19 | 8°104°19 | 9°884+°21 
(40°0) No. of Characters 17 — 27 24 24 19 
Turks C.R.L. 5°22+°22 | 8°88+°18 3°104+°19 | 6°264°19 | 5°21+°21 
(67-0) No. of Characters 17 27 a 24 24 19 
Greeks C.R.L. 8°464°21 | 6°17+°19 | 3°10+°19 7°27+°18 | 7°46+°20 
(89°7) No. of Characters 20 24 24 —~- 27 22 
Serbo-Croats C.R.L. 8°20+°21 | 8°10+°19 | 6°264°19 | 7°27+°18 8°32 + ‘20 
(79°8) No. of Characters 2 24 24 27 _ 22 
Magyars (Mediaeval) C.R.L. 16°51+°20 | 9°884+°21 | 5°214+°21 | 7°46+°20 | 8°32+°20 
(27°6) No. of Characters 21 19 19 22 22 _ 


The Turkish skulls came from cemeteries in Constantinople. The Greek series was 
made up by pooling a group of 50 specimens from Europe and 45 from Asia Minor, 
the coefticient between the two samples being —0:04 + °18. The groups of skulls 
were drawn from regions much further apart than any in Macedonia and greater 
racial differences would be anticipated. But actually the coefficients in Table IV 
are of a decidedly lower order than the ones for the living in Table III adjusted so 
that the sizes of the samples are the same in the two cases. The difference in the 


* G. M. Morant, ‘‘A Preliminary Classification of European Races based on Cranial Measurements,” 
Biometrika, Vol. xx®, 1928, pp. 301—375. 

+ The numbers in brackets are the mean numbers of skulls (7) available for the characters used in 
computing the coefficients. 
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number and choice of characters used may partly account for this state of affairs, 
but the evidence still suggests forcibly that the coefficient of racial likeness between 
two racial types is of a much higher order for the living head than for the skull. 
This may mean that the skeleton is of more fundamental importance than the living 
body and that it is a more reliable guide to racial constitution. It may be noted 
that the living Vlachs, Greeks and Turks are related in the same way as the cranial 
forms of the Rumanians, Greeks and Turks. The Greeks occupy the intermediate 
position and their very close resemblance to the Turks is brought out by both 
comparisons. 


The significance of the differences between the various characters considered 
singly is conveniently measured by the a’s found in computing the coefficients. 
Values of a less than 10 may be taken to indicate that the types are undifferentiated 
by the particular character. The a’s reduced to values they would have for samples 
of 100 each are given in Table V*. As for the skull, there are found to be profound 
differences between the average contributions which the different characters make 
to the coefficients of racial likeness. Not a single significant difference is found 
between the mean statures of the six series. The nasal index is almost as constant 
and it only serves to distinguish the two Bulgarian types from one another. It is 
interesting to find these relations since so much importance has been attached to 
the stature and nasal index in attempting to classify European races: in the case 
of this small group they are perfectly worthless characters for the purpose. More 
significant differences are found between the other facial measurements, but the 
cephalic index and head breadth are of still greater importance. The last two, 
together with the head length, control the coefficients about as much as the other 
8 characters together. The following relations are observed from a comparison of 
Tables I and Y: 

(a) The stature is constant for the six types. 

(b) The nasal index of the Mohammedan Bulgars is greater than that of the 
Christian Bulgars. but no other differences are found for this character. The 
Christian Bulgars are distinguished from all other types by their small nasal height 
and nasal breadth. 

(c) The only marked ditferences between the facial indices are occasioned by 
the high value for the Greek-speaking Mohammedans. The facial height is 
peculiarly large for the Turks and peculiarly small for the Christian Bulgars. The 
facial breadth makes a distinction between the Turks and Greeks on the one hand, 
with their high values, and the remaining four series on the other. 

(d) The small horizontal circumference of the Mohammedan Bulgars leads to 
the most significan’ differences for this character, but the Vlachs show an appreciably 
higher value than the Greek-speaking Mohammedans and Christian Bulgars, 

(e) For the cephalic index 10 of the total 15 comparisons are significant; for 
the head breadth there are 9 such and for the head length 8. The arrangement of 


* After the sizes of the samples have been adjusted it may not be true to say that an a greater than 
10 indicates a significant difference, but that limit may still be adopted conventionally. 
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the types given by these 3 characters is shown in Fig. 1 and it will be seen that it 


agrees well with 


one which would have been suggested by the coefficient of racial 


likeness. The only disagreement between the two methods is due to the absence 


INTER-RELATIONSHIPS OF MACEDONIAN TYPEs. 
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of a low coefficient between the Christian and Mohammedan Bulgars. The very 
significant differences between the nasal measurements: of the two clearly connotes 
a racial difference which is not revealed by the head length, head breadth and 
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cephalic index. Though the last is quite the most valuable single measurement, 
it is not able, by itself, to provide a reliable guide to racial relationships. | 
The relative significance of the average differences between single measurements 
of racial types has been examined for the skull for 41 series from various parts of | 
Europe as in Table V above. The 10 head measurements there correspond roughly 
to cranial measurements: the facial height of the head may be supposed homolo- 
gous to the upper facial height of the skull ((’H), the facial breadth to the bizygo- | 
matic breadth (J) and the facial index to the upper facial index (100 G’H/G@B). | 
The characters are arranged in Table V in order of their mean a’s. The arrangement 
for the 10 corresponding cranial characters is: nasal index, nasal breadth, nasal 
height, upper facial height, upper facial index, horizontal circumference, facial 
- breadth, skull length, skull breadth and cephalic index *. The two orders are closely 
similar, so the characters which are most constant and most variable inter-racially 
appear to be the same whether the group of racial types is represented by measure- 
ments of the living from a small area such as Macedonia, or by skull measurements 
from Europe as a whole. | 


With regard to the qualitative characters, “Shape of Nose,” “Body Build,” 
“Skin Tint,” “Hair Colour” and “ Eye Colour,” the last two classified without standard 
scales, it was clear on tabulation that very little could be done with them. Such 
classifications are worth less than measured characters on the living, as the latter 


are worth less than measured characters on the skull. Tables VI—IX contain the . 
reduced data exhibited as total frequencies and as percentages. Little of real racial F 
value can be deduced from these tables as they stand. For example: taking 

curliness of hair, Turks and Christian Greeks stand closest, both are significantly - 
different from Greek-speaking Mohammedans and Vlachs, but scarcely from J 


Christian Bulgars. On the other hand, skin tint data do net separate Christian 
Greeks from Vlachs, but separate both from the groups of Turks, of Greek- 
speaking Mohammedans and of Christian and Mohammedan Bulgars, all of whom 
are indistinguishable in skin tint from each other. Skin tint must therefore be 7 
determined by a graduated scale. 


From skin tint and curliness of hair no definite result seemed to flow and no 
further regard was paid to these characters. The other characters have sufficient 
categories just to admit of our applying the method given in Biometrika, Vol. VIU. “ 
pp. 250—254, to measure the probability that two independent distributions of fre- 
quency are really samples of the same population. If this probability be represented . + 
by P, Tables X—XIII give the values of this quantity. At first sight it seemed wholly 
impossible to draw any conclusions from these tables 


they contradicted each other 
in such a serious manner. Finally we took the means for each pair of groups for | 
the four qualitative characters, “Shape of Nose,” “Body Build,” “Hair Colour” and ! 
“Kye Colour,’—thus endeavouring to get an average probability for each pair of 

races; and treated this as a measure of their racial relationship. From this pro- 

cedure Table XIV (p. 335) resulted. 


* Biometrika, Vol. xx®. 1928, Table XVI facing p. 336. ‘ 
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TABLE VI. Shape of Nose. 
Hooked Straight Tip-tilted Low at Root Wavy 
' Frequency 18 165 14 1 2 
200 Greeks Percentage | 9041-4 | 825418 | 7041-2 | 05403 | 1-:0+05 
200 Greek-speaking Frequency 19 157 13 6 5 
Mohammedans Percentage 3°0+0°8 2-5+0°7 
“a Frequency 17 177 4 2 0 
200 Turks Percentage | 85+1°3 | 88:541°5 20407 | 
| 
Krequeucy 16 165 7 1 8 
200 Vachs Percentage | 8°0+1°3 82°5+1°8 3-5 +0°9 2°0+0°7 
Frequency 8 52 40 0 
100 Christian Bulgars Percentage 8°0+1°8 52°0+3°4 40°90 +3°3 — 
55 Mohammedan Frequency 1 51 3 0 0 
Bulgars Percentage 1°84+1°2 4°5 5°5+2°1 — — 
TABLE VII. Body Build and Skin Tint. 
Body Build Skin 
Narrow Medium Broad Dark Fair Freckled 
: w. Frequency 60 77 63 160 40 3 
200 Greeks Percentage | 30°0+2°2 | 38°542°3 | 31°5+22 | 80-0419 | 20041°9 | 1540 
200 Greek-speaking Frequency 88 59 53 124 76 i) 
Mohammedans Percentage 44°04+2°4 29°5 + 2°2 26°5 +2°1 62°0+2°3 38°0+2°3 — 
: . Frequency 61 83 56 129 71 0 
200 Turks Percentage | 30°5422 | 415423 | 28-0421 | 645423 | 355423 
Frequency 76 57 67 165 35 5 
200 Viachs Percentage | 38°0+2°3 | | 335423 | 825418 | 17-5418 | 25407 
ears | EPrequency Ad 35 21 65 35 0 
100 Christian Bulgars | percentage | 440+3°3 | 35°:0+3-2 | 21-0427 | 65-0432 | 35-0432 
55 Mohammedan Frequency 24 14 17 34 21 0 
Bulgars Percentage 43°644°5 25°5+4°0 30°9+4°2 61°8+4°4 38°2 + 4°4 — 
TABLE VIII. Colour of Hair. 
Black Dark Brown Brown Red Fair Curly 
" Frequency 28 134 30 1 7 12 
200 Greeks Percentage | | 67-0422 | 15041-7 | 05403 | 3540-9 6-0+1°1 
200 Greek-speaking Frequency 18 114 42 0 26 23 
Mohammedans Percentage 2°4 21°0+1°9 13-0416 +1°5 
a Frequency 2 125 56 0 7 9 
200 Turks Percentage | | 62°542°3 | 28°0+271 S5+13 4541-0 
Frequency 73 7 25 0 15 38 
Percentage | | 435424 | 125416 75413 | 190+1-9 
Fea: ree Frequency 8 47 31 2 12 8 
100 Christian Bulgars | percentage | 80418 | 470434 | 31-0431 | 20409 | 120422 | 80418 
55 Mohammedan Frequency 8 26 18 1 2 0 
Bulgars Percentage 14°5+3°3 47°344'3 32°7 1°8+1°2 3°64+1°7 
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TABLE IX. Colour of Eyes. 


Dark Medium Light 
: Frequency 110 56 34 
200 Greeks Percentage | 55°0+2'4 | 280421 | 17-041°8 
200 Greek-speaking Frequency 72 ri 57 
Mohammedans Percentage 36°0+2°3 35°5 +2°3 28°5 + 2°2 
Frequency 91 66 43 
200 Turks Percentage | 45°54+2-4 | 33:04+2-2 | 21°5+1°9 
Frequency 95 59 46 
200 Viachs Percentage | 47°5+2°4 | 29°54+2-2 | 23-0+2- 
care | Frequency 61 14 25 
100 Christian Bulgars | percentage | 61°043°3 | 14-0423 | 25°0+2-9 
55 Mohammedan Frequency 19 10 26 
Bulgars Percentage | 34°5+4°3 18°24+3°5 


TABLE X. Shape of Nose (5 Groups). Values of P. 


Greeks Mohammedans Turks Vlachs Bulgars Bulgars 
Greeks *2767 “0812 “0981 “0000 “3464 
Mohammedans 2767 0110 5600 
Turks “0812 0110 “0417 »0000* 1663* 
Viachs “0981 “5600 — “0000 “1606 
Christian Bulgars 0000 0000 0000* “0000 = “0000 
Mohammedan Bulgars "3464 *1663* “1606 0000+ — 
* For 4 groups. + For 3 groups. 


TABLE XI. Body Build (3 Groups). Values of P. 


Greek-speaking ‘aad Christian Mohammedan 
Greeks Mohammedans Turks Viachs Bulgars Bulgars 
Greeks “0144 ‘7466 “0825 *OB84 “1079 
Greek-epeaking “0144 ‘0110 “4963 "7844 
Turks ‘7466 ‘0110 “0248 0673 “0740 
Viachs “0825 ‘2886 “0248 -0013 
Christian Bulgars “0384 ‘0673 “0013 +3053 
Mohammedan Bulgars “1079 "7844 *0740 "7745 — 
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TABLE XII. Hair Colour (5 Groups). Values of P. 
Greek-speaking Christian | Mohammedan 
Greeks Mohammedans Tarks Vlachs Bulgars Bulgars 
Greeks “0000 “0000 “0001 
Greek-speaking “0000 -0002* -0000* “0882 071 
Mobammedans 2 
Turks “0000 -0002* -0000* -0000 
Viachs -0000 *0000* -0000* -0000 “0002 
Christian Bulgars 0001 “0882 “0015 -0000 “3746 
Mohammedan Bulgars 0216 ‘0771 *0000 “0002 “3746 
* For 4 groups. io 
TABLE XIII. Lye Colour (8 Groups). Values of P. 
| 
Greeks Mohammedans Turks Viachs Bulgars Bulgars 
Greeks “0004 "1645 “0169 “0001 : 
Turks “1645 °1162 “7718 -0019 -0006 
Vlachs “0675 ‘7718 “0110 0018 
Christian Bulgars 0169 “0000 “0019 0110 = “0052 
| Mohammedan Bulgars “0001 | -0006 “0018 “0052 = 
TABLE XIV. 
~ Probabilities that each pair of Macedonian Groups might have been samples of the same Race. 
| Greek-speaking = Christian Mohammedan 
Greeks Mohammedans Turks Vlachs Bulgars Bulgars 
| | 
Greeks “0729 *2481 “1018 -0138 “1190 
0729 *0346 2140 1461 2478 
Turks 2481 0346 +2096 ‘0177 “0602 
Viachs “1018 *2140 “2096 *0031 2343 
Christian Bulgars 0138 *O177 “0031 1713 
Mohammedan Bulgars “1190 "2478 *0602 2343 1713 
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Without laying much stress en this table, we may draw the following results 
from it: 


(i) The Greeks are most like the Turks. 


(ii) The Greek-speaking Mohammedans are most like the Mohammedan 
Bulgars. 


(iii) The Turks are most like the Greeks. 

(iv) The Vlachs are most like the Mohammedan Bulgars. 

(v) The Christian Bulgars are most like the Mohammedan Bulgars. 

(vi) The Mohammedan Bulgars are most like the Greek-speaking Moham- 
medans. 

The whole of these results would flow from the first series of crude coefficients 

in Table III ca p. 327. The other values in Table XIV for order of resemblance 
have considerable correspondence with the same values in Table III. Thus these 


qualitative characters may be said generally to give such support as lies in them to 
the relationships deduced from the measured characters first discussed. 


In conclusion the observer begs to offer her grateful thanks to the successive 
royalist and republican governments of Greece for the facilities which they gave 
her in spite of the political and military difficulties of 1921—3. She thanks Pro- 
fessor R. W. Reid, too, for his kindly help, and the statistician and she could scarcel 7 
have compiled this paper without the practical interest of Professor Karl Pearson, 


_ while they have also to thank Miss Ida McLearn for the preparation of the figure 
and map. 
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Hasluck and Morant, A/easurements of Macedonian Men 


Greek-speaking Mohammedan (Chotil). 


Plate I 
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Christian Greek (Kozani). | 
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Hasluck and Morant, A/easurements of Macedonian Men 


Mohammedan Turk (Sofular), ancestry probably intermarried with Christians. 


og 
Mohammedan Turk (Hadovo), probably pure Asiatic type. A 
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Hasluck and Morant, A/easurements of Macedonian Men 


Mohammedan Bulgar (Kosturyan in Karajova). 


Christian Bulgar of stock type (Pateli). 
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Hasluck and Morant, Measurements of Macedonian Men 


| 


Christian Vlach of fair type (Samarina). 


4, 
| Christian Viach of usual dark type (Mejidieh). ‘ 
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(1) INTRODUCTORY. 


SupposE that we are considering the distribution of a single variable, z, and 
that the population sampled is divided into a groups such that in the rth group 
# is normally distributed with standard deviation o about a mean %,. In general 
%, Z, ...Zq are not equal, although in a special case they may be so. A sample of 


N is now drawn in which », individuals are taken randomly from the first group, 
ng from the second, and so on, where 


M+ 
Estir »tes X,, X2, ... X, are made from the sample of the true population group 


means %,, ...%q, and 
r=1 


is calculated. Then if the quantities X, have been obtained in a suitable manner, 


it can be shown that the distribution of u in repeated samples of N* follows the 
Type IIT law 


= 2 hu 
f(u)du=constantxu 2 e ~ du (3), 


where c will depend upon the method of estimation of the X’s. For example, if X,. 
is the mean of the n, values of # sampled from the rth population group 


(r= 1, 2, ...a), 


then c=a; or if in the population 7,=%,=...=%,, and we take X;=X_.=...= Xq 


= mean of the V sample values of 2, then c=1. It will be noted that (3) gives 
Meanu=N-c, o,=V2(N-c). 


* That is to say, samples in which n, individuals are drawn randomly from the rth population 
group (r=1, 2, ... a), remaining fixed. 
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Dr R. A. Fisher has based a number of simple but important statistical tests 


on the equation (3), which he classes under the heading of “Analysis of Variance*.” 
The expression 


r=1 


{8 x,y [ = 0) (4) 
he describes as an estimate of the population variance, o?, based upon WV —c degrees 
of freedom ; its mean value in repeated samples is seen to be o*. 

The expression u, containing as it does the population o?, is not of much direct 
value if this quantity be unknown, but in a number of problems the appropriate 
criterion to use is the ratio @=w'/u, where wu’ is a quantity similar to the u of (2) 
but based upon an independent estimate of o?, such that 


(wv) du’ = constant x wi 2 e (5). 

6 is now independent of o? and, as Fisher has shown (also it may be easily proved 
from (3) and (5)), if w and w are uncorrelated, then in repeated sampling @ is 
distributed according to the Type VI law 

N+N'—e-e' 
f(0)d@=constantx@ 2 (14+0) 2 (6). 


Here the constant term is independent of o%. In dealing with this distribution 
Fisher uses the transformation 


that is to say he takes z as half the difference of the natural logarithms of the 
two estimates of variance. He has given tables showing for different values of 
nm = N —c and n»= N’ —c’ the value of z, the chance of exceeding which is 05 and 
‘O1+. It will be noticed that by writing = 0/(1 + @), (6) may be transformed into 
the Type I distribution ; 
N’-c’-2 N-c-2 

2 (1-0) 2 do... (8), 
whose probability integral depends upon the Incomplete Beta Function. 

The various tests based upon the frequency law (6) depend upon the variables 
being normally distributed. As soon as non-normality is introduced the distribution 
of @ will be modified in a direction varying with the particular test. Not only may 
(3) and (5) be no longer applicable, but w and w’ will in certain cases be correlated 
where previously they were independent. In the present paper it is proposed to 
examine how far deviations from normality are likely to affect one of Fisher’s tests, 
that for the goodness of fit of regression curves. The experimental results used to 
illustrate this point will also help to throw some light on the distribution of the 
correlation coefficient in small samples from non-normal populations. 


* A description of these tests is given in a paper entitled “On a Distribution yielding the Error- 
Functions of several well known Statistics,” read before the International Mathematical Congress at 
Toronto in 1924 but only recently published. The methods of application without the mathematical 
framework are given in Dr Fisher’s Statistical Methods for Research Workers, 1925 and 1928, pp. 178 et seq. 

+ Table VI, Statistical Methods for Research Workers, This z must be distinguished from the original 
z of ‘*Student’s” test which Fisher writes as t/,/n. 
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(2) THE APPLICATION OF THE PRINCIPLE OF LIKELIHOOD. 


In two recent papers an attempt has been made by Dr J. Neyman and the 
author to connect together the various tests that are applied in different sampling 
problems by deducing from a common basis the criterion appropriate in each case*. 
It will perhaps be of interest to illustrate the use of this method in a further 
instance. The problem of the goodness of fit of regression curves presents itself 
commonly in the following form. We have before us a sample, =, and wish to know 
whether it is likely that this has been drawn from a population, I, for which the 
curve of regression of y on #, let us say, follows a law 


where F' is of given form but the constants a are unspecified. That is to say, we 
are testing what has been described as a “composite hypothesis”; it would become 
a “simple hypothesis” only if the values of a were specified in advance. What is 
the appropriate criterion to use? In the case where c=1, and we suppose that in 
the population Y, is constant, should we take the correlation ratio ,,? And when 
in the population Y,, is supposed to lie on a sloping straight line (c = 2), should we 
consider » —r or »?—7? or even (as one of Blakeman’s alternativest) the ratio of 
» tor? The general problem in which the array distributions may be of any form 
would probably be extremely difficult to solve, at any rate for small samples, but 
the solution in one important case—that in which the arrays of y for constant « 
are homoscedastic normal curves—can be obtained. And here the principle of 
likelihood appears to provide a method of finding the appropriate criterion. 

= is a sample of NV in the form of a correlation table, for which the marginal 
totals, the means, and the standard deviations in the @ y-arrays are respectively 
Ney Yx, and s, (v7=1, 2,...a). The set Ot of all possible populations from which = 
may have been drawn is that in which the y-arrays are homoscedastic normal curves, 
but the regression of y on # as well as the distribution of the #-arrays and of both 
marginal distributions may be of any form whatever§. The sub-set of O contains 
the populations for which the regression of y on « is given by the law (9). Asa 
step in measuring the probability that } is a sample from a member of @ we shall 
find the likelihood of this composite hypothesis, Let IT be a member of 2 for 
which the standard deviation in the y-arrays is o, and the proportions in the 
marginal totals of these arrays are p1, Pz, --. Pa, Where of course 


* «On the Use and Interpretation of Certain Test Criteria for Purposes of Statistical Inference,” 
Biometrika, Vol. xx4, pp. 175—240 and 264—294. 

+ Biometrika, Vol. tv. pp. 332—350. 

+ This terminology was explained in Biometrika, Vol. xx4. pp. 263—265. 

§ There is no need for the x-variate to be continuous; in fact, if it be, the distribution in the y-arrays 
is only likely to be normal if the number of arrays, a, be fairly large. Hf, for example, dx be the breadth 
of a y-array and we are dealing with a bivariate normal surface, then the array distributions will only 
be strictly normal in the limit as dx tends to zero, 


23—2 
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Then the chance of drawing from ITI a sample 
(1) in which n, individuals come from the xth array (#=1, 2, ... @), 


(2) where within the array the observations lie between the limits y.—$h 
and th (t=1, 2,... nz, 2,... 
will be in the limit as h->0 asymptotic to 


m!.. 


N! 1 —¥, 
C= (pa)"@ 20 20? (Yee AN 
Taking logarithms we find 
log C = constant (n, log p,) — N log — 5 S + (Yu / o 


where the constant naa is a function of h and the sample frequencies only. To 
determine I1(Q max) we maximise log C with regard to the variables o, Y, and 
Px (a=1, 2,... a). The result gives 


8 (nz 8,")/N 


(a= I, 2, ....a) 
Pu= Nz] N, (a =1, 2,...a) 
and hence as h—>0, 
1 S (n,8,*)) = — NN! 
4N ) N 


To determine II (# max) we maximise log C with regard to 7}; a4, a, ... %&} 
Pi, Pz, +» Pa; Where the a’s are the c undetermined parameters contained in the 
expression (9). The solution is now 


and for Y, we have the values obtained by the solution of the equation 
Oa, 
i which are the same as those found by minimising 8 {nx (Yx—Y,)*}, or from fitting 
a=1 
| (9) by least squares to the observations. Inserting these values into (11) we obtain 


4 an expression for C(@ max) identical with (13) except that the sample array means 
; and standard deviations occur in a term of form 
— N 
N 
It follows that the likelihood of the composite hypothesis becomes 


N 
| 


Am 


= 
tt 
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the values of Y,, being obtained by fitting (9) to the weighted sample array means 
by the method of least squares. Following a common notation, if s, be the standard 
deviation in the y-margin of the sample, we may write 


(ngs2) = N (1 — m2) 82 | 
Re) 


The hypothesis to be tested is most likely to be true when R= 7y,, and A=1, 
and becomes more and more improbable as X decreases. The completion of the 
solution depends upon finding the distribution of \ in sampling from a member 
of w. This has been done by R. A. Fisher and is a special case of his general 
distribution (6) given above (p. 338). The quantity whose distribution he has 
obtained is not A, but a function of X which we may call @, defined by the relation 


r~=(14+0) 2%, 
S 
a=1 


As X varies from 1 to 0, @ varies trom 0 to 0. If we divide the denominator 
of the expression for @ by NV —a, it will be seen that it becomes the ratio of the 
weighted sum of the squares of the deviations of the sample array means from the 
fitted regression curve to a weighted estimate of the population array variance. 
Without therefore introducing the idea of likelihood, 6 appears to be a natural 
criterion to use in judging the deviation of the observed regression from expected 
type. 


(3) THE SampLine DIsTRIBUTION OF 6. 


The proof has been given by Fisher in somewhat condensed form*. It may be 
divided into the following steps: 


(a) The set of all possible samples, I’, from a population II can be divided into 
a number of sub-sets within any one of which, say y, the totals of the y-arrays have 
a fixed series of values n,, vo, ...%q. The chance of drawing a given sample = from 


II can then be represented by the product of (1) the chance that = belongs to y, 
or C)= — St (p1)"...(pa)"4, and (2) the chance of obtaining the observed 
fq: 
value of the variates on drawing a random sample of n from the first population 
array, v2 from the second, and so on. The solution is simplified immensely by first 


obtaining the distribution of @ among the samples of a.single sub-set. 


* Journal of the Royal Statistical Society, Vol. uxxxv. pp. 597—611. 
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2=1 


Then within the samples of the sub-set y, if 7, be a true population array mean, 

Viz (Ye— Je) 13 a quantity normally distributed about zero with standard deviation 

o. The sum contains the squares of a such quantities. The effect of using Y,, 

found by fitting a regression curve to the observations, instead of 7,, can be shown, 

at any rate in certain important cases, to give for the distribution of k a curve of 

the form of (3), where WV = a, the number of arrays, and c is the number of constants ’ 
in the fitted regression curve (9)*. That is to say we have 


e-e-3 
f(k)dk=constantxk 2 e dk (22). 
(c) Take q= 8 (ye / (23). 
\f=1 2=1 


This is the special case arising from equations (2) and (3) referred to on p. 337 above, 
where X, is the mean of the group of n, observations. The distribution of q is of 
form (3); there are V observations and the number of groups is a, hence 
dq =constant Xq 2 dg. (24). 
(d) Finally within y, as the population y-arrays are normal, & and q are inde- 
pendent, the first depending only on the variation in means, the second on that of 


standard deviations. It is therefore easy to obtain from (22) and (24) the distribu- 
tion of @=k/q, namely, 


a-c-2 N-ce 
f(0)d0=constantx@ 2 (140) 2 ..(25). 
This distribution is not only independent of o but also of the array totals 
M1, Ng, --.Nq- It will therefore hold within all sub-sets y, and hence for the aggregate 
of all possible samples [. The probability integral of (25) provides in fact the 
means of testing the hypothesis regarding the form of the regression curve. Various 
methods of obtaining this probability integral will be considered below. 


(4) THe Errect or NON-NORMALITY. 


Dr Fisher's test can be used in examining the goodness of fit of linear and 
non-linear regression curves, but it has involved two large assumptions, first that 
the distributions in the y-arrays are normal, and next that they have the same 
standard deviations. In cases of non-linear regression it is often found that the 
array standard deviations change, while the form of the curve may pass from 
symmetry through increasing degrees of skewness, With linear regression the 
assumptions are more likely to be justified. As the population diverges from 
normal form the test will become less and less efficient, partly because the criterion 


* This result appears to be exact provided that the constants a,, a), ...a, appear in (9) in linear 


form; for example, if the curve be a parabola, or even a hyperbola of type Y,=a, +784 + si - In the 


more general case it may perhaps be only true as an approximation. 
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6 is no longer the most appropriate one to use, and partly because its sampiing 
distribution will cease to conform to (25), but it would be almost impossible to say 
at what point it becomes invalid. The practical situation seems, however, to be this; 
the statistician who is not dealing with very large samples has often no means of 
judging the exact form of his population distribution. It is therefore of first 
importance that he should feel some confidence that moderate deviations from 
normal homoscedasticity will not make worthless any conciusions which he may 
draw by referring z to Fisher’s tables or @=k/q to the distribution (25). The 
problem is a large one, seeing in how many directions non-normality may arise, but 
a simple illustration will throw some light upon it. 


Suppose that the distributions in the y-arrays of the population are homoscedastie 
non-normal curves with the frequency constants o, 8, and 2. If the means of the 
population arrays, 7,, were known, we could calculate 


2=1 


Within the sub-set of samples, y, defined on p. 341 above, v, will vary about zero 
with standard deviation ¢ and with a second “beta coefficient” defined by 


It follows that in repeated sampling within y, 


Mean k’ =a, 


Mean (k’? = 8 (Mean »,*) + 2S’ (Mean v,? / 


a 
= S (,B) + 28’ {Mean v,? x Mean v,*}/o4 
=1 
(since within y, v, and v, are uncorrelated) 
a 1 
= § (,B,) +a 8 (-). 
z=1 a=1 
Hence = Mean (k’? (Mean k’)? = 2a + —3) (27). 
x 
It is seen that the mean value of k’ is the same whatever form be the population 
array, but (27) shows that the variability of k’ depends upon 82, and further is not 
the same within each of the sub-sets y, varying according to the marginal totals n,. 
The second term of (27) will usually, however, be very small compared with the first, 
and we may conclude that unless the population arrays are extremely leptokurtic 
or the sample very small, the distribution of k’ will not differ seriously from that 
of “normal theory.” The quantity with which we are really concerned is the k of 
(21), obtained by using the Y,’s of the fitted regression curve ; its variability would 
appear harder to determine, but it seems likely that just as for k’ the equation (22 
will represent its sampling distribution with fair accuracy provided the sample is 
not very small or the array 82 large. 


* S’ implies the summation for all possible pairs out of the a-arrays. 
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We may now consider the modifications connected with the q of (23). Within 
the sub-set y, we know that 
(8,2) = (nz — 1) 
Mean (nz 1) 1) Bs (n.? — 3)} 


Hence Mean g = {nz Mean s,?}/o? = (n,—-1)=N-a, 


Mean g? = {n,? Mean s,'}/o4 + 2S’ {n,ny Mean s,2 x Mean s,7}/o%, 


as within y¥, s,2 and s,? are uncorrelated. Substituting the values for Mean s,? and 
Mean s,' it is found after reduction that 


Mean q? = (N a) + 2(N —a) + (82-3) ale 


\Ny 
N = 2a 3 1 
or o7=2(N—-a) {1 +(Bs—3) 2(N —a) + 2(N—a) (=) (28). 
Again the mean value of q is independent of the population array form, but o, 


differs from the “normal theory” value of ¥2(N—a). Although the third term 
within the brackets in (28) may be small, the second term will often not be 
negligible compared to unity. For example, if 8,=4, and we are dealing with very 
large samples, this second term will be of the order of 0°5. We must conclude 
therefore that if the population array distributions are distinctly platykurtic or 
leptokurtic, the variability of q will be affected and the “ normal theory” law (24) 
begin to fail, although still giving the correct mean for g. The denominator of the 
ratio @=k/q is in fact more sensitive to changes in population form than the 
numerator. If the array curves are skew, another feature is introduced owing to 
the correlation between deviations in mean and,variance ; that is to say 7, and s, 
will be correlated. This will lead to a correlation between k and q which, provided 
that it is positive+, should have in the ratio @ somewhat the same compensating 
effect as in “Student’s” ratio z when the population is not normal f. 


(5) SAMPLING EXPERIMENTS. 


To illustrate further the result of non-normality in this and certain other problems 
two series of sampling experiments have been carried out. The first, in which the 
arrays were both normal and homoscedastic, does no more than confirm the un- 
questioned accuracy of “normal theory” as set out in equations (22), (24) and (25), 
but it will be of more value in connection with the distribution of r. In the second 
experiment the standard deviation in the arrays was varied and the distributions 
were taken to be Type LI curves. 


* This value for the mean of the square of the variance is taken from Dr Church’s paper in 
Biometrika, Vol. xv. p. 81. 

{ If the array distributions are leptokurtic this correlation will presumably be positive. If, however, 
they were for instance “‘ rectangular,” large deviations in 7, would be associated with low values of s,”, 
leading to a negative correlation between k and q which would tend to increase the variability of @. 

t See Biometrika, Vol. xx1. p. 259 et seq. 
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Experiment I. 


The population contained three arrays (a = 3) with proportions p, =°40, p.=°35, 
ps3='25. The three array distributions were normal and homoscedastic, and the 
regression of y on «# was linear, the coefficient of correlation being p =*5346. The 
sampling was carried out with the help of Tippett’s Random Numbers*, the 
grouping unit for y being } of the array standard deviation. 200 random samples 
of 20 were taken and &, q and @, as defined above, calculated in each case. In fitting 
a sloping regression straight line to each sample we are using a law (9) of form 


that is to say c= 2, while = 20, a=3. 
Distribution of k. 
Equation (22) becomes 
(k) dk = constant x k~4e~ (30), 
which is the distribution of y? with n’=2. The following results were obtained : 


Mean k; Theory 1-000, Observation 1:109, Standard Error+ 0°100. 
» 1414, 1°538, 0187. 


The Goodness of Fit Test, using 11 groups, gave P = °416. 
Distribution of q. 
Equation (24) becomes 
F (q) dq = constant x dq (31), 
or the distribution of yx? with n’=18. The following results were obtained : 
Mean q; Theory 17-000, Observation 17035, Standard Error 0-412. 


The Goodness of Fit Test, using 16 groups, gave P = 982. 
Distribution of 6 = k/q. 
Equation (25) becomes 
(0) dO = constant x (140)-9dO (32). 
Using the transformation €= @/(1 + @) we obtain the Type I distribution 
d= constant x (1— (33), 


whose probability integral depends on the Incomplete Beta Function. For the 
general distribution (25), 


Mean 6 at WV .. (34). 


* Tracts for Computers, No. xv. 
+ The standard errors are for Mean k and OK calculated from 200 samples. The first is o,1J/N, and 
in the second case the approximation 40, ,/(8,-1)/N has been used, where here N=200 and £, refers 


to the theoretical distribution of k which for a x? distribution has a value of 3+12/(n’—1). Similar 
expressions are used for g and 0. 
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Using these values with V = 20, a=3, c=2, it was found that 


Mean 6; Theory ‘0667, Observation 0727, Standard Error ‘0074. 
oo; , °1046, “1074. 


The distribution of @ is a J-curve, and the expression used above for the standard 
error of a standard deviation will hardly be satisfactory. Using the transformation 


to a Type I curve, and comparing theory and observation for 11 groups, the Good- 
ness of Fit Test gave P = °409. 


Correlation between k and q. 


As we should expect, there is no evidence for such a correlation. The observed 
values for the 200 samples are 


= — 0342, = 11227. 


The standard error for 74, on “normal theory” is 1/V200 —1=-0709, while if we 
may consider the arrays of q in the k, q-correlation table sufficiently nearly normal 
to apply the test. we are now discussing and as described in section (6) below, then 


equations (44) give Mean 7»? ='1156 and o,2= ‘0319, so that the observed value of 
‘1227 is not significant. 


Taken collectively these results show an admirable agreement between observa- 
tion and theory. 


Eaperiment II. 


The population contained five arrays (a = 5) with proportions and array standard 
deviations as follows : 
Array 1 2 3 4 5 
Px ‘1667 ‘2666 ‘2167 1833 ‘1667 
o, 87471 53191 50000 47619 45872 


The standard deviations are in terms of the grouping unit employed for the 
sampling. The regression was linear and the coefficient of correlation was 
p=+ 4626. The distribution in each array followed a Type III curve with 
Bi = 0°20, B,= 3°30. If # is taken to be increasing as we pass from Array 1 to 
Array 5, and p is taken as positive, then these curves were negatively skew, the 
steeper tail pointing in the direction of increasing y. 300 random samples of 30 
were now drawn, again using Tippett’s Random Numbers. A sloping straight line 


was fitted to each sample, so that N = 30, a=5, ¢=2. 
Distribution of k. 


The population array standard deviations vary, but the weighted mean of 
the variances, or 6? = 26°1306, has been substituted for c* in the expression for 
k, (21), and also later in that for qg, (23). Equation (22) becomes 


f (k) dk = constant x e~ dk 


‘ 
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The following results were obtained : 
Mean Theory 3:000, Observation 2°842, Standard Error* 07141. 
a; » 2-457, 0-173. 
Theoretical frequencies were obtained from the Tables of the Incomplete Gamma 
Function, taking p=0°5 and u=k/v6; testing for goodness of fit with 14 groups 


it was found that P=°329. A comparison of cumulative frequencies is given in 
Table I. 


Distribution of q. 
Equation (24) becomes 


The following results were obtained : 
Mean q; Theory 25:000, Observation 25127, Standard Error 0-408. 
7071, 8052, 0321. 
Theoretical frequencies were again obtained from the Incomplete Gamma Function 


Tables taking p= 11°5, w= q/V50, and on testing for goodness of fit with 13 groups 
it was found that P = 474, 


TABLE I. 
Frequency Distributions from Experiment II. 
Distribution of k Distribution of q Distribution of 250 

k greater | Observa- | Normal | q greater | Observa- | Normal ] 250 greater | Observa-| Normal 

than: tion Theory than: tion Theory than: tion Theory 
0-0 300 300°0 8 300 299°8 0-0 300 300°0 
OD 272 275°7 10 297 299°0 Or4 281 281°4 
1:0 237 240°4 12 293 296°0 0°8 245 254°2 
15 192 204°7 14 283 288°5 12 219 225°8 
2°0 158 171°7 16 269 274°4 16 194 198°6 
2°5 128 142°6 18 244 252°7 2°0 171 173°6 
3°0 111 117°5 20 216 224°0 2°4 141 151°2 
3°5 87 96°2 22 183 190°7 2°8 124 131°3 
4-0 656 78°4 24 154 155°8 3°2 97 113°8 
4°5 53 63°7 26 122 122°3 3°6 79 98°6 
50 42 51°5 28 96 92°4 40 7: 85°4 
37 41°6 30 68 67°3 63 73°9 
60 32 33°5 32 54 47°4 4°8 57 64°0 
70 26 21°6 34 39 32°4 5:2 47 55°4 
8:0 13 13°8 36 29 21°5 5°6 42 48°0 
6 38 22 13°9 6:0 37 41°6 
10°0 5 56 40 17 8°8 31 36°1 
11°0 4 3°5 42 12 54 72 21 27°2 
10 3:3 8-0 17 20°6 
46 7 2°0 8°8 15 15°6 
48 2 1°2 9°6 11 11°9 
10°4 8 
11°2 6 70 
12°0 4d 54 


* The standard errors were calculated as for Experiment I, using N=300 (see footnote to p. 345). 


(q) dq = constant x q? e724 
Gt 
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Distribution of 0 = k/q. 
Equation (25) becomes 
F (8) dO = constant x (1 + dO (37). 
Using equations (34) we obtain the following comparison : 
Mean @; Theory 1304, Observation ‘1195, Standard Error ‘0068. 
"1052. 
of; , ‘01404, ‘01107, 00238. 
The distribution of @ is so skew that the approximation to the standard error of a 
standard deviation used above is of doubtful value. The variances have therefore 
been compared, and differ by 1:25 times the standard error*, A comparison of 
goodness of fit was obtained by calculating the mid-ordinates of the Type VI curve 
for 0, (37), and correcting to obtain the group frequencies. Using 17 groups, a value 
of P = ‘270 was obtained. The cumulative frequencies are compared in Table I. 


Fic.1. GorRELATION oF g, AND k. 
40 


MEAN 


35 


15h @ Observed array means, or 4x 
——Fifted reGression straight live of gq, on k 
2°0 4-0 6:0 8-0 10-0 


Correlation between k and q. 

It was found that 7,=+°'1604; the standard error for zero theoretical corre- 
lation, were & and q normally distributed, is (0578, so that r;,. differs from zero by 
about 2°8 times this standard error. The means of q for constant & are plotted in 
Fig. 1, where the observed regression straight line of g or k, or 


has also been drawn. 


* For 300 samples the standard error of the variance is very nearly og? ,/(B» - 1)/N, where the f, for 
distribution (37) is approximately 9-67. 
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If these results are taken as a whole it will be seen that there is nowhere any 
marked difference between the observed distributions and those of “normal theory.” 
Owing to the changing array standard deviations the position is not as simple as 
that considered in section (4) above, but there seems to be evidence that the changes 
there contemplated are beginning to occur. We may note: 


(a) The distribution of & is in good agreement with theory. 


(b) The mean q differs from the expected value by only about one-third its 
standard error, but the observed a, is significantly greater than the “normal theory” 
value. This is as we should expect from (28), the array 8, being 3°3; the slight 
excess of large values of g can be seen in Table I. 


(c) The observed mean @ and ay are a little low, but hardly significantly so, 
and a comparison of the cumulative frequencies of 25@ in Table I does not suggest 
that any serious error would be introduced by making use of the @ distribution (25). 


(d) Finally a positive correlation between & and 4 has appeared which is 
probably significant. 


There are, of course, so many directions in which the population form may be 
modified and so many changes to be rung in the values of N, a,c and p that it 
would be dangerous to draw too sweeping conclusions from a single experiment. 
Yet, as far as it goes, this appears to be a satisfactory result, and it suggests that in 
cases where we believe that the deviations from normal homoscedasticity in the 
y-arrays are of about the order existing in this experimental population, Fisher’s 
test may be used with confidence. 


(6) THE PracticaL DETERMINATION OF THE PROBABILITY INTEGRAL oF f(@). 


Let us first restate the problem; it is that of testing the hypothesis that a 
given sample comes from a population in which the regression of y on « follows 
a curve 


We either know that the population y-arrays are normal homoscedastic curves, 
or are prepared to take the risk of assuming that the deviation from this form is not 
sufficient to invalidate the test. We fit the regression curve to the sample by least 
squares and calculate 


x Yx— 


2 
1 (nes2) 
1 


s= 


Since it is when @ is large that the hypothesis is unlikely to be true, we refer this 
quantity to the distribution it would follow in repeated samples were the hypothesis 
true, namely, 
f (0@)d@=constantx@ (146) 2? dé 


| 
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find P,= [ Ff (0) d@, and on the basis of these odds judge whether or no so great a 


value of @ is likely to have arisen through chance fluctuations. The two simplest 
cases that arise are when : 


(a) c =1, and we wish to test the hypothesis that the population array means 
are constant. In this case the fitted regression line Y,=a, becomes Y, = 7%, the 
mean of the NV individuals in the sample, while from the definition of (18) R=0 
and @ = — 

(b) c=2, and we wish to test the hypothesis that the regression curve is linear 
but not necessarily parallel to the axis of 2 Here Y,=a, +a, is the ordinary 
regression straight line of y on a, and R=r,,, the coefficient of correlation in the 
sample. Then 6 = — 7*)/(1 — »?). 

We shall now discuss several methods of calculating Po, the chance of obtaining 
in random sampling a more divergent result than that observed. 

1. A. Fisher's Method. 

(25) is a special case of Fisher’s general distribution referred to in section (1), 
which he takes as 

n,-2 


f (0) d0 =constant x 2 (140) 2 dO (39). 
Writing z= ; log, (= ) , it follows that the distribution of z* is 
1 
dz = constant x (ne + (40). 


Tables VI of his Statistical Methods for Research Workers give for different 
values of n, and ng the values of z corresponding to the ‘05 and ‘01 proportionate 
tail areas of the z curve. In the present problem n,; = a —c, n»= N—a, and 

1 N-a 

The Tables can be entered with integral values of n, from 1 to 6, then for 8, 12, 
24 and ©; and of nz from 1 to 30, then for 60 and «2. For many purposes this is 
adequate, but greater refinement is sometimes required. 


2. 7. L. Woo’s Tables. 
These have been published in the present volume of this Journal. They were 
primarily intended for testing the significance of a value of 7%, ic. for the case 


c=1. If we use the transformation ¢= 0/(1 + @), equation (25) becomes of the 
form of (8) or 


a-c-2 N-a-2 
2 (1-f) 2 df... (42), 
R2 
where = (43), 


Then if ¢=1, {= 7, and if 2, € = (m? — r?)/(1 — 1°). 


* This z must be distinguished from ‘‘Student’s” z. 


~ 
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Mr Woo has taken c= 1, and his tables are entered with NV and n, which is a of 
the present paper. They may, however, be used for any value of ¢ by equating his 
N to our N—c+1 and his n to our a—c +1. The tables give for a wide range of 
values of N and n*, (1) Mean & (2) o¢, and (3) the ratio (¢— Mean £)/e¢ corre- 
sponding to tail areas of about ‘02 and -01. 


3. Other Methods of Approximation. 
The Tables of the Incomplete Beta Function, which are nearing completion in 
the Biometric Laboratory, will give the probability integral of (42) for a certain 
range of values of NV, a and c, but it seems of interest to describe a form of 
approximation adequate for moderately large sampies based on the Type III curve A 
and the Incomplete Gamma Function. For the Type I curve written in the form 


y= yoo? — 


we have the following moment constants : 


Mean = Ne if p=} (a—-c), q=4(N-a) 


Further, we know that 


6 (Bz — Bi— 1)/(282 — —6)=—(p+9) 
and consequently 

The relation (45) suggests that if V be not too small the (8), 82) point of the 

curve of ¢, (42), will lie close to the Type III line. The extent to which this is so 
is illustrated in Fig. 2, which shows for ¢=2 how for a constant number of 
arrays, @, the point converges on the Type III line as WN increases. We shall there- 
fore examine the adequacy of the following approximation - to represent the Type I 


curve (42) by a Type IIT curve with its mean, variance and f; having the values of 
(44), or approximations to these values. 


The equation to the curve, whose integral J(u, p) is given in the Tables of the 
Incomplete Gamma Function*+, is 


y = constant x w? e~ (46), 
u = (deviation from start) /(standard deviation), 
where Vp +1 x standard deviation = distance from start to mean, 
p=4/6,—1. 


* N=51 to 1000 and n=3 to 20. 
t+ His Majesty’s Stationery Office, 1922. 
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Hence we must take 


a—ec 
(N-c-2(a—c)P (N—c+2) 


_a-c¢ 3(a—c+2) 


where we have expanded in inverse powers of WN —c. 


Fic I. SHowine THE A,, 8, ror THE DISTRIBUTION OF £ IN THE CASE €=2. 


Ay 
1-0 


In the same way we may obtain an expansion for the expression for og given in 
(44), namely, 


N-c N-c N= 
V2(a—c) la-—c+2 


Hence combining (47) and (48) we have 


Distance from start to mean = Vp + 1 a 


0-2 06 0-8 | 1-2 1-4 1-6 1-8 2-0 
1-0 | 
2-0 
° 
S 
FF, “me 
40 2 2 2 © 
zs 4 
$ 
2732 ° 8 
< = “ 
6-0 
. 1 
a-c a—c+2 | 
—C =—C 
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The fitted Type III curve does not start exactly at €=0; the position is repre- 
sented in Fig. 3. The Type III curve starts at A, the true curve at O, the means 
coincide at M, and it is desired to approximate to the tail area under the true 
curve beyond P by taking the corresponding area under the Type III curve, 


AP=0P+A0=O0P+ AM—-OM 


a—c+2 a—c 
(a—c)(a—c+ 2) 


using equations (44) and (49). The Tables of the Incomplete Gamma Function are 
now to be entered with the p of (47) and w= AP/o, or 


(a — c)(a—c+2) 


Fic. I 


——Fitted Tyyze II Approximation 
— — —True 5 Curve 


NL 


M P 


D> Start of Type II Curve 


There are now possible two degrees of approximation. 
Method I. 


Take the p of (47) and the w of (50) as far as the terms given; this will involve 
interpolating for both p and u. 


Method IT. 

Take p=} (a-c), w= that is to say assume that a and c may 
be neglected compared with V. In this case it may only be necessary to interpolate 
for 

If the Tables of the Incomplete Gamma Function are not available, use can be 
made in certain cases of Elderton’s x? Tables in Tables for Statisticians and 
Biometricians. The x? distribution is 


y = constant x 2 (51). 


* In the Incomplete Gamma Function Tables (1922) the argument interval for p is 0-1 up to 5-0, 
but beyond this it is 0-2, e.g. there is a column for p=4°5, but for 5-5 we must interpolate between 
p=5'4 and 5:6. 


Biometrika xx1 : 24 
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This corresponds to (46) if we write 
= 2uVvp +1, = 2p +3, 
and consequently we have two approximations corresponding to Methods I and I. 


Method I1I. 
Enter Elderton’s Tables with 
2(a—-c+2) (a—c)(a—c+ 2) 
3 (a —c)(a—c+2) 
N-c 

It is here necessary to interpolate between the columns of »’, which is not easy to 
do accurately. 

Method IV. 


To a rougher approximation use 


| n=a—c+1+ 


V=NG n=a-—c+l. 


Here n’ will have an integral value and it is only necessary to interpolate for x. 


TABLE II. 
Values of P-. 


Size of Number of —r 
sample arrays c= = True Pe byl Pe by II 
N a 
100 6 ‘1141 0193 | “0190 “0284 
6 0618 0136 0136 0145 
200 14 1120 0285 0277 
14 ‘1191 ‘O176 0173 0208 
22 “1657 0248 0314 
14 0453 0292 0291 0307s 
500 - 14 0482 “0184 0183 0196 | 
| 22 “0672 “0260 “0257 0285 
1000 22 0338 0264 0263 0277 


By taking certain values from Mr Woo’s tables, it has been possible to examine 
the closeness of approximation of Methods I and II; except for the difficulty in 
accurate interpolation IIT and IV would give the same results as I and II respec- 
tively. Suppose that we take the case c= 2, or are testing whether the regression 
of y or « is linear, and that we found in the nine samples with values for NV and a 
shown in Table II, the values of €=(?—7?)/(1—7*) given in the 3rd column. 
Then the true values of P;* found by Mr Woo from the appropriate Type I distri- 
butions are set out in the 4th column, while those found by using the approximate 


* That is to say the chance of ¢ exceeding the observed value in random sampling were the hypothesis 
tested true. 
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Methods I and II are in the 5th and 6th columns.. While not attempting to be 
mathematically exact, there can be little doubt that Method I gives values for P¢ 
accurate enough for most practical statistical work. As we should expect for a 
given NV the error increases as the number of arrays is increased. For V below 100 
and a large number of arrays the approximation will no doubt become less satis- 
factory, but this field will be covered by the Tables of the Incomplete Beta Function. 
For large samples the gain in speed by using Method II may well be felt to 
compensate for the loss in accuracy. 

These results only provide a comparison at the level of significance P;= 03 to 
‘01. It seemed desirable to examine the degree of approximation throughout the 
whole range of the curve, and this has been done in three cases, namely, V = 102, 
c=2,a=8; N=202, c=2, w=14; N=502, c=2, a=22. The true probability 
integrals were found by quadrature of the curves 


TABLE IIL. 


Showing the Chance of Exceeding Certain Values of €. 


N=102, c=2, a=8 N=202, c=2, a=14 N=502, c=2, a=22 

Pg, or chance of exceeding ¢ P, or chance of exceeding ¢ Pg, or chance of exceeding ¢ 
True | Method I |Method I] True | MethodI|Methoat ¢ | | Method I [Method II 
value |Method1)) etho ethod I | Metho value | Met d 


“000 1°0000 “9996 1-0000 “000 | 1:0000 1°0000 10000 “000 | 1°0000 1-0000 1°0000 


“9789 ‘9731 “9940 “O24 “9676 “9642 “9636 “O16 “9926 “9919 “9918 
“036 “7414 “7362 "8348 “6250 “6170 “6116 “030 "7825 ‘7791 
“060 "4301 *4233 "5295 ‘O76 *2280 °2215 *2269 “038 “5256 “5212 “5193 
*2089 *2026 “0540 "0522 “0582 “050 "1985 "1953 “1995 
“0893 “0859 "128 “0093 “0093 “OLIS “064 “0399 “0391 *0427 


"132 ‘0346 | -0334 0493 | -0012 “0013 “0020 | | “0073 “0087 
“156 0123 | °0122 “0186 | -0001 “0002 ‘0003 | -090 -0008 0008 0011 
“180 “0041 0043 0066 "102 | -0001 0001 “0002 
204 0012 | -0014 0023 
“0003 “0005 “0008 | 


“0001 “0001 “0002 | 


ordinates being computed at intervals for £ of -003 in the first case and of ‘002 in 
the other two cases. The results are shown in Table III. The adequacy of Method I 
for the common purposes of this test can hardly be questioned; Method IT is less 
satisfactory, particularly for the sample of 102, but in all cases the agreement 
will be better as the number of arrays is decreased compared with the size of 
the sample. 


24—2 
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(7) Tue DisTRIBUTION OF THE CORRELATION COEFFICIENT 
IN THE EXPERIMENTS. 

The sampling distribution of r first obtained by R. A. Fisher in 1915* is for 
: two normally correlated and continuous variables. The population distributions of 
4 Experiments I and II are neither of them of this form. In the first case the y-arrays 
are normally distributed and contain five groups to the standard deviation, but there 
; are only three alternative values of «, —1, 0 and +1; further, the proportions in 
these three xz-marginal totals are p,="40, pp='35, ps=°25. That is to say, the 
z-distribution makes no approach either to normality or continuity. For Experi- 
ment II the y-arrays are skew curves with varying standard deviations, while there 
| are five values for #, with proportional frequencies in the x-margin of p,=°1667, 
p2 '2666, ps = "2167, py= "1833, ps ="1667. Here again there is no approach to a 
continuous normal distribution. Let us examine how closely the observed distribu- 
tions of r conform to the sampling distributions of “normal theory.” 


| TABLE LY. 


Distribution of the Correlation Coefficient. 


Experiment I Experiment IT 
r Observed | Normal Theory r Observed | Normal Theory 
(Central Values) | Frequency Frequency (Central Values) | Frequency Frequency 
— 1 2 2°2 
(- 05 & below) & below) 
“00 — 1 1°6 
+ °05 1-1 3 2°7 
+°10 1 1°8 +°14 1 4°1 
+°15 3 2°7 +°18 6 6°1 
+ °20 5 4:0 +°22 8 8°8 
+°25 8 5°8 +°26 17 12°1 
+°30 6 8°2 +°30 15 16°0 
+°35 15 | +°34 20 20°4 
+ °40 24 14°4 +°38 18 24°8 
+°45 19 18°0 +°42 31 28°7 
+°50 15 21°4 +°46 30 31°5 
+°55 21 23°8 +°50 37 32°4 
+°60 19 24°5 33 31-0 
+°65 26 22°8 +°58 28 27°23 
21 18°5 19 21°4 
+°75 13 +°66 15 14:8 
+°80 1 6°0 +°70 5 8°6 
+°85 2 2°1 +°74 5 4°0 
(+°85 & above) +°78 5 1°3 
+ °82 1 
& above) 
Total 200 200°0 Total 300 300°0 


* Biometrika, Vol. x. pp. 507 et seq. 
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Experiment I. 


Here NV = 20, p = ‘5346 (population coefficient of correlation), and the theoretical 
distribution can be obtained by interpolating between the columns of ordinates for 
p=°5 and ‘6 given in Table A, p. 396, of the Cooperative Study on the distribution 
of r*. Second difference interpolation was used and a correction made to obtain 
group frequencies from mid-ordinates. The observed and theoretical results are 
compared in Table IV; the Goodness of Fit test with 11 groups gives P =°223. 
The following comparison was also made : 


Mean 7: Theory 5244, Observation *5160, Standard Error+ ‘0120. 
These two quantities are somewhat less than the “normal theory” values, but the 
differences are less than the standard errors. The frequencies show some irregularity 
in the centre, but the numbers are not large enough to prove any significance in 
this. 
Experiment II. 


Here N = 30, p="4626. We are now beyond the range of tables of ordinates 
contained in the “Cooperative Study.” The theoretical frequencies given in Table IV 
were calculated with the help cf Fisher’s transformation by a method which will be 
described below. The agreement between “normal theory” and observation is 
excellent, the Goodness of Fit test with 14 groups giving P = ‘916. Further, we have 
the following comparison : 


Mean r: Theory °4563, Observation 4631, Standard Errort ‘0086 ; 
+1488, 1475, 0064; 


the differences being again less than the standard errors. 


These two series of results are of considerable interest and suggest that the 
normal bivariate surface can be mutilated and distorted to a remarkable degree 
without affecting the frequency distribution of r in samples as small as 20, The 
«-distribution in both cases has been made platykurtic, and it is possible that less 
satisfactory results would follow if the surface were pulled out into a more lepto- 
kurtic fori. 


(8) R. A. Fisner’s TRANSFORMATION OF THE ?°-DISTRIBUTION, 


This method of transformation, which has been referred to in the preceding 
section, appears to be of such value in small sample work that it seems worth 
recording here the following examination of the degree of approximation involved. 
The equation for the distribution of r in samples of x may be written} 


n-4 -1 
Ff (r) dr = constant x (1 — y?) 2 } (52). 


* Biometrika, Vol. x1. p. 396. : 
+ The standard errors are calculated as described in the footnote to p. 345. 
t Biometrika, Vol. x. p. 511. 
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Then the transformation 


or = } {log, (1+ r)—log, (1 


applied to (51) is such as to give for the distribution of z a close approximation to 
a normal curve with mean at ¢ and standard deviation equal to 1/Vn—3. That is 
| to say, the distribution of z is almost invariant in form with a standard deviation 
deperding only on the size of the sample and not on p. The moment constants of 
the distribution of z have been given by Fisher in the form of series in inverse 
powers of n- 1*, and it is seen from these that the approximation is likely to be 
least satisfactory when p is large and n is small. The results shown in Table V 
have been computed for samples of 10 and of 20 from his series. Mean z differs 
from £ by a quantity of the order of p/2(n—1) and is the most variable of the 
expressions tabled. 1/Vn—3 is seen to be quite a good approximation to o,, at any 
rate in samples of 20, and if the distributions are slightly leptokurtic they are at 
any rate symmetrical. 


TABLE V. 


Moment Constants of Distribution of 2. 


n=10 n=20 

‘ 

p 

Mean z-¢ By By Mean z-¢ B, B, 
“0000 *375 “000000 | 3:°272 “0000 "2423 “000 000 37116 
“0113 "375 “000 015 3°273 *0053 "2422 -000 002 37117 
*0226 “374 036 3°277 “0106 “2418 -000 004 3°118 
6 “0340 “000 020 3°281 *O159 002 3°118 
"0455 “000 005 3°281 *0213 +2403 001 37116 

“0513 “000 068 3°277 -0240 “2398 -000 007 3°114 

Vn —-3 


These results do not of course show whether sufficient terms are given in 
Fisher’s series to insure convergence with n as low as 10, but it is possible to test 
the adequacy of the assumption that z is distributed normally in another way. 
Two tests were carried out. 

Test (a). The moment coefficients of the true theoretical distribution of r are 
given as series in the Cooperative Study +. Taking a sample of 30 and p = "462 579 
(as for Experiment II above), the following values were obtained: 

Mean r= ‘456 265; ¢,="148 818; 8,=°244; 8,=3°252......... (55). 


* Metron, Vol. 1. Part iv. pp. 13 and 14, 
t Biometrika, Vol. x1. equations (xx), (xxi), (xxv), (xxvi). 
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Using Fisher’s series from Metron we find 
Mean z = 60; o,='192 04(N.B. 1/Vn —3 ="1925); 8,=-000001; 8,=3:0742 
(56). 
Next values of r at intervals of 02 were taken between —-24 and +°86, and 
the corresponding values of z found from (54)*. The chance of a value of r 
lying in any of these subranges is the same as that of z lying in the corresponding 
subrange. We assume that z is normally distributed about 508 60 with standard 
deviation “192 04, obtain the proportional group frequencies from Sheppard’s Tables 
of the Normal Curve, and hence have the grouped frequency distribution of r. The 
“normal theory” frequencies in the final column of Table IV above were obtained 
in this way. The moment constants of this distribution, were the process completely 
accurate, should be those of the series (55). Actually they were found to be 


Mean r =°4560; o, = "1489; By ='229; (57). 


The agreement in the betas is not exact, but the z transformation seems to provide 
a quite adequate representation of the distribution of r. 


TABLE VI. 
Distributions of r. 
Chance of r lying below values 
shown in Ist column 
3 From quadrature From the z 
: with true ordinates transformation 
“000 008 -000 0003 
*000 067 011 
*000 36 -000 13 
“0 *0016 “0010 
+°2 0054 
+4 +0249 “0255 
+°6 "1109 
+°8 *4431 *4509 
+°85 “6165+ “6193 
+°90 “8133+ “8130 
+°95 ‘9677t “9688 


Test (b). Suppose a sample of 10 taken from a normal population with p =°8. 
In this case the distribution of 7 is included in the Table A of the Cooperative 
Study (loc. cit. p. 386). It is seen to be a very skew curve with a modal ordinate 
at about =°85, and = 3:1377, 80534. Clearly it is not an easy distribution 
to handle, and but for these tables of ordinates we should be in difficulties when 
wanting to find the chance of r exceeding a certain value. The second column in 

* A table of this function is given at the end of the Metron paper. Only about 1 sample in 10,000 
lies outside the range r= —-24 to +-36. 


+ These values cannot be quite accurate as the r curve is too’ abrupt for a satisfactory quadrature 
from the tabled ordinates. 
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Table VI has been formed by applying quadrature to these ordinates. The z 
transformation leads to a distribution whose moment constants were calculated in 
forming Table V; they are 


Mean z= €+°0455 =1:1441; o,='3691; B, = "000005; 32808. 


Now make the simplifying assumption that z is normally distributed about 1:1441 
with a standard deviation of 3691, and it is easy to find from Sheppard’s Tables 
the chance of z=tanh~'» exceeding any given value. Is the approximation 
adequate? The figures in Table VI suggest that for most purposes it is. It must 
also be remembered that in taking n=10 and p=‘8 we have chosen a most 
unfavourable case. 


The author is very much indebted to Miss M. Page for the sampling and 
computing work for Experiment I; to Mr A. E. Stone for the sampling and Mrs 
L. J. Comrie for the computing for Experiment II; to Mr Ernest Martin for the 


computing required for the comparison of Table III; and to Miss Ida McLearn for 
the three diagrams. 
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INEQUALITIES FOR MOMENTS OF FREQUENCY FUNC 
TIONS AND FOR VARIOUS STATISTICAL CONSTANTS. 


By J. SHOHAT (JACQUES CHOKHATE). 


Introduction. The object of this paper is to derive certain inequalities for 
moments of frequency functions, and to show their applicaticns, in particular, to 
the generalization of Bienaymé-Tchebychett’s criterion in the Theory of Probability. 
The following notations will be used: (a, b), finite or infinite, for, the interval of 

b 
distribution (b>a); for the law of distribution, so that dF (x) =1; 
Hs for the sth moment of the distribution about the origin, or 
b 
w= | (2)  (s=0,1,2,...3 
a 
P,°*=P:[¢ = for the probability that the variable satisfies the inequality 
b 
cSasd;E(f)= JdF to denote the expected value of f(«). 

We shall use extensively Stieltjes’s integrals, the advantage being that a single 

formula embraces the cases of a continuous, as well as of a discontinuous, distri- 


bution. The function F (x) introduced above is non-decreasing in (a, b) and varies 
monotonically from F (a)=0 to F(b)=1. The case of a continuous distribution 


corresponds to the assumption dF =/(«)da, F(«)= (w) dx, where f (x) 
“the frequency function ” is integrable on (a, )). 


1. Fundamental inequalities. The basis of our discussion is formed by the 
following inequalities of Tchebycheff and Hélder which the writer has extended 
elsewhere* to Stieltjes’s integrals: 


= 


In (A) (Techebycheff) and in (B) (Holder) y(«#) denotes a monotonic non- 
increasing function, /;,2(#) are two continuous functions, which in (A) both vary, 
for a S = b, in the same sense (sign >), or in the opposite sense (sign <). (B), with 


fale) =1, |fy(w)| = |f > 83), gives 


We notice that Schwartz’s inequality is a special case of (B), for s = 2. 


wat 
| 
1 
| 
| 
| 
\ 
* J. Chokhate, ‘‘Sur les intégrales de Stieltjes,” Comptes rendus, T. cLxxxrx. (1929), pp. 618—620. ! 
| 
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2. In order to illustrate at once the importance of the above inequalities, we 
proceed to s}.ow that they yield directly many important results the proof of which, 
otherwise, 1equires special considerations in each case. 


(i) & denoting an arbitrary constant, take in (C): f(x) =a — & W (a) =law of 
distribution F'(#). This gives 


|e ar (a)|* (sq > 81 > 0)...(2). 


n 


Hence, the quantity v,= la—£&|*dF(x)|° increuses with s. This general 


property leads to many interesting results, by specifying s and &. 
1 
(a) Take & =0: po,2* increases with s for any distribution over any interval, 
1 


and so does, more generally, uss, in case a 2 0. 


(8) Take in (2) €=arithmetical mean of the values of a, and denote by yp’; 
the kth moment of the distribution about the mean 


>1 (s>r); >1 (s=2, 3, ...; oF p's) ...(8). 

(ii) In (A) replace y (a) by the law of distribution F'(#) 


(4) holds for any two functions /;,2(«) continuous in (a, b), provided they both 
vary, for a= #= b, in the same sense (sign >) or in the opposite sense (sign <); 
(5) holds for any f (#) continuous in (a, b). 


The following remark is important. Suppose we are dealing with a discrete 
distribution, # attaining a finite number of values a, x2, ..., Z,. Then Stieltjes’s 
integrals reduce to finite sums, for example, 

b m 
| fo: [oi=F (a+ 
i=1 
and the condition of continuity of f(a) evidently can be omitted. 
(iii) Integrating by parts the expression for w,, we get 
b b b 
a a a 
[ de. F(x) dx >| | F (a) dz, 
a a 


fd 


a 
—a 


* G. Bohlmann, “ Formulierung und Begriindung zweier Hiilfssiitze der mathematischen Statistik,” 
Mathematische Annalen, Bd. uxxtv. (1913), pp. 341—412 ; pp. 374—5. 


a 
7 
| 
| 
ag 
* 
ex 
a 
~ 
| 
| 
i’ 
2 
| 
q 
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For a symmetric distribution over a finite interval (—a, a) similarly 
(iv) Let a20. In (A) intreduce the non-decreasing function 
| dF (a) (k 2 0), 


where F(x) represents the law of distribution over (a, b), and take fy(«)= 2’, 
J2(«) = a™ (1, m positive integers or zero). This gives 
> 
> 
(8) holds for any distribution over any interval (a, b), provided a= 0. 


(k, m=0, 1, 2, ...; 1, m>0)...(8). 


(v) Finally, we derive, by means of (A), two inequalities which we shall 
frequently use in our discussion : 
(D) (a) de |, Soe (0<a<), 
where /() is non-decreasing (sign >) or non-increasing (sign <) in (a, 8); 
\ J = 


where f (#) represents the frequency function over (a, b), with asa<BSb. 


Py? (02a<8), 


3. Continuous N-shaped symmetric distribution over a finite interval. Here 
the law of distribution is represented by dF (#)= f(x) dx, where f(a) is an 
even function in the interval (—a,a@) with a single maximum at «=0. Thus 
® (the mean value of «)=0. Hence 


[a (8=1, 2 ...)...(9). 
“0 “0 
Applying (D), we get 
as aNv3 


Now let / (@) be subject to the following conditions: 

(1) a* f(a) increases in (0, a) for a certain positive integral k [example: a®e-* 
in (0, 1)]. We notice that (1) is satisfied a fortiori for any k’>k. Thus, we can 
apply (A) to 

pos = | f(x) dx (s >k), 
Mas Bek (s > k) (11). 
We can go further and find the asymptotic expression, for s—> 00 , of piss, if 


(II) in sufficiently small interval (a~8 < a) f(x) =(a— (a) [v >0, 
q (a) +0, continuous in (a — 8, a)]. 


| 
Prove 
| 
| 
| 
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Then, as it has been shown by the writer*, 


20 (vy +1) q (a) (1 + e,) 
Pa = — 


( lim e, = 0)...(12). 


The above inequalities (10, 11) enable us to find a lower bound for a in case 
the distribution is known to be of the type under consideration over a finite 
interval of unknown length (2a), 


a>NV(2s+1)px (s=1,2,...); a>oV3...(18), 


2s — Qs 2k 
a< [under condition (I); s>k]...(14). 
2k 


4. Continuous N-shaped asymmetric distribution over a finite interval. Again we 
choose the origin at the maximum, Write 


0 tb 


and apply to each integral the inequality (D), 


< Masa < | < [c = max. (|@]|, b); s=1, 2, ...]...(16). 


5. U-shaped continuous distribution over «a finite interval. 


(i) Symmetric distribution. Taking the origin at the minimum and using the 
same notations as in § 3, we get (inequality (D)) 


ae - av3 
23 > s=1, 2,...); o ...(17). 
Qs+1 ( ); ‘ G ) 
Here certainly 2*f(«) increases in (0, a) for any k2 0. Hence 


Has > 1 (s, = 1, 2, ...; >k)...(18). 
(ii) Asymmetric distribution. By (D) 


0 b 
f(x) da + b® J (x) da 


Mex > +1 {d = min. (|@|, b); s=1, 2, ...]...(19). 


(For p41 we get, by Schwartz’s inequality, the less satisfactory result 


| |< < [c = max. (| a}, b)].) 


* J. Shohat, ‘On the Asymptotic Expressions of Certain Definite Integrals,” Annals of Mathe- 
matics, Vol. xxvit, (1925), pp. 3—11; p. 6. 


1 
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6. Generalization of Bienaymé-Tchebycheff’s criterion. The problem can be 
stated as follows. Given trv0 constants h(>0) and &, find bounds for the probability 


P=P:[\a—&\ in terms of the quantities v,= | |ja—€& var | . The simplest 


procedure generally adopted is the following*. We write 


ja-i|Sh 


and then, neglecting entirely %, 


vg Z ig> P), 
....... (21), 
h 


P =P:{|e-£| (“) (s, r >0) 


The very procedure shows that the limitations (21, 22) are, in general, too 


gross. In order to get a better understanding of these inequalities, we give the 
following properties of v,: 


1°. ..., for any distribution over any interval. 


s+1 
2°. lim = lim “ett My = max. |b-E|) [Me =o, if (a, b) be 


Vs 
infinite]. 
3°. lim >1; lim = (s—> 2; r>0, fixed). 
4°, lim“ = <i ©; s>0, fixed). 


(1°) has been shown above (formula (2)); the first part of (2°) has been 
established by the writer+. To complete the proof of (2°), we notice that 
vs 


s+1 
—*— <= M; (mean-value theorem) ...(24); 
Vs 


hence, lim 


san Vs 


Furthermore, if (a, b) be infinite, then, for a sufficiently large s (since 


lim aF (e) = 1, 
/ 226 


“**, exists and is equal (by a well-known proposition) to lim »,. 


* Cf. Pearson, Biometrika, Vol. xm. (1918—19), pp. 284—296; Narumi, ibid. Vol. xv. pp. 245—254 ; 
Guldberg, Comptes rendus, T. ctixxv. (1922), pp. 418—420, 679—680, 1382—1384; Lurquin, ibid. 
pp. 681—683; Camp, Bulletin of the American Mathematical Society, Vol. (1922), pp. 42° —482; 
Meidell, Comptes rendus, T. cuxxv. (1922), pp. 806—808; T. crxxvr. (1923), pp. 280—282, 

+ J. Shohat, ‘‘On the polynomial and trigonometric approximation of measurable bounded functions 
on a finite interval,” Mathematische Annalen, Ba. cr, (1929), pp. 157—175; pp. 163—4. 


=| 
— 
| 
| 
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where G > 0 is arbitrarily large, but fixed) 


v, 2 i 2G (25). 
| 
(3°, 4°) follow directly from (1°, 2°). 


The aforesaid considerations show that if we take in (22) r< ss, the coefficient of 
1/X ts >1. Moreover, with r fiwed, the usefulness of (22) generally decreases, as s 
increases, for then the interval of admissible values for X 

Vy Vy 

gets smaller and smaller; for s very large, Av, must be taken very close to M;, and 
(22) loses its meaning, whether (a, 6) be finite or infinite. On the other hand, if 
we take in (22) r > s*, the coefficient of 1/d* is <1, and (22) becomes applicable, even 
with %< 1. Moreover, as r increases indefinitely, s remaining fixed, the interval of 
admissible values for \ approaches, in case of (a, b) finite, a limiting interval 
(v,/Mz, 1), whose length is different from zero, In case of (a, b) infinite, the upper 
bound for % is «, and its lower bound approaches (under the said condition) 0. 


7. Criterion analogous to that of Bienaymé-Tchebycheff for certain distributions 
over a finite interval. 


(i) N-shaped continuous symmetric distribution (§ 3). We get from (10) 


f (x) da > (1 — Pz"), 
1 
1 a \* 
= P :[| a| = ro} 1 9s+1 (28). 


(27, 28) do not require the computation of ps (being useful, of course, so long 
as their right-hand members remain > 0). 


Apply now the inequality (E) to the integrals 7, 72 in the expression 


h a ; 
= f (x) da + 2 [ af (h<a)...(29), 
) 


( h 
js — 


2 —h,h P—hh « 
(a h) (2s +1] ) Mos — (a h) (2s 1) 
a (a — h**) a (a 


We thus obtain an upper bound for the probability P,-%" in addition to its 
lower bound given by (21) 


(32). 


* For r=s, \ must be greater than 1. 


a 
1 
| 
3 
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(32) becomes inapplicable for sufficiently large s and any h<a or for any s 
1 


and h <p, but in that case (31) becomes applicable, for its right-hand member 
is then necessarily <1. In fact, the contrary assumption leads to 


2s 
bes < 


(2s + 1)" 
while lim = a>h. 


(ii) N-shaped continuous asymmetric distribution. The results of § 4 give (see 
formulae (32, 15)) 


[c= max. (|a|, b)}...(33). 


In order to get an upper bound for P,-":", write 
—h ro h b 
| af de + | +f (a<0<h<b), 
a 0 h 


and apply (E) to each of these integrals, then 
H — (2s +1) prs H — (2s + 1)o* 


H —h® H-lh» ° 
(4 = max. | |) (34). 
(ili) U-shaped continuous symmetric distribution (§ 5). Here 
hs 


att — (25+ 1) pos (a — h) 
(iv) U-shaped asymmetric continuous distribution. Employing the now familiar 
reasoning, we get from 


> 


h* 
Hes > Qs 1 —P 


Here we can go further and discriminate between positive and negative values 
of x: 
> |" 2s d 2s da 1— Par 
— — (6 — h) (28 +1) pros 


+ — (a + h) (28 +'1) pes 


a (a* + h*) 


1 
| 
| 
104 
+ 
| 
| 
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8. Distribution over an infinite interval. Let the interval be (— #,  ) (other 
cases can be treated similarly). We assume the existence of all moments to be 


used. 


(i) N-shaped continuous symmetric distribution. Here 


H2s1=0; =2 de (s=1, 2, ...). 


The ratio —.| a*f(«#) da varies monotonically from 0 to }, as ¢ varies from 
Mes 


0 to co. Hence, there always exists one and only one solutios a, of the equation 


(a) de BEV (38), 
which leads to 
1-0/" ,. 
/ as 0 % : 
1 a2 Be 1 a,” j ? > 
Introduce now the probability P,~"". Then, if h Za,, 
h 
Hay > f (w) da + a® f (@) da >h® — P,-»*)......... (41), 
0 h 
which leads again to the inequality 
and this, combined with (40), gives a very simple inequality for P,~/": 
i 
Pbk (for = (43). 
2s+1+4+ 


In order to use the above formulae for a given @, it is sufficient to find an 
upper limit for a; (and similarly for a,, b, below), for t; >a, implies 


(@) de =5 (0'> 0), Me 41° 


The simplest choice of @ is 0=}, i.e. choose a, so that 


ag /0 
Then 
h 46 | 


| 
| 

{ 
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(ii) N-shaped continuous asymmetric distribution. We choose again the origin 
at the maximum. The same reasoning as in (i) holds, with proper modifications. 
Given any @ between 0 and 1, there exists a unique pair of numbers a, < 0, b, >0 
such that 


(@)de=0 de = (a) dex ...(47). 
Hence, by (15) 


1 1 
Has = r “af <p. Qs be < O° (c, = max. [| a, |, b,]) ...(48). 
We can follow now the discussion of § 7, (ii) 


2s+1 +% 
H, — (28 + 1) O25 H,- (2s + 1) 


— hs H, —h* 


2s+1 2s+1 2s+1 
= max. b, b = (a,< 0<h< b,)...(50). 


dgth 
In case a, = — b, (which corresponds also to the symmetric case (i) above) 
D —h,h a th 
< (b2* — < b, (b2* — h®) (h<b,) 
(51). 


9. Let a general distribution over (— 0, 2) be determined by the law of 
distribution F («). Consider 


1- with lin Lim 8,(h)=0 (53), 


which, for / sufficiently large, is better than (32), provided we know, instead of 


Hes, the order, with respect to 1/h, of 8,(h). This can be done in some special cases 
which follow. 


Continuous distribution, with the frequency function f (x) such that 
(IIT) f(«).|«|*< M for | «| = X (M, X > 0, k > 1—certain constants). 


Here we introduce 


= 


(under condition (IIT); h2 X)...(64), 


Biometrika xx1 25 


| 
| 
ar 
ey 
> 
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Notes. (i) (III) is & fortiori satisfied if 


Then in (54) : lim M=0. 


(ii) If we replace (III) by a stronger condition 


(IV) f(a) < for | «| 2X (M, r, v—positive constants), 
then (54) is replaced by 


2M erst? 
(h > max. (1, —) ; s>0 arbitrary) ...(56). 
In fact, for such h =| «| necessarily e~"!*!” 


Editorial Note on the Limutation of Frequency Constants. 


(1) My impression is that most inequalities hitherto found are not of great 
service in practical statistics; the limits are too wide. Some of the results reached 
by Dr Shohat are already familiar, others can be obtained by an analysis more 
customary with practical statisticians, and it is, perhaps, worth while considering 
them in connection with his memoir. 

I use the following notation. Let there be » values of a variate x, namely 
Hy, Xg, Ly, and let 

Sp = + +... + ay?, 


and p’, = s,/n be a moment coefficient about an arbitrary origin from which the a’s 
may be supposed measured. 

where p,= the rth moment coefficient when the arbitrary origin is taken about the 
mean. §’, may be used, when we put py’, for uw, in the above expression. 


(2) Lemma. The determinant A written down below is always positive. I owe 
the following proof of this fact, which had been otherwise brought to my notice, to 
Professor G. N. Watson. 


n 
A= So, S2 =A=8 So, $1, Sg clearly. 
m=1 
$1, 82, 83 $1, 82, 83 


* For z=v log || must satisfy the inequality e* > Ls z; it holds for any z>0 if £ <1. 


\ 
| 
| 
q 
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Expanding these determinants they may be written in the form: 


A= 8 (ty — — Hy) — 


= 8 (%p— &q) (aq — Xm) (Sm — Ly) 
ptqtr 


where the summation extends over all different sets of values of p, q, 7, a set such as 


2, 7, 4 being regarded as the same as a set 2, 4,7. It will be sufficient to prove 
that 


k=(a—b)(b—c)(¢ — a) {— (b—c) a) (a —5)} 


is always positive, for then every term of the above expression will be positive. The 


expression is symmetrical in a, 6, c and remains the same if the signs are all 
changed. 


The possible cases are: 
(i) (ii) (iv) (vi) 


aj+ + + -], 
bh+ + - - - + 
cl+ + + 


but by the second statement above (i) and (iv), (ii) and (v), (iii) and (vi) are really 
the same. It is sufficient therefore to consider (i), (ii) and (vi), Le. a, b, ¢ are all 
positive or two are positive and one negative. We have two cases then: 


(a) a>b>c, or (8) a>b>0>c. 


(a) We may write 


=(a—c)(a — (b {a3 — + b (a4 4) 
+b? (a> — c¥-5) + ...}. 
Since a >, this expression is always positive. 
(8) Here (a —b) (b—c)(a—c) is always > 0, while 
a2 (b —c) + (c — a) (a — 


will be positive when c is negative, if 


is positive. But since a>b, and c¢ is negative, all three parts are essentially 
positive. 


25—2 


‘ 
. 
| 
| 
| 
| 
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Thus finally 

$1, 82, 83 

Sar 
1 
M's b's 
Mora, 

1s essentially positive, or 


2 , , 
For the particular case of moments about the mean this becomes 
= + Bor—a (ii). 


Hence it follows that 
> Bo + Bx + Bs (iii) 


but Bo=1, hence, if all the odd moments are of the same sign, it follows that an 
even § will always be greater than unity. The relation for r = 2, 


is very familiar as it gives the boundary to all frequency in the A,, 8, plane. The 
frequency system then corresponds to the limit of the U-curves, i.e., to two lumps 
of frequencies n,; and nz at distance b, and lying on the line B,— 8,—1=0. 


We may ask whether it is the two lump-frequency which bounds the possible 
frequency when we consider other §’s than £,, 82. We have 


ba ( ny 
= | | —— —1)2 


ba Ny Ne 


(n + + ( 1) nt"), 


b? ny Ne Bryne (my — ne) 


Hence = 


b?r-1 Ny No = 
Per-1 = (m4 + — 


It follows that 


port? (ny ng)! (ny + ne) 
Bey 3= Mar =- + ng 
(ny (ny, + Ne)” 


— 
4 
€ J 
ro 
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Hence Bore = Bora + (v), 


or the two lumps form again the limiting condition, beyond which the possible 
frequencies, bounded by 


Bar—2 > Bora + Bors; 
cannot pass. 


At the point 8, = 0, 8; =1, we have two equal lumps; all the odd f’s vanish and 
or all the even #’s take their limiting value. 


(3) For symmetrical curves with continuous convex curvature and range 2a the 
limit is the rectangle when we deal with the greatest value of any moment 
coefficient. Hence we must have 


ie. a rectangular distribution gives for such curves the maximum o (or radius of 
gyration) about the mean. 


(4) Now for U-shaped curves* the higher the moment coefficient the more 
closely its value will approach the two lumps moment coefficient and diverge from 
the moment coefficient of the rectangle, for the higher moment gives more weight to 
the outlying values than the lower moment. Hence, if s be > k, 


2s+1 
qu-& 
Bes > +1) Pak 
This is a higher limit than that provided by Dr Shohat in his Equation (11). 
Since 2k + 1 < 2s +1 because k <s or 2k (2k + 1) < 2k(2s +1), 
2s +1< (28+1)(2k +1) — 2k (2k +1), 
Qs+1 
2k +1 


or 


<2s+1—2k. 


Thus > 9s—2k+1 (ix), 


which is Dr Shohat’s Equation (11). 


41 


or ace 


* Por f-curves the sign of the inequality must be reversed. 


Ve 
= 
= 
{ 
2s-2k 
‘ 2 
| 
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(5) Now consider the curve 


where p must lie between 0 and 1. In this case it is easy to show that 


1.3.5...(2s—1)a® 


and accordingly — Dp) ... +1 


and will be > 
2s+1 2s—1 
since 
2s+1—2p 
Accordingly < (2s — 2k +1) 


2 
Now, p2= — , or we may put, as illustration, a= 1, p= 4, which give 
= 1/2, 


_1.3.5...2s—1 


pw 


2.4... 2k 


1 
Hence < 1) 


1.3.5...¢ : 
(2s + 1)! 

2 (st? Qk +1)!" 
For example, if we work from the fourth and second moments, i.e. s = 2, k= 1, 

a?< 1:25, or a< 112, 
Using Dr Shohat’s inequality we have 

a< 1°50. 


In the former case we are 12°/, and in the latter 50 °/, beyond the true value. 
If we take s= 4, k =2, we have 


a<1:07, 
or we are 7°/, above the true value. Dr Shohat’s formula gives a < 1°38, or 38 °/, 
above the true value. 


In neither case should I personally feel justified in using an eighth moment 


coefficient, as the probable error of such a moment is too large in the case of the 
usual sized sample *. 


* The safer s=3, k=2 gives a<1-08. 


_ 
s+2—2p 
.5...2k—-1 
‘ 
| | 
| 
| 
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(6) Tall the a’s are >0, suppose them arranged in order of magnitude, then 
when p >4q, will always be positive, and therefore 
S (xy! — xq!) — 
where S denotes that p and q are summed for every pair in 1, 2, 3, ... », but 
p >, will always be positive. Accordingly: 


n n 
kp k+l+ l k 
S + Sa (ag! — xq!) — > 
p=1 
re > Sa,k+t ( + 9’ att), 


NM EX > X NM kim, 


which agrees with Dr Shohat’s Equation (8). 


If we put k=0, w’,=1, 


or 


Unfortunately this is not demonstrated for moment coefficients about the 


mean, but only for variates algebraically >0. It is true for moments about the 
mean, if k, l, m are even powers, or 


Beit+m—1) > - 
Thus we see if l=m=s, 


Innumerable sucii relations may be deduced. But such inequalities teach us 
little. For example, in the case of the normal curve, (xv) and (xvi) tell us that, 
putting s=2, 

3.5.7 >9; or, that 35>3; 
and 3.5.7.9.11.13.15>81, or, that 25025 >1. 


Such limits are of small practical service. eS 
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ON THE STANDARD ERROR OF THE MEAN SQUARE 
CONTINGENCY. 


By TSUTOMU KONDO, Professor of Mathematics, Higher Commercial College, 
Yamaguchi, Japan. 
I. Introduction. 


(1) Let us consider a table of contingency and let n,, be the frequency of the 
p, qth cell; ny., W., as usual, the marginal totals of the pth row and gth column; 
N the total frequency and x,» the numbers of rows and columns respectively, then 
the mean square contingency is defined by 


pad {( N ) N ) ; 
which can be transformed into the simple form 

( Mpg? \ L 

gud gut Whyte! 


The mean square contingency is usually denoted by ¢;? and we have the following 


fundamental equation 
ask 


p=1 q=1 Ng 


In the right-hand side of this equation if, for n,, and n,,, their expected means ji,, 
and ii,, are substituted, then we get an expression 


which is usually denoted by ¢,", and problems about the mean and standard error 
of ¢,” have been completely solved by Prof. Karl Pearson and A. W. Young*. 


But problems of the same kind for ¢,? have not yet been fully solved by 
anyone, and I want, here, to consider these problems. 


(2) Now, for simplicity, let us denote by m, the contents of the sth division of 
the contingency table formed by the sampled population of size M; and let i, be | 
the mean or expected value of the frequency n, of a sample of size N which corre- 
sponds to ms; then, if p is the probability of an individual being in the s-class, 


provided that the number of repeated samples is very large. 
Again, let 5n, be the deviation of n, from its mean, then 


Ng = Tig + Ong, 


* Biometrika, Vol. x1. p. 215. 
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and it has been proved* that deviations $n, arrange themselves according to a 
hypergeometric series of which the moment coefficients are given by 


py, 4), ) : 
Ha = N pq (3x3 N pq + xa); 
where 
9(N— 


N-1 3) 

M-2 ( M-3 J 
But for sampling from infinite populations, to which I propose to confine my 
attention, we may put 


and 1-6 


2 
X1=X2=Xa=1 and xs=1-7 (4). 


From these formulae, for infinite populations, we can deduce} the following expres- 
sions for means which are fundamental equations in the theory of this paper: 


Mean (dns)? = Nis (1 


Ng Ngo 


N > 


Mean (dn)? = fis (a 7) (1 


Mean (6n,)? = — (1 ) 


Mean 8n,dn,-= — 


Mean (8n,)* = iis (1 {1 + (a x) (1 


| Mean (8n,)* dny- = — {1 +3 (1 lis (1 


| 


| Mean (8n,)? = W {1+(1 V N + V 


Mean (8n,)? dn,- dns = — (1 Ma (1 ys) 


N 
2 Ns NgeN ae 


* K. Pearson, Phil. Mag. 1899, p. 239. 
} These formulae are all given in Biometrika, Vol. x1. p. 217. 
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Il. The Deviation of $,2. 


(3) The mean square contingency of the sampled population is given by the 
following equation 


p=1 q=1 
~ Tine? 
or simply by ¢?=S8 
where, and hereafter, S stands for the double summation 
=K q=A 
p=1 q=1 


Now let 8,7 be the deviation of ¢,? from the population value $2, and if we 
write as follows, 


Mean 8¢,?= Mean (64,2? = 
then the mean and standard deviation of ¢,? are given by 
Mean ¢,? (= $12, say) = G2 + (6), 


Therefore, if we can find py,’ and ps’, we can at once find the mean and standard 
deviation of But 


2 

29 pa 

2 

Ea Se) Be) (1+ Ss) - af]. 

n Ng Noa / Np. n a 

And, unless the expression 

Npq Np. 


ye transformed into a form of simple summation of differential products, it is 
difficult to find the mean values of 8¢,? or (8¢,?)*. 


Now, in the usual cases, ; ?* and =z may be considered as less than unity and 
pe 


we can expand the above expression into a convergent power series of the logarithmic 
differentials. 


As the expression for 5¢,? becomes very long and complicated, let us write 


Nig 
Ny. Np. Nig Ry. Nig 
and = 


T. Kondo 379 


f,. Ry. 


3 
Nig 


pe pe a Dp 


(1+ d, + dy — ds + dy 


Or, if we write again as follows, 


8, =d,—- = 4 _ 


n 
2 
83 = ds — 2d, (72) +d (8), 
and so on, then = 
2 
the 
2 
and Be ) 


= S (tpg) +S {ting (— 81 + 8: — 83 + «..)} 
=14+ {uy 
therefore = (— 8, +2 — + Sg — (10). 
Thus 8¢,? is expressed as a form of simpie summation which is a convenient form 


for finding mean values, while &,, is a homogeneous expression of order m, in the 


logarithmic differentials and of the form 


Nig 


Nog 


- Bitty. dn. + 


n Ry. m-1 ig rn 


n Ny Nig 


Np. Ny. Nig 


then 
2 
dn 
( 
on,.\ én 
fi. (1+ tug (1 +o) 
Np. Nig 
e 
| 
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But as this expression for $¢;? is an infinite series, it is very difficult, sometimes 
impossible, to get any finite and ewact expressions for py’ and pe’. What we can do 
is only to get certain approximate expressions for Mean 6¢,? and Mean (6¢,?)*, and 
even then we have to consider the question of the degree of approximation to get 
any adequate estimates for practical purposes. 


Ill. Eapressions for First Approximation. 


(4) Now, as the first approximation, let us retain terms of 5," and (8¢,°)? only 
to the differential products of second order and let us use, for simplicity, a square 
bracket, [ ], as the symbol for “mean value in repeated samples”; then, from the 
Equation (10), we get 


= S (— 51 + 82), 


and = S (tpqS1)}? (11), 
therefore = = ([82] — [81])}. 
Now [81] = + -2 
Ning 
_ 2 [8% pq] 
Ny. Na 
But [8n,.] = [8n.,] = [8n,,] = 9, 
therefore [8,] = 0. 


Secondly, let us consider the mean [83], 


2 
Ty Tig Ting Thigg? 


and the following candies can easily be deduced from the fundamental formulae (5), 


and = Ting — (12). 


And, from these equations, we get 
1 


and [5.2] = 8 (1 (1 (13) 


= #1 Say. 


n n 
(1 - [8n,.7] = 7 (1 | 
N N 
1 n n . 
Ny. Ny 
| 
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5) Now let us consider the mean of (8¢;°). 
From the equation (11) we get 


= Mean (8 


? 2 
= Mean [s + -2 | 


and we have first to expand the right-hand side of this equation, 


pa 
Sry. 
dng 


Let us write, for simplicity, as follows : 


and S (tyq) = 
q=1 


2 =x q=A 2 
then {s = “s Use 
Np p=1 q=1 Np. 


Uy. 


a8 ) + +88’ By) (15a), 
ot 
where . stands for ‘Sand S’ is a symbol for the summation from p’= 1 to p’= x, 
1 


aniline the case p’ = p. 
For instance, 


We can also easily get the following expressions for the other terms of the 
expression (14): 


18 (oe = )+88 dn, r) (15 b), 


< 
p=k 2 
S (pq) = S (ee 
p=1 p=1 Ny. Nig 
i 
| 
| 
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\"pq" pq 
q’ 
(15), 
f ). 


It is necessary first to find the means [8x,,.dn,,.] and [Sn,,5n,-.] besides those 
already given. 


But from the fundamental formulae (5), we can deduce at once 


Now let us substitute the expressions (15) in (14), and take mean values, then 
from the Equations (12), (14) and (16), after simplification and transformation, we 
get the following expression for jg’ as its first approximation : 


= 48 )- 38 “) —38S 428 


= Me SOY (17), 
1 
which, as we shall see below, is of order Vv 
Now = {o = — (1 
(u Ni, n 
ut S Vina 1 1 
1 
is of order 5, as we shall see later*, and therefore {'q)}? is of order while 


N 
f de 1 
a) is of order 


Therefore as the expression of first approximation for ~,, we may omit {py'q}? 
and we have 


ond Mean ¢,2 = (tty,) + 8 (1 (1 (19). 


* See Article (13). 


| 
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Note (i). If = (ie 


and ¢,? be the contribution to the contingency from a single row and ¢/ from a 
single column, then we have, approximately, 


p 


as has been shown by Prof. K. Pearson and Mr J. Blakeman*. 


In my notation 


Ny. 


Poa = “va — Moa + and = — =. 


If we substitute these values in the right-hand side of those authors’ equation 
und transform, then it becomes 


48 (7 =) +28 iy. Tag 3s 38 
as we should expect, for 


{o¢,|* approximately. 


Note (ii). The expression (19) for the Mean ¢? can be transformed into the 


form 
«—-1)(A-1 3\ + = 
Mean = ( ) + (1 + ( ) 


Ny. Nig 
where = — = contingency of the p, qth cell. 


The Mean ¢,?, expressed in powers of y,, in this form, was found by Prof. 
K. Pearson many years ago (1910). 


Now YX», is a relatively small quantity, and as it is partly positive and partly 
negative, the 3rd and 4th terms in this expression are likely to be small, and the 
first two terms depend on A, «, N and ¢? only. Therefore, if we consider samples 
of the same size drawn from the same population, the term which contributes most 
to the variation of Mean ¢;? will be the 5th term, Le. 


Let C, X, Y and Z stand for 
(«-1)(-1) Xva (Hy. + Rg) 


i= 3 
Ny. Ng 


respectively. 


* See Biometrika, Vol. v. p. 195. 
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With this notation the sample value of ¢;? will be in the long run too large by 
an amount, which on the average is given by 


We may now ask whether if we were to substitute the sample ¢,? for ¢? and the 
sample cell frequencies into the expressions X, Y, and Z, we should get a reasonable 
approximation to the true mw’, and further what is the relative importance of the 
five different terms in this estimate. To examine these points I have taken uwo 
sets of ten samples drawn from the population of Tables V and VII of Article (15), 
which will be considered in another connection below (Article (19)). I obtained the 
following results, the line above each table giving the constants for the population. 


TABLE I. 
2 x 2-table, = "494.950, N = 100, C ="01. 


P 

N or x Y 
*274 350 “008 230 “000 000 — ‘006 618 “O11 135 477 
*401 296 039 497 — 611 708 217 
*440 000 ‘013 200 “000 000 — ‘001 649 ‘014.930 ‘006 621 
*460 000 “013 800 “000 956 ~ ‘000 609 “020 234 913 
“481 668 450 “000 000 — ‘000 399 *020 069 “003 982 
“519 592 588 “000 472 “000 984 ‘O21 783 “005 261 
*540 000 “016 200 “O00 000 “001 351 *022 500 051 
022 ‘016 801 — 120 884 663 “005 902 
126 “018 004 — ‘001 352 966 671 *006 947 
*725 556 767 -- 000 206 768 420 “008 909 

3 x 3-table, = 188 893, N = 200, C= ‘02. 

3 42 x 4 

1 N 4 
“080 840 “001 126 “000 769 — 508 “002 992 395 
*150 002 250 502 — 477 038 O17 237 
689 3002 590 “O01 445 “000 096 “006 440 “017 691 
"184 136 762 “000 713 “000 057 “005 290 642 
*195 403 *002 931 *002 342 “000 243 “006 682 “018 834 
206 624 3003 099 “000 612 “000 622 “007 456 ‘016 877 
230464 003 457 ‘001 819 ‘001 326 008 784 ‘017 818 
042 736 002 469 533 *009 371 367 
*281 469 222 ‘001 462 “002 233 075 017 842 
*370 502 558 “001 053 642 692 ‘O17 561 


It will be seen that while C and the >; ¢:° and Z terms are the largest, X and Y 


being of a smaller order, it would yet scarcely be safe to neglect the latter. In the first 


| | 
| 
| 
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illustration we see that jy’ is at most only about .J.th of $2; in the second illustration 
Hi is about 4th of 2, but we see that it is remarkably steady. A larger amount of 


experimental work would be requisite, however, before we could interpret the exact 
meaning of these results *, 


(6) Numerical Illustrations. 

Now let us take a fourfold contingency table, where the frequencies of the 
sampled population, reduced to sample size of 100, are as given in Table II, and 
find the mean and standard deviation of ¢,°, applying the formulae (18) and (19). 


TABLE II. 
15 25 40 
40 20 60 
5D 45 N=100 


* (It may not be without interest to indicate the method used by me many years ago to correct 
contingency by the result: 


Mean ¢,2=C+ (14 P+X+Y-Z. 


I argued that the mean ¢,? was unlikely to be far removed from the modal ¢,° of samples. Hence 
although mean ¢,” was not the most likely value to be obtained in a sample, it was the best approach to 
such a value. We have then 

N 
N+3 
where Z, X and Y are to be found from the sample. Our object is to find the correction on ¢,° which 


will give us a good value for ¢, the value ¢,* being too great. Applying this formula to our two tables 
we have for ¢? for the respective samples: 


P= (Sample %-C-X-Y), 


2 x 2-table 3 x 3-table 
789 -063 517 
173 133 020 
*433 572 *155 259 
201 164 
*477 802 847 
*514 484 “189 996 
+535 096 *212 909 
+554 292 *230 947 
*593 382 *263 891 
*717 323 201 
Mean of 10 corrected A¢? Mean of 10 corrected ¢,° 
*495 411 -000 461 °194 575 682 
Mean of 10 uncorrected ¢,* Mean of 10 uncorrected ¢,? 
*500 261 005 311 “212 117 *023 224 
Population value Population value 
494 950 188 893 


We see that while all ¢,2 are lowered by correction so that the values of ¢,? below ¢? are slightly 
worsened, the average on ten samples is very close to the true value. I found, however, the corrections too 
troublesome to be made in the case of tables ranging from 4x 4 to 7x7 cells, where they are chiefly 
needed.—Ep.] 


Biometrika xx1 t 26 
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Here N=K=?2; 
fin, =15, = 40, = 20; 
™%.=40, Tig. =60, =55, 45. 
From these numerical values we get 
Uy = 102273, uy. = "347 222, 
= “484 8F Use = 148 ; 
Uy. = Uy Uy = "449 4b. ug, = 003, 


and, consequently, 


= 012494, S +5 ) = -023 450, 
Noa 


Pp Ip. q 


Ny. 
and 8 (1- (1 - = 009 260 ; 
therefore a) = 009 260, a) = 003 066, 
and accordingly = 091 758, 
and = 0554. 


(7) The Case of no Contingency. 
Now let us consider the special case of no contingency. In this case 


Ny.Nig 
Nog = , for any p and q, 


N 


and, consequently, for any such population, we have the following special relations : 


Togo 
==, Uy. = S (Ug) = 

pa Pp pa N 

~ 

Ug = WV Neg, Ss (=) = WN’ 


85 


> {Ae —K—-A+]} 


1 


- 

| 
‘ 
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In this case, as 2’ becomes identically zero, we cannot get any estimate for the 
standard deviation of ,? from the formulae (17) and (19) of the first approxi- 
mation, and we have to find more exact expressions for sy’ and pe’ to get any 
adequate estimate of $;? and its standard error in such special cases. 


Therefore, we need next to find expressions for my’ and ps’ of one higher order 
of approximation. 


IV. Expression for the yy of 62 to a Second Approximation. 


(8) Now “order” in statistical meaning is not the same as order in mathematics, 


and in the evaluation of [6;?] and [(8¢,?)?] some terms of the 2nd order in 
statistical meaning come from the 4th order differential products, and we have 
now to retain terms of 5¢;° to the 4th differential products. 


Thus we get the following relations as equations for starting : 


= S {tng (- 82 83 +8,)} Ce (22), 
and (861°)? = {S (Upq51)}? {S S2)}* 
— QS (A 51) S (pg Sz) + WS 51) S Ss) (23). 


From the Equations (13) and (22), 


and we have now to find the means of [83] and [84]. 


3 28 
Now [83] = + + [ony + 
Ry. Ty. Nig 


Npa Ny.” Np.Nog Ng 
iy. Teg 
and, to find [83], means of the following type must be found : 
[dnp 2], 
26—2 


= 

\ 
+ 
+ 


388 Standard Error of the Mean Square Contingency 


But the following equations can easily be deduced from the fundamental 
formulae (5) and most of them are given in Biometrika, Vol. X11. p. 268: 


[3n2] =p. (1— 
tind 
= Figg (1 


-F 
Therefore, from (25) and (26), 


+(---3) +(e it: y) 
“\n,, N/\a,. x) i. N 


) 
( 


1 1 1 2 i: 1 1 2 
secondly, 
2 
[Bul = [da] -2 | ds + | 
Nog Nog 
Ting? Ny? iy. n Tig 2 J ( ), 


and we have to find means of the following products of 4th order : 
[Srp [Srp 38n.,], [8n,25n.,2], 
and [8n,.25n,. 82.4]. 


But the expressions for the first three means are given in Biometrika, Vol. xu. 
p. 268, and we have here to find only the expressions for the last four means. 


Ny. 
i 
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Let us, for example, find the expressions for the mean of 8n,25n..2. 
Now = (ENgq + ON pq’) (ON gg + 


= dng + ON pq? ON pg? (ON pq + 


and from the fundamental formulae (5) 


¢ 
[82 ON pg? ON pq] = — (1 ‘pa! (1 = (31). 
Therefore, from (30) and (31), 
[822 5p. | = [SM +S” [Sr | +S’ S’ [Sr pq? 


= 
— Tip) {1-43 (1 = 5) (1 =" 


- - w)? Ring (Tip. — (Tig — 


-* (1 wv) (31a). 
Similarly we can deduce 
2 n n 
ON. = (1 WV 4 Ty. Tig) (31 b), 


2 n 


82 pq SN pq? | = Mpg? (1 (1 wt Ty. ...(31 ¢), 
and [8p 


| 
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From these equations, after substitution, transformation and simplification, we 
get 


[81281] Figg (1 — "ee — 4 4 (Fy, — hy) (ag Tia) 


{2 — + (1-5) (1- 


In the same way we can deduce exact expressions for the other three means. 


But all these differential products are of the 4th order and, as our present aim 
is to get approximate expressions for pa,’ and pe to the 2nd order in statistical 
sense, some terms of them can be neglected in our calculation. 


Let us, therefore, first examine the statistical order of these means. 


Now let f, be the eet: in the sth population group, then 
and V bn 
[30.4] 


Ns 2 Ns 

Tig & 2 Tig 

=f, (1 —fs) + (1 (1 

By the same method of nme 


and we can see that —s second term of [8/,"], in the last expression of (33), is of 


one higher order in y than the first term, or than [87,3], a mean of the 3rd order 


differential products, and we may therefore neglect this second term of [8/,"]. 
Thus we have a very simple approximate expression for [87,4], which is exact 
enough for our present gil namely, 


or [8n,] = 872 (1 (34a). 


The following was are all deduced in the same way and are fundamental 
approximate expressions, in this work, for the mean differential products of the 


4th order: 
[dn,38n,-] = — (1 is 
+ 


n Ng 


¢ 

N?2 

— 
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and also 
[Si = Ting ( ~ 


Now let us find the mean [8»,.?n.,?] again, and also other necessary means 


> 
starting from these approximate fundamental equations; then we get very simple 
expressions for them as follows : 


[Srp = ( ~ — 


...(35). 
and 
[Srp = (Tip. — Tyg) (Tig — ) 
pq De pa N N N pa "pe pa pa 


Now we can find the mean [84] easily. 


From the Equations (28), (34) and (35), 
+3 (2-5) 
2 


G 

1 1 
(= - tip. 
1\2 2% 72 


+(5 
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| Finally, from the Equations (24), (27), (36) and (13), and after transformation 
and simplification, we get the following equation for p’ as its second approximation : 


pa =S ([82] — [83] + [84])} 


V. Expression for the ps of $;7 to a Second Approximation. 
(9) Now let us consider the second moment coefficient je’ of the mean square 
contingency 
From the Equation (23) 
= — 2 81) S (tpg S2)] + LOS pq52})?] + 2 [S 81) S 
but the last three terms on the right-hand side are not in the form of simple 


summations ar.1 we have at first to transform them into forms of sums of differential 
products. 


For instance, the mean values [5% cannot be treated formally as 
special cases of their general form in mathematical meaning, [87p,5%p9° Sip]; we 
have not only to expand the above products and powers, but also to examine, classify 
and arrange all possible products so that we can apply at once the fundamental 
formulae (5) or (34), or those formulae which I have deduced already. 

Now 

S S 


= S (tpqd1) S (Upqgde) — 2S S (wads 
pa 


+S (u,.d,) 8 — 28 S (Upgde) 


+ 48 (noth Stee) _ 98 (ne g (i 


Thgg 


= 7,-—27,+ T;—27,+ 47; —2T¢, SAY (38) 


and 
T, (the first term of (38)) 
= S de) 


( Np. . Tg Np. Nag Tage )} 


p Ny qd p Tip. 
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3 
Ny. q 


pp’ 


2 
+ (rg bn) +8 Sry. 


Similarly 


7.7.2 = 
fi, Ny. Rigg Ny. 


Ny. Nig Ny. 


Ng 


+ Ung “Tip. SS’ (patty. dn Np. *) 


Ty», 
Sigg? Oleg? 
+ SS (0% ‘ 
q 


Ng? n n -q’ 


bag 
Np. 


2 
Nog 


Srp 
Nygly.Ng 
on ON». Ong 
Nigg Ny. Tg 


L 


pq’ 


¢ 


Ny. 


27 
Figg” Ng’ 


SS’ (u Ung Uprq 


+98" (tet Ung tiga’ 


Ning Rpg? 


Tig. 
*) 
Ty. 


SN 
qq ) 


pq 


My, 


| 
) 
+u 
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Np. Ng Nog 
6n,.2dn 
p+ 
Thy 
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2 2 
4 


Stn en 


From these expressions, it is evident that we have to find the following kinds 
of means, besides those already given, which are all exact and can all be deduced 
by the same method of transformation as in Article (8): 


1 


¥ 
1 2 


1 2 
and = — W (7i,. + Ting — 


Now we can easily find the means of any 7-terms. For instance, let us find the 


mean of 74. 
From the Equations (26), (38 ° and (39), we get 


\Ny 


aq Ny. Nye. 


Ny. n, 


Ta? 


Pp 
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1 7 2\) 


If we use for simplicity the expressions in (40) below, then after transformation 
and simplification, we get a fairly short expression (41 a) for the mean of 7, 


p q 
8 (25) +8 (2%) | (40) 


p Ny. q 


N 
a 


In the same way, we can obtain the following expressions for the other T-terms : 


” 3 , 2 8 
[72] = - v= Sy (1+ + NE (1 + 
Ung 
S ( ) +S (tp. + (41d), 


4 ~ Ung (U 
Ts] = — 5; + + 
[73] N 2 $*) 


Nog The 
9 
4 2 N 2 N2 N 1 
toa) _ gay g (Mot 


[Ts] =— 77 Se (1+ ¢*)+ w(t + 


and [Te] = +8 (= - x) (lf). 


\Tgg 


fy 
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Substituting these results in the expression (38), and after transformation 
and simplification, I have obtained the following equation : 


Mean S (15,51) 


= - 38," + 5 8; 28 “(1 + ty) = 78 


pa 
+ (= 4 1 + 48 (+4 
n pe 


(10) Transformation of the last two Terms of ps’ for 61°. 


Finally, let us consider the terms (S {w,,83})? and S {u,,8,} S {u,.83} of the 
4th order. 


Now = Sd, =) ‘ 
"pq Ting 
and ). 
Ting 


(S {ting So} (s (as — 2d, + 


= (8 + 4 (8 + (8 


2 


Ting 
=7,4+ 47,4 T; —47, + 27; — 4T7s, SAY (45), 


— 28 {uy_d,} 8 +48 {te S 
pa pa pq 


2 

Nog ) Ning 

=T, — — 2T;’ +47, — say TC (43 bis). 


Among these twelve terms, let us consider tue 7,-t a only as an example. 


2 
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From these Equations (44), (44), (446) and (44c), we get 
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Similarly 
ly. Ny. Ning Nyg thy. Ng 
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Tagg Nog Ny. 


7 


Ny. (Sf), 
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+ Ugg (Up. + Ug) + tp. tha 
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tu u © (46 e) 
ON ONpg? ) 
Te = 8 + 
2 2 
yp Np Np. Ng Nog? Nig 

(11) Approximate Expressions for Means to the fourth Order. 

From these expressions (45) and (46), it is evident that we have still to find 
further means, besides those already given. 

I have deduced all of them from the fundamental formulae (34) by the same 
method of transformation as in Articie (8), but I will write here only the results 
which I obtained. The mean values of the quantities placed in round brackets 
below each equation are of the same type as those immediately above them. 

Ny. 

(b) [8n,.?8n,,,7] = Thy. (1 + hie) 
; 

a n 3 
Ting Ting (1 (2 Tp.) 

pa pa pa pa 

Np. 


2 =TNyg (1 - + Tiy. — Ty. Ti) 


re Np, Tig 2 _ 
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n, 
n ry) 3 


i. fe 8 


= — (Rog + Mp. + Rag — Mp. Tey) 
Ting Ty B_ _ 
SN pq? ON pg] = Nyy Mpg’ ( ~ + 
Srp =— V (Mp. + — Toa) » 


1 


(e) = Np, 


1 
Nye — Ning — Ny. — 
p@ N pa N Pp ra N Dp 


1 


(Nyy? Ny. Nig Np, Nig + Nyy Ny. Nig? + Np. 


= 
(47). 
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(12) The mean values of the last two terms of js’. 

It is now possible to find the means of {S (up_82)}? and S (w,_8)) S (wp, 83). 
However, as this involves also long and rather complicated calculations and trans- 
formations, I will give here oniy the results I have obtained and the outline of one 
of the deductions. 

Let us take, for instance, the first term (7) of (S {w,,89})? and find its mean. 

From the Equation (45 a) and Formulae (34), (35), (47), we get 


that 
bn, dn bn,.26n.,2 
Ung Uy 
p’ Ty Tg Tip? 
Way 
a 255 


1 2 1 1 2 1 
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+ 2° Nn, Ni, 
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As there are double and triple summations, the simplification of the above ° 
expression is not very easy. It is long and rather complicated, but the result 
I have reached is not so unmanageable and is as follows: 
If we write 7,, and w,, without the suffix, for simplicity, as follows, 
and u,,=4, 
when there is no ambiguity in the meaning of these symbols, then, after simplifi- 
cation, the above expression for [7;] becomes, when we put 
Np 
[71] = 28,” + = (1+ 
ys )+ + 28)’ )+(s 
+28 (2% x} (49 a). 
; 
Similarly 
4 , 12 Cy ue 
= 3," was (1H) 4+ + HYP + 4S (53) 
2s (tats) 2 g (1, _ 
+ (s + (s (49 b), 
tie 


” 9 5 18 Yr, 
[Ta] = 28," — (14 + + + (“) 


(s| (s{zl) (+ (49 d), 
(s 
and [Te] + 14 78 (5) 
+68 (“) (“) +28 ( + (49 f). 


27—2 
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And also when 


q=1 p=1 
6 


[Ty'] = 882" — Se — (1 + Sy + + G9) S (“) 


as (Yr gag (tite (14 
+ 28 +5 +38 = (51a), 
gq” 6 4 ‘ 12 Ve 4 a 
+8 + w.)} +28 4 (51 d), 


me ys ys 4 


Up. 6 WUy. Ung 
+2 + tat +8 ( = ) 


= 8," — (1+ + 14 
a] = 282 7782 $*) + 


+8(" 2) +815 +u (51d), 


= 282" — + yal Si y(t + (2) 


and [T,’]=— 1. Sy — (“ 
and =~ yy + ya + 1 + +498 (7) 


From these equations (49) and (51), it is easy to prove that 
Mean (S 


A.u? ( 
+ 1-*)(i-* 
( Ry. | 
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Mean S S (Up_8s) 


4 uw 2 
and, consequently, from the ia aie (17), (23), (42), (52) and (53), 
+108;"+ - 28 (= +138 6s 
f (U\ ‘ (u? * 
+8 (2) +128 15 (1+0— = } 


+ 6S 


"a 
” 4 2 2 
= + — +188 (5) - 68 (5) 


+128 Wo) +48 (“es +815 


Ny 
(54), 
— _ _ pa 55)* 
where V~= i. (1 (1 (55)*, 
u U 
and 4s(‘") 35S,’ + 


VI. Mean and Standard Deviation of $2. 


(13) Now we can find the expressions of the second approximation for the 
mean and standard deviation of $,°. 


From the Equations (17) and (55), 


n n Ry. Reg n Ny Neg 
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Therefore 
Mean $2 = $2 + yy’ = S(u) + 8 (1 (57), 


and also from the iu (7) and (54), 


= wa! wi? = 48 38 (te) - 3s (i) +28 
p q 

+108 3) + 108 (55) + 3) + 
+138 (% :) 6s (5% :)- 28 | 

a} 


2 
+128 (“ Wy) +48 +68 (uy. + 


+28 (1 + 2u) (= *)) (58), 
Ny. 
} 
where Ting, U = Ugg = Uy, = 
q= 
S Upq> S ( =), V..= S (*="), 
p=1 q=1 p=1 Ny 
n n 
Ty. Neg Ny. Nig? 
and S stands for the double summation s 8s. 
p=l q=1 


Now if ry, Tq are the proportional values of 7,,, respectively, 
taking the total frequency as unity, then 


=a function of proportions and of the same form, 


and, consequently, Vy., and A,, may also be considered as functions of 
proportions only and of similar forms respectively. 


Let us consider $,? and o 4, again from this point of view, then 
= 49 (=) ~38 (= ) 38 + 28 
p \n q Nog 
u Ung Uy. 
N r pe q r “a pa 
= say, 


or simply = vi (59), 
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where /; is a function of proportions only and of the form 
2 
( —) 38 (“= *) - (“ a +28 (60). 
p Tp. q r a 
For the same reason and by the same method of transformation, the expressions 
for py’, #2, o:? and o4,2 can be transformed into very simple forms as follows: 


1 
here  W' = (1 — eer 
where S (We); = (1 (1- (65), 
) 
) } (66) 


A, is as in (60) and 


q 
+138 (1 + +(S{W',})? 


3 
+ 6S fx + —4S 
(red ) Vy. 


pa pa 


2g {ts (2 + (Fe +! +28 (1 + (7 


(14) The Case of no Contingency (continued from Article (7)). 
Now let us consider the special case of no contingency again. 


In this case we have the following special relations, besides those of Equations (20) 
obtained on pp. 386—7 : 


2 
1 
S: +8 = yale +), 
1 


My. 


ine 
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By these special relations and relations (20), the general expressions for wy’ and 
become 


and, consequently, we have 

(72) 

V2@ @ @ 


for the case of no contingency. 


In the case of no contingency, the formula for ps’, obtained as the first approxi- 
mation, became identically zero and we could not estimate the standard error of 
the mean square contingency ¢,%. But now we have got out of this difficulty and 
the formula obtained for this special case is very simple. 


In this case, if the size N of samples becomes very large compared to a, 


Mean as Nox, 
i.e. $2 as N> 


This last limiting value of 2 is not of course new*. 


(15) Numerical Illustrations. 


Ex. (1). Let us take first the numerical example treated in Article (6), where 
the population frequencies (reduced to the sample size of 100) are as follows: 


TABLE III. 


15 25 40 
40 20 60 
55 45 N=100 


* Journal of Royal Statistical Society, Vol. uxxxv. pp. 87—94, R. A. Fisher; pp. 95—104, G. U. Yule ; 
Biometrika, Vol. xx4, p. 284, J. Neyman and E. 8. Pearson. It may also be compared with the value for 


62 N when there is no contingency and ¢,* and not ¢,” is used. See Biometrika, Vol. xt. 
p. 230 (1915). 
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In this case, after calculation, we have 
2: 
So’ =-023450,  Sx’=000473, 8S (=) = -012 494, 


u 
s( :)= 000 441, = 000151, 
(tt,. + u =000472, (14 sy) = 000 531, 


(2 49u) =-004189,  S{W,,} = 009 260, 


R 
sie 


= (1 + 2u) (= + =001413, (W,,)- = 000 086, 
“a 
Ss Wyo} = 000 087, Ss = -000 128, 
1 
and Ss =(A,,—2V,.—2 = — 820. 


Substituting these numerical values in the expressions for yy,’ and py’ directly, 
we get py = "009300 and ype = 003 291. 
Or finding functional values at first, 
"9260, 4017, 


and f,='3066, fg = 22486, 
therefore fa = ~ = 300, 

yw = 003 291; 
and finally = +p, =°091 798, 
and — = 056 60. 


Ex. (2). Let us take a 3 x 3-table of contingency as the second example, wherein 
population frequencies (reduced to the sample size of 1000) are as given in 


Table IV. 


TABLE IV. 
82 73 23 } 178 
101 319 99 | 519 
33 129 141 ! 303 
| 
216 | 521 | 263 N= 1000 


ji 
| 
| 
| | ay 
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In this case, after calculation, we get 
py = 004 297, 
and = "154 321, 
therefore $i? = "158618, and o¢2=-027 07. 
Ex. (3). Let us consider a 2 x 2-table where the reduced population frequencies 
are as given in Table V. 
In this case 


po = ‘000 751, 


and 
therefore 
and 


Wi ="485 100, = "0049, 
A= ‘970 158, - 4488, 
= 950, 
pa’ ="004851, = 009 657, 
$:° = "499801, = 098 15. 
TABLE V. 
45 5 50 
10 40 50 
55 45 N=100 


Now, with regard to this population, the following experimental sampling 
results were given to me by Prof. K, Pearson. 804 samples of size 100 were drawn 
at random from this population and the distribution of ¢,? was observed. The 
following is the result of this sampling: 


TABLE VI. 


Mean 
Ist series of samples 496 278 ‘097 926 352 
2nd series ples 336 697 452 
Whole series ... 998 717 804 


The standard errors of this $,2 and a4, are as follows : 
the standard error of $,? = 4614 *, 
the standard error of o,2 = ‘002 3125 *. 


* The standard errors of ¢,2 and o $,2 are given, the latter as its first approximation, by the equations 
8.E. of ¢, =a 8.E. of 
where v is the number of samples and &, 8, are the values of the theoretical standard deviation and of £,. 
Here n=804, ¢=°098 15, and the value of Bo is given by the distribution law (81), Article (17). 


| 

| 
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These observed values of $;? and o¢, and the theoretical values obtained by 
my formulae for this example are in good agreement having regard to their 
standard errors; this is interesting from a practical point of view. 


Ex. (4). Let us take one more population, in the proportions given in Table 
VII, and find the mean and standard deviation of $,° for samples of 200. 


TABLE VIL 


*0831 “0786 “0270 “1887 
"1032 "2864 “0862 "4758 
‘0335 "1235 "1785 "3355 
*2198 "4885 *2917 1-0000 
In this case 
0831, = ‘0786, Ty = 0270, = “1032, 
= ‘2864, 13 = 0862, ='1887, re, = "#758, 
and so on. 
Further: G? = — 1 = "188 893, 
Wi = S(W'y,)=3500959, 1)} = 4-192 990, 
pa 
fA=49 (t= ) _38 (“=-) 38 ) +28 = 801 842 
and finally So = 25°558 896. 


Therefore Mean $2=*206503, 0,2 = ¥'004 338 = 065 86 

With regard to the last population, I have made a sampling experiment. In my 
case, the sampling was carried out with the help of Tippett’s Random Numbers*. 

250 samples of size 200 were drawn and the 250 observed values of ¢,°, thus 
obtained, are recorded in Table VIII. 

The mean value and the standard deviation of ¢,? obtained in this experiment 
= 20072 (S.E. = 004 1655), 
and = 060 86 (S.E. = 003 2328)+, 
which are also in good agreement with the theoretical values obtained by my 
formulae for this example. 


* Tracts for Computers, No. xv. 
+ These two values of the standard error are obtained in the same way as in Example (3). 
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TABLE VIII. 
250 observed values of o,. 


*370 562 *260 342 "226 946 717 246 476 "108 222 
532 *259 954 "226 664 “196 035 “175 094 303 749 
*362 669 *259 520 226 046 403 173 507 146 151 *104 882 
*343 805 *259 413 281 "193 993 *172 689 *139 878 528 
499 "257 989 *223 655 733 "172 668 776 *099 940 
*333 963 *257 461 414 366 171 994 *138 489 *098 898 
583 *256 603 *222 398 621 “170971 “138 444 “098 408 
“B17 275 *256 069 221 677 °192 578 358 *137 102 “080 840 
*313 279 *255 371 340 "192519 169 973 931 +063 055 
*310 627 *253 547 - 221 209 "192 471 *169 758 *132 744 *054 201 
*309 207 *252 659 149 377 707 848 
*B08 969 *252 478 *220 887 337 “169 369 481 
*306 961 251 270 296 *189 269 *167 995 *130 332 
*305 968 *249 042 °219 244 *188 763 "167 982 *129 939 
*300 418 347 *218 992 "188 640 "167 031 “127 415 
*298 320 "245817 | °218488 “187 250 349 205 
*297 917 244628 | ‘218175 388 165 052 *126 732 
"297 674 243629 | ‘218015 *185 480 "164 243 849 
*293 353 243 613 *217070 789 "164 239 "124810 
*292 560 *243 238 *216 009 667 "162711 "124 489 
*291 491 118 974 136 *162 266 123 836 
*290 145 *243 001 844 "183 903 765 812 
985 921 582 "183 355 686 143 
*289 051 "242 213 *212 336 *182 900 "161 603 *120 799 
586 357 ‘210517 *182 841 “161 602 244 
*288 480 *240 918 "209 856 334 “161 006 "120097 
*287 323 *239 461 *209 827 247 *159 840 360 
*284 562 239 216 *209 801 *181 588 "159 544 *117 135 
*281 469 815 716 “180 964 *159 220 "116 869 
664 237 075 *206 624 180957 ‘158757 "116 355 
*276 582 214 205565 | *180618 *158 391 “116274 
*275 174 *234 103 204131 | ‘179411 700 "115913 
*275 082 776 *202 800 *177 843 "156 316 °115 724 
*272 184 *232 690 *202 653 842 *154973 115 238 
*268 507 *232 592 *202 077 ‘177 014 154359 "114232 
*268 218 *230 464 *202 019 *176 487 *154 290 114054 
267 703 *229 020 *201 639 ‘176 190 763 263 
*266 022 *228 391 *201 141 *176 085 153 347 *112 327 
009 228 355 "199 410 ‘175 774 *151 797 *112 008 
*261 559 032 342 *175 522 *150 002 | 667 


for the case of no contingency, 


and he 


: (16) We have now reached three approximate formulae for js’ (¢;°), e.g. 
A 
= Pea) = N 
ire 1 9 2 B 
(©) 
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Of these formulae, the first two are very simple and very convenient for 
practical application. But tle second one is applicable only in the case of no 
contingency, or in cases where at least the mean square contingency of the population 
is very small ; in such cases, the formula (A) loses its accuracy. Therefore in some 
cases the third formula becomes very necessary, but this formula is not simple; 
it is too complicated for practical purposes and, from the practical point of view, 
it is desirable to use the simple formulae as much as possible. 

What are the limits to the application of the formulae (A) and (B)? This is 
an important question and, although it is difficult to give any general criterion as 
a guide, the following considerations provide some suggestions on this point. 


Let us consider the four examples in Article (15) again, finding the values of 
$2 and a4, by applying the formulae for the first approximations only, and then 
let us compare the results with those already obtained. We get the results given 
in Table IX. 


TABLE IX. 
vo e Mean and 1st Approxi- | 2nd Approxi- 
Range $.D. mations mations 
Ex, (1) *082 498 from 0 to 1 o2 “091 758 “091 798 
2x 2-table TH" 58 60 
Ex. (2) 154321 from 0 to 2 925 +158 618 
3 x 3-table 026 84 027 07 
Ex. (3) 494950 from 0 to 1 or 801 801 
2 x 2-table oe 098 50 098 15 
Ex. (4) 188 893 from 0 to 2 or *206 398 *206 503 
3 x 3-table “060 85 “065 86 


In these examples, although, except in one case, the values ¢? are rather small 
as compared with the ranges, the vaiues ¢,? and o¢,2 of the first and second approxi- 
mations are in good agreement. 


1 
Now vit and He 


where Wi, We, fi and fe are all functions of proportional frequencies only, and 
accordingly may be considered as constants when JN, the size of repeated samples, 
alone changes its value. 


Tn this case it is evident that 


yh and Me > 


as N> @. 
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Therefore, unless the mean square contingency of the sampled population be 
zero, i.e. if f; is not identically zero, we can get good estimates of ¢,? always from 


the simple formula (A) by makin, 


For instance, for a given populi: 


or 


Ax Ol | fel, 


2 (= N,, say) 


= the size of the samples large enough. 


n, if V satisfies the following condition, 


then the second term f2/N is igen less than 10 °/, of the first term f,, and 
we can get for many purposes adequate estimates from the first approximation 


formula. 


Let us take once more the four numerical examples above and find the value 
of N,, and see also how the secong term changes its value as compared with the 


first term when JN increases. 


The results are given in Table X. 


TABLE X, 


Ex. (1). 2x2-table 
= 498 
Range: 0>1 


Ex. (2). 3x 3-table 


"154 321 
Range: 0>2 


Ex. (3). 2 x 2-table 


= "494 950 
Range: 0>1 


Ex. (4). 3x 3-table 
"188 893 
Range: 0>2 


f= "3066 fi= "7332 fy= "9702 "8018 
“fy = 2°2486 18°19 "4488 25°559 
N,.=73°340 N,=248°'1 N,=4°626 V,=318°8 
N (size of So So Sc 
sample) N hi N hy N Si N ii 
V= 50 “0450 "3638 *7332 ‘0090 9702 ‘8018 
V= 100 “0225 +3066 “1819 *7332 *O045 “9702 *2556 “8018 
N= 200 “O112 +3066 “0910 7332 “0022 ‘9702 "1278 “8018 
N= 500 “0045 *B066 "0364 7332 “0009 9702 ‘0511 “8018 
V=1000 ‘0022 “3066 ‘O182 7332 “0004 9702 0256 “8018 
V= 2000 ‘OOL1 *3066 “0091 7332 “0002 9702 ‘0128 “8018 
= "9260 =3°6044 "4851 =3°5010 
"4017 =692°60 0049 Wr. = 4°1930 
Notes when V=100 when V=1000 when V=100 when V=200 
= "091 798 di?="158 618 = *499 801 = *206 503 


We sce from these numerical values that the application of the simple 


formula (A) is not so very limited; 


if the size N be large and ¢? be not very 


small we can get a good estimation of o4,2 from the simple formula (A). 


— 
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VII. Distribution of 

(17) From the definition of the mean square contingency ¢,%, it is evident $7 
is always positive. And the closest relation between two characters A and B that 
can be shown in a contingency table consisting of a given number of classes will 


occur when all the individuals having a given A character fall into a single class 
for the B character and vice versa. 


This form of relationship can only occur in a square table, i.e. when 
X= « (=™M, say), 


and this closest relationship corresponds to a value of ¢;2=m-—1, which is the 
maximum value of ¢;? that can occur in a sample from any m x m-table*. 


Therefore, we must assume that the mean square contingency ¢;° can vary 
from 0 to m— 1 according to a uni-modal curve of limited range; thus a Pearson’s 
Type I curve 


y= yor (b— a) 
may be expected to give a reasonable approximation to the distribution law of $,°. 


Now let us assume that the distribution law of ¢,? is of the form 


Y = Yo (hi?) (b — 


then Range b = (max.)=m-—1 ...... 
and by well-known theoremst 
+ (76,2) (77 b) 
and M (total frequency) = ..(77 c), 
where p=prrtl, q=peti, and r=p+q. 
From the Equations (77 a) and (77 b), we can easily deduce 
where He = (78). 
* This case corresponds to the case where the coefficient C,= es which is the maximum of C, 


for m x m classes. 
+ If y=y,y (b be the distribution law of the variate x, then 
bp _ b(p,+1) 


Mean «=%=— rp, 


M 


b 
M (total area’ = ydx=yy : (a) 
Op(et)) 
yx?dx= r (r-+1) 


and 


= My (x) +2". 


\ 
| 
oe 
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Thus if we know M, m, do and pe, Le. (74,2), we can at once find the values of 
b, pr, pz and yo, and we thus obtain the following equations giving the distribution 
law of ¢,*: 


where b=m-—1, 
b 1 1, ba 3. 


MY (pi + p2 + 2) 
Yo= 


Let us, for instance, take the population in Table V. In this case evidently 


and 


m = 2, 
and, as we have already calculated, 


= 499 8005, = = 009 6332. 
Therefore b = 1, and from the Equations (80) 
pi= 114710186, = 11-480 9744, 
Accordingly the required distribution law of $,? in this case becomes 
= Yo 2420186 (1 — (81)*, 


very nearly a symmetrical curve. 


(18) Verification of the Distribution Law of $,*. 

It is necessary and also interesting to examine the accuracy of the distribution 
law (79) with the help of our experimental results. 

(i) The First Experiment. 

From the population in Table V, 804 samples of size 100 were drawn at 
random, as I mentioned before, and the observed distribution of these 804 ¢,"s, 
which were also given me by Prof. K. Pearson, is »,’, given in Table XI. 

The thecretical frequencies in the third and sixth columns of this table are 
frequencies .n groups, given by Equation (81). 

In this case M = 804, 
and from the Equations (77 c) and (81), we get 

log yo = 10°410 6351, 
or Yo = 2574157 x 10”. 
Now we can find the mid-ordinate y, of any group from the Equation (81). 
* If the frequency function =y,)2?—! (b — x)%—!, then 8, for this distribution is given by 


3 (r+-1) {2r?+ pq (r 6)} 


pg (r +2) (r-+3) 


and for the distribution law (81), we have 8,=2°78535, which was needed to find the standard error of 
the standard deviation 4,2 in Article (15). 
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The theoretical group frequency », in the table was calculated from these 
mid-ordinates, applying the formula 


h 
Ns = 5760 {5178y, + 208 (ys_4 + — 17 (ys_2 + 


where h is the class interval. 


We can now compare the two sets of frequencies by the test for goodness of fit. 


TABLE XL. 
(central values)| (obs. freqs.) | (theor. freqs.) (central values)| (obs. freqs.) | (theor. freqs.) 

"25 2 2377 84 56°408 

‘27 5 4°202 31 50°435 
5 6-916 

32 f| 43-276 

31 10 10°686 “61 46 1 35°827 
33 19 15°594 

‘63 21 {| 28°365 

35 23°5 21-600 “65 19 \ 21-468 
5 31°5 28°513 

67 23 15°482 

27 35°985 69 5 10°601 
“41 50 43°533 

71 6 6-856 

51 50°576 ‘73 5 4°159 

“45 54 567519 “75 2 2°353 

77 2 1°225 

79 582 

47 76 60°822 81 1 \ "247 
“49 63 63-069 
“D1 66 63°045 
“D3 44 60°749 


In each group the frequencies are in good agreement, except in a few groups 
where the irregularity in the observation arises from the fact that, in sampling, we 
must have whole numbers only in the cells *. 

Grouping together as indicated by brackets to avoid this irregularity, we get 

x? = 931, 
and consequently P= ‘7170775. 

From this value of P we can say that the distribution of ¢,°, obtained by the 
above method, is well satisfied by this experimental result. 

* It must be remembered that ¢,2 is not really a continuous variate for tables with a limited number 


of cells; whole numbers only in the cells can be provided by the samples, and these lead to a discontinuity 
in ¢,°, the more noticeable the smaller the number of cells. 
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(ii) The Second Experiment. 


In this experiment, mentioned in Article (15), for the population in Table VII, 
I reached the distribution of $;? given in the first column in Table XII. 


Now the following theoretical values have been already obtained: 


= 503, = 065 863, 
and further m—s. M = 250. 
2,000 
DistRIBUTION OF IN 250 SAMPLES 
1,800 Curve: Theoretical Distribution of @,? 
Histoprare: Observed Disiributior 
= 4 samples 
1,600 
; 
: 
' 
° 
= 
| 
| 
' 
| ' 
4 |: 
lz 
600 H — 
400H : | 
: 
2004 
' 
+ I I 
“00 04 -08 42 46 “20 “24 “28 32 36 “48 
Scale of iz Samples 
Fig. 2. 


From these numerical values and the distribution (79), we get the following 
equation for the theoretical frequency of ¢,? for this case, 


= yo (2 — 
where pr = 7712036, po = 
and Yo = 7648 80 x 10” 


28—2 
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The irequencies », in the third column of Table XII are the theoretical values 
obtained from equation (82), and »,’ in the same table gives the corresponding 
observed freyuencies. 

We can now compare the theoretical frequencies with the observed ones. 

For the same reason as before we group together as indicated by brackets, and 
testing for goodness of fit, we have 

x? = 11-9181, 
and consequently P = "369 245. 

With this value of P, we can say that the distribution (79) of $;° is satisfied 

again by another experimental result. 


TABLE XII. 
ng Ns 
= (obs. freqs.) (theor. freqs.) 
0°45 +228 
“43 
“41 743 
39 1:285 
‘37 3 2*148 
35 2 3-473 
"33 2 
8 { 
"29 14 11°670 
27 12 16-003 
"25 25 20820 
"23 27 25°530 
‘21 25 29-250 
“19 33 30-958 
‘17 35 29-810 
"15 17 25575 
“13 23 18°975 
‘ll 18 11°655 
“99 4 5°460 
‘07 1 “735 
“05 1 +263 
03 “005 


(19) Now, in practice, what we really have are samples, and the population, 
from which these samples are drawn, is usually unknown. Therefore, it is important 
4 to examine what we can find out about a population by the above theory from the 
individual samples which may be drawn from the population. 
We have two sets of samples. One set of 804 samples is drawn at random from 
the population given in Table V, and the other set of 250 samples is drawn at 
random from the pepulation given in Table VIL. 


at 
ae 
r 
| 
‘ 
/ 


T. Konno 421 


Suppose we take from each set ten representative samples; this I have done 
by taking the two theoretical distribution curves of $, (81) and (82), breaking 
each of them up into ten strips of almost equal area and choosing from each set of 
samples, ten samples with a ¢;" as near the central value of each of these strips as 
possible *. 

The ¢,”s of these representative samples are given in the first and the fifth 
columns of Table XIII. Substituting the cell and marginal frequencies of these 
20 samples in my formulae for ya,’ and ys’ instead of the population frequencies, 
I obtained the values of Z, the estimate of $,2 from sample, and of 04,2 given in the 
same table. 


TABLE XIII. 


The 2 x 2-table The 3 x 3-table 
True ¢,2=¢?= "494950, Theoretical og,2=-698 15 True ¢,2=¢?="188 893, Theoretical og,2=-065 86 
estimate E-¢ estimate E-¢? : 
(sample) sample) (from sample) ( (sample) sample) (from sample) ) 
725 556 723 565 079 29 2°883 *370 502 666 70 2°57 
*600 126 334 ‘097 63 1°038 *281 469 *265 016 07931 “960 
*560 022 *556 O72 15 042 *231 579 ‘072 79 “586 
*540 000 300 96 *230 464 “213 270 93 
519 592 *515 070 098 19 205 *206 624 "190012 060 86 “018 4 
668 °477 287 093 81 — +188 195 403 “176 666 056 34 — 217 
"460 000 038 ‘097 72 408 184 136 823 *054 11 — 
*440 000 *431 731 ‘O97 70 — ‘647 "172 689 "154755 *058 76 — 
296 *395 269 098 72 — 1-010 *150 002 182181 | 04698 — 1°207 
274350 254 “088 19 —2°582 “080 840 738 | “038 42 —3°310 


From these values of E and o,, we see that, if the sample deviation in ¢,* 
is not large, we can obtain good estimates of the true populations, but the 


estimates become worse as the sample ¢;? diverges from the true value ¢? as we 
should expect. 


Now if we find yu,’ and y,’ from my formulae by introducing sample values and 
estimate the true $17, Le. ¢? and og, from them, then we might practically use the 
rough rule that the population $2 “almost certainly” lies within the range 

sample estimate calculated 
E 2 + 3o4,2 > 
of true ¢, from samples 

for we have only one exception in twen‘~ random samples, or 95 °/, lie within the 
range, and indeed “most probably” lie within 


E+ 24,2, 
since 80 °/, lie within this range. 


* In the tail strips, the medians are used instead of their centres, as there are no samples very near 
the centres. 


| 
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For this reason I have found the ratio 


A= 

and the results I obtained are given in the fourth and eighth columns of Table XITI, 
which throw some light on how far this rule would be justified by showing the 


result of application of this rule to a typical series of samples. 


Now if the distribution law of a variate « be known its medal value will be 


the single value which will most probably occur in a single sample, and if the 
distribution law is of the form 


Y = You? 


and #, w, are the mean of # and the second moment coefficient about the mean, 
then the probable value of z—the modal value of «—is given by 


The distribution law of $,? is of the above form in my theory and as the probable 
value of $,? (P,’, say) is one of the most important estimates of ¢,?, I have found 
,* from the representative samples and from the population. 


The results obtained are given in Table XIV, where ®,? is the estimate of ®,? 
from samples and the values of the ratio (,? — @,?)/P,? show that we can get 


adequate estimates of ,? from samples, except in the case of a few samples from 
extreme strips. 


TABLE XIV. 
The 2 x 2-table The 3 x 3-table 
Theoretical probable value &,? = -499 784 Theoretical probable value ®,°=*187 238 
(sample) (from sample) $2 (sample) (from sample) ’, 
“725 556 ‘714 293 *370 502 346 240 
126 991 211 281 469 044 “2038 
560 022 694 *122 *249 042 *210 893 126 
*540 000 049 ‘O79 230 464 *190 350 ‘O17 
592 516 386 *206 624 171 983 — 
668 "475 495 *195 403 945 — ‘146 
*460 000 *480 486 — ‘039 *184 136 *149 283 — ‘203 
*440 000 716 — *172 689 *133 545 — ‘287 
296 539 — ‘229 *150 002 239 — ‘379 
*274 350 266 — "507 *080 840 "022 321 — 881 


Moreover, if we know the distribution law of $7, we should expect more 


samples in random sampling about the probable value ®,? than about the mean 
or the population value 


} 
| 
| 
| | | | | 
| 


To examine this point I counted the numbers of samples found in the two sets 
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of observed samples which lie within the ranges 
where o¢,2 is the theoretical standard deviation already found, i.e. 


o¢, = 065 86 for the set of 250 samples, 
and o4,2 = 098 15 for the set of 804 samples; 
and obtained the following results as might be expected : 


Number of samples | Number of samples | Number of samples 
within _Within _ within 
The set of 250 samples 55 54 46 
The set of 804 samples 68 60 68 


In the second case 
499784 and 801, 
and the difference = ‘000 017. 


Therefore ®,? and ¢,? are almost the same and this accounts for my obtaining 
the same number of samples about ®,;? and ¢,? in this case. 


If they had not been almost the same we should probably have found more 
samples about ®;? than about ¢,’ as in the first case. 


[Remarks.] (i) Mean ¢,? in samples = pop. ¢,? + py’. 
Therefore in the long run the sample ¢,? will be targer than the populatior ¢,* 


by a quantity y;’ and the estimate of population ¢,°, obtained from the sample, 
which is denoted by # in Table XIII, would be given by 
E=sample 

(ii) The last sample in Table XIII, drawn from the 3 x 3-table, illustrates a 
difficulty which may always arise in a problem of this kind. The observed ¢;? in 
this sample is ‘080 840; for a 3 x 3-table with no contingency we have, neglecting 
terms in 1/N?, 


Mean in sample = («-1 = 


and =°01414. 


1 


_N2(«-1)Q-1) 
x N 


Hence we should conclude that the sample could not have come from such 
a population. If we were, however, to form the possible upper limit of ¢$; in the 
population and to say that it could not lie above 
E + (obtained from sample) = "176 998, 
we should in fact be in error as the population value of ¢,* actually = “188 893. 
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The erroneous conclusion arises in this case, and might well arise in other 
samples from this population, because the standard deviation of ¢,* calculated 
from the sample changes very considerably with changes in the sample frequencies. 


This is partly due to the fact that the ¢,? in the population lies relatively close 
to zero. 


When we come to the other samples where the population ¢,? is larger, although 
the size of sample be less, the o,2’s calculated from our ten representative samples 
are much better estimates of the true o¢,2’s. 


Our estimates will improve (a) as the size of the samples increases and ()) as 
increases. 


(iii) In the calculations of Tables XIII and XIV, I have used for practical 
reasons the formulae of the first approximation only. If I had used the formulae 
of the second approximation, I should have obtained better values for all my 
estimates. 

Lastly it must be noted that the calculation of o 4,2 from my formulae (even those 
of the first approximation), using either the population or the sample frequencies, 
is a somewhat lengthy business. For a sample from a 2 x 2-table and by the 


formulae of the first approximation, I have taken about 45 minutes, and for one 
from a 3 x 3-table, a little more than 13 hours. 


But if problems occur when it is of real importance to know the reliability of 
¢$;*, the result of the labour may be well worth its expenditure, especially if the 
samples be large. 

VIII. Mean and Standard Deviation of the Coefficient of Mean Square Contingency. 


(20) The coefficient of mean square contingency C, is defined by 
If we write, for simplicity, as follows: 


and let 802, 5¢; be the deviations of C,, ¢,? respectively from their population 
values C2, then 


1+ 1+ 


) + f ( ) 


where p,, is the coefficient of the (m+ 1)th term of (1+ 


ees 


and (1 = 1— mf 8$,2 +" (85). 
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The infinite series (84) is convergent, if | 1+ 2+ 8¢,2|>1. For ¢? +0, this 
is true if (a) 0; or (b) 8,2 < 0, provided | For ¢?=0, is 
always 20. The infinite series (85) is convergent, provided 

8b2|<1, ie. | 


Therefore if |8¢,2 |< or 0 < 8¢6,2< 1 when ¢?= 0, then both infinite series (84) 
and (85) are convergent. But these conditions, in the more usual cases, may be 
assumed quite reasonably. 


Now from the equations (84) and (85), 
oo 


1)™*! mp, nf 


n= 


where k= 2 1)™4 mp» f 
and E = + +1) Pn (m+2)_ 
Therefore, we have 
= ky (8?) + ke (87), 
and thus (C2) = Mean 8C, 
= ky py’ + (approximately) ............ (88 a), 
(C2) = Mean (802)? 
= ky? (88 b). 


Differentiating (89) in respect to a, a after that multiplying by — 2°, we have 


= (—1)"*' mp,2™. 
2 V1 m=1 
—f 
1 
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Similarly ke (1 +o (91). 


From (88), (90) and (91), 


Tean C2 (1 4.62) (approximately) ...(92) 


and rough approximation .......... (93). 


But we have already found that 


therefore we can find the theoretical values of Cz, and og, approximately, and the 
following results are obtained : 


1 
Cz = Cy + (hai + hea fi) + (hae + ke fo), 
N N 


and Oc, = hy Via — (94). 


For instance, let us consider again my experiment of sampling from the 


population in Table VII, Article (15). 
In this case =-188 893, and 


(di2) = 017610, pus’ = 004 648, 
as already found, 


Therefore from the equations (90) and (91), 
ky = ‘887 459, — 1°734 399, 
and finally from (92) and (93) we get 


C, = 406 166, and og, = 451. 


Now for this population we can get 250 observed values of C, from the 250 
values of ¢,°, obtained in my experiment. 


I calculated these values of Cz and found the observed values of C2 and So,° 
The following results were obtained : 
Mean C2 = ‘4028 (its = 003 697)t, 
and oo, = 0528 (its = 002 536)F, 
while their theoretical values, given by my formulae, are 
C,='406166, ao, = 058 451, 


and therefore we can say that they are in fair agreement. 


* Thus hr 
2 


to a first approximation, the value given by Blakeman and 


(1+ 
Pearson, Biometrika, Vol. v. p. 191, eqn. (xxxv). 


+ These standard errors ave obtained in the same manner as indicated in the footnote to Article (15), 
p. 410. 
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(21) Finally let us consider the distribution of C,. 


It is well known that C, is always positive and ranges from 0 to os 1- =, 
where m is the number of categories, the latter value resulting when there is as close 
a relation as is possible between the variates. Pe 

Therefore let us assume in the same way as in Article (17) that a Pearson’s HS 
Type I curve will give us approximately the theoretical distribution of C,; also by 
the same method of deduction as on p. 415 we get the following equation as 
the frequency distribution of C.: 


Y = Yo Ce? (b — C)?2, 


CL, (b-C. 
MY ( pit 2) 


For instance, if we consider the distribution of the 250 values of C2, given in 
Table VIII on p. 412, 


C, = "4062, 0585, m=3, and M=250, 
and from the equation (95) we get the following equation as the frequency distri- 


The theoretical frequencies in the third column of Table XV are provided 


by the above equation. 


\ bution of Cy for this case: 2 
y = Yo (227658 (‘81 65 
TABLE XV. 

Cy Observed Theoretical Cy Observed Theoretical 
(central frequencies frequencies (central frequencies frequencies ir 
values) of C, of Cy values) of C, of C, 

17 ( “003 “41 2 33°370 

19 ‘O19 “43 36 30°930 

087 

23 1 313 

"25 “925 “45 31 25°682 

°27 1 2°304 °47 20 \ 19°054 

“29 4°928 

“Bl 10 9°166 

“49 9 12°578 
“51 6 7°342 
25 14984 “53 3°758 
10 21°697 “55 1-668 
“57 633 
“59 202 
37 29 27°987 “61 “053 
42 \ 32°282 “012 
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I examined the distribution of the 250 observed values of C2 and the resulis 
obtained are given in the second and fifth columns of the same table and in the 
diagram below, Fig. 3. | 

DisTRIBUTION oF Gp IN 250 SAMPLES. 


Curve: Distribution of Ordizates of 6, 
2.000 Hislopram: Distribution of Observations 
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Grouping the frequencies together as indicated by brackets in Table XV for 
the same reason as in Article (18) (i), we obtain by applying the x?-test, 


x” = 84764, 
and consequently P ="133 763. 
. This value of P is not so good as in the case of ¢,? discussed above, but it is ; 
reasonable, and we can say that the distribution law (95) for the coefficient of 
mean square contingency C2 is not contradicted by this experimental result. 
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Note on Variability in Girls and Boys (Glasgow) for Height and Weight. 
By ETHEL M. ELDERTON. 


In a memoir published in Vol. x. (pp. 288—339) of this Journal, I dealt with the regression 
curves of weight and height on age of a very large number of Glasgow children. These children were 
grouped in four classes of schools, A, B, C, D, according to the economic conditions of the district. 
In that paper although they were necessarily computed I did not publish the standard deviations 
for each age-group, as I was seeking only the change in height and weight with age. My num- 
bers were so large that it was possible to obtain standard deviations with a relatively small 
probable error. [ have since found several investigators inquiring for reliable measures of the 
variability in stature and weight of boys and girls. Accordingly I give here two Tables. The 
first provides the Means, Standard Deviations, and Coefficients of Variation of the entire popu- 
lation of children not divided into the groups A, B, C and D. The second gives the Means, 


Standard Deviations, and Regression Coefficients of Weight on Height for school ages of the four 
grades. The ages are central ages. 


TABLE I. 


Means, Standard Deviations, and Coefficients of Variation of Glasgow Girls 
and Boys at various ages for all Schools combined. 


GIRLS 
Means Standard Deviations Coefficients of Variation 
No. of cases 
and age 
Height Weight Height Weight Height Weight 

5 (894) 40°188 38°129 2°4151 4°2959 6°01+°10 11°27+°18 
6 (3104) 41°727 40°570 25472 4°6896 6°10 + 05 11°56+4°10 
7 (3828) 43°538 43°921 2°6000 5°1844 5°97 +°05 11°80+ 
8 (3928) 45°375 47°519 2°6694 5°7708 5°88+ 04 12°15+ 09 
9 (3819) 47°315 51°792 2°7978 6°5072 5°91 +°05 12°56+°10 
10 (3762) 49°163 55968 2°8630 7°3037 5°82+°05 13°05 +°10 
11 (3518) 50°973 61°151 2°9822 8°2768 5°85 +°05 13°544+°11 
12 (3658) 53°019 67°'114 3°1152 10°1768 5°88 + °05 15°164°12 
13 (3225) 55°211 74°778 3°3046 12-0868 5°99 + 16°16+°14 
14 (1229) 57°261 82°757 3°1098 13°6973 5°43 + 07 16°55 +°23 

Boys 
5 (990) 40°126 38°829 2°4349 4°3547 6°07 +09 11°224+°17 
6 (3322) 41°937 41°775 2°4364 4°7906 5°81+°05 11°47+°10 
7 (3903) 43°726 45°274 2°6294 5°3286 6°01 +°05 11°77+°09 
8 (4200) 45°784 49°275 2°8832 5°8846 6°30 + °05 11°94+ 09 
9 (4017) | 47-680 | 53°696 | 2°8154 64161 5°90 +04 11°95 + 09 
10 (3881) 49°526 58°37] 2°8226 70398 5°70 + 04 12°06 + °09 
11 (8761) 51°208 63°020 2°8504 7°7292 5°57 + 04 12°26+°10 
12 (3632) §2°922 68°199 2°9412 87298 | 5°56+°04 12°80+°10 
13 (3638) 54°552 73°569 3°2333 10°2444 5°93 + °05 13°92+°11 
14 (1467) 56°297 79°180 3°3144 12°3372 5°89 + 07 15°58+°20 
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TABLE II. Means, Standard Deviations, and Regression Coefficients of Weight on 
Height of Glasgow Girls and Boys at various ages in four grades of Schools. 


FIRLS 
Schools A Schools B 
Age Mean Standard Deviations Mean Standard Deviations 
Regression Regression 
Height | Weight | Height Weight Height | Weight | Height Weight 
6 41°016 | 41°949 | 2°6159 4°7425 1329 42°038 | 40°556 2°5039 4°5309 1345 
7 42°872 | 43°045 | 2°5987 5°0780 1465 43°743 | 43°934 | 2°6459 5°2103 1°556 
8 44°643 | 46°377 | 2°8054 56879 1503 45°601 | 47°721 | 2°6033 5°7693 1:718 
9 46°606 | 50°495 | 2°7964 62936 1°730 47°352 | 51°844 | 2°8415 65804 1°709 
10 48°548 | 54°695 | 2°9703 71460 49°162 | 55°771 | 2°8622 771783 1:925 
11 50°252 | 59°486 2°8855 8°0625 2°153 51054 | 60°839 | 3°0620 8-2168 2-034 
12 52°368 | 65°311 3°1165 9°7898 2°360 53°017 | 66°779 | 3:1763 100822 2°465 
13 54412 | 72°430 | 3°4658 11°8328 2-694 55°243 | 74°316 | 3°1901 11-8143 2-939 
14 55846 | 76°765 | 3°0899 12°4446 3-084 57°062 | 81°326 | 3°0074 12°6811 2-906 
30YS 
6 41°283 | 40°884 | 2°4988 4°8692 1°503 42°138 | 41°981 | 2°4539 47634 1532 
7 42°951 | 44°178 26881 5°2635 1519 43°976 | 45°593 2°6300 5°3651 1°635 
8 45°066 | 47°993 | 2°9152 5°7188 45°885 | 49°648 | 2°7796 59046 1°695 
9 47°037 | 52°253 | 2°9094 6°3297 1635 47°680 | 53°856 | 2°6538 6°4067 
10 48°815 | 56°716 2°9170 6°7425 49°542 | 58°384 27774 70686 1°899 
ll 50°598 | 61°567 2°8865 75099 2°302 51°072 | 62°674 2°8096 74417 2°005 
12 52°284 | 66-401 2°8980 8°3221 2°217 52°786 | 67°808 2°8698 8°7074 2-476 
13 53°849 | 71°686 29911 9°6112 2°547 54°341 | 72°934 3°1165 9°8383 2511 
14 55186 | 75°593 | 3°1839 1171960 2°885 55°498 | 77°258 | 3°0905 | 10°7314 
GIRLS 
Schools C Schools D 
Age Mean Standard Deviations Mean Standard Deviations 
Regression Regression 
Height | Weight | Height Weight Height | Weight | Height Weight 
6 41°943 | 41°326 | 2°2479 44188 42°712 | 41°801 | 2°1091 4°4710 1624 
7 43°740 | 44°740 | 2°3389 5°2686 1693 44777 | 45°626 | 2°0998 4°8120 1-694 
8 45°641 | 48-066 | 2°4040 56187 46°428 | 49°311 | 2°3041 5°7138 1:927 
9 47°636 | 52°694 2°5368 64095 1917 48°583 | 54°286 2°4677 65745 2-045 
10 49°411 | 56°907 2°6594 7°1487 2°088 50°398 | 58°789 2°3581 72193 2°397 
ll 51°190 | 61°933 | 2°6826 78814 2°209 52-214 | 64°375 | 2°6005 8:3187 2°339 
12 53°261 | 68°353 | 2°8113 9°9720 2°735 54°146 | 70°05 | 2°7977 10°3370 2°859 
13 55°362 | 76°147 | 3°2003 12-0201 2°892 56°475 | 78°764 | 2°8643 11°7571 3°229 
14 57°032 | 83°042 2°8995 12°7213 3°317 58°679 | 89018 2°8011 13-5880 3°804 
Boys 
6 42°125 | 42°532 | 2°1714 4°5626 1591 43°031 | 43°301 | 2°0419 4°5533 1-603 
7 43°968 | 45°900 | 2°2944 50110 1667 44°809 | 46°642 2°1620 4°9927 1818 
8 46°223 | 50°076 | 3°0231 5°7679 1:227 46°893 | 51161 | 2°3488 5°4587 1:790 
9 48°050 | 54°383 2°7165 6°2327 1°562 49009 | 56°254 2°4549 63646 
10 49°872 | 59°545 24867 6°6832 2°055 50°856 | 61°163 2°3787 6°8466 27218 
11 51°507 | 63°919 | 2°7007 74161 2°088 52°605 | 66°98 | 24318 7°7596 2-546 
12 53°256 | 69°073 | 2°8880 8:9508 2°337 54244 | 70- 2°71038 86799 2°450 
13 54°996 | 75°617 | 3°0704 109614 2°854 55974 | 2°7154 10°5429 3°160 
14 57°183 | 82°241 | 3°1467 12°6626 3°251 57°710 | 3°0595 11°3919 3°633 
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Note on a Paper published in Biometrika, Vol. x1x. 


By J. O. IRWIN, M.A., M.Sc. 


In my paper, Biometrika, Vol. x1x. p. 225, “On the Frequency Distribution of the Means of 
Samples from a Population having any Law of Frequency with Finite Moments, with special 
reference to Pearson’s Type II,” I had occasion to evaluate the integral 


= cos 2x 6dé, 


The result obtained was correct, but there is an error in the demonstration which requires 
pointing out. I obtained the identities 


neven=2r, w(v)= (-—1)8?"C, {cos 2 (r 2 (r—s—.r) 6} 
+(-1)"*"C,.cos 26 | (1), 


nodd=2r—-1. w( {sin [2 (r—s+.)-1]6 


+sin [2 (r-—s—2)- 11) |e (1) bis. 
I then asserted that we had to evaluate a number of integrals of the types 
(1) (2) | = (2), 


and by integrating each of these by parts I obtained the results 
cos 2k6 + 1)" (2k)2"-1 


according as 2k 2 0, 


(Qr—1)! 
* sin ay _ 1)? 
and @r—2)! according as 2k -1 2 (3). 


Now owing to a pole at 6=0, each of the integrals (2) is divergent and the results (3) are incorrect, 
the true results being in fact infinite. 


The proof may be made rigorous as follows: 
The integral w (v)=2 lime>0 3 cos 22 6dé. 


Now the integrand of (2) contains no pole at @=0, therefore its Laurent expansion in positive 
and negative powers of « (if it has one) will be such that the coefficients of the negative powers 
of ¢ all vanish. 


By making use of the relations 


2k) cos (2 


(2k —1) 0 2 (24-1) = ae 


we can obtain and | de, , 


where f and ¢ are the integrands of (1) and (1) bis. 
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By making use of the expressions 


We = / f(0)d0, n even, 


and = dé, n odd, 


and expanding all the sines and cosines and the integrals in powers of «, we obtain the Laurent 
expansion for w(x). As we have seen, the coefficients of all the negative powers of « must 
vanish ; further no contribution is made to the term independent of ¢« by the series in (4) 
(because each series consists of cosines divided by odd powers of ¢ and sines divided by even 
powers of ¢). Thus these series only contribute to the positive powers of « in the Laurent expan- 
sion, and these vanish in the limit. Thus only the integrals on the right-hand side of (4) need be 
taken into account in evaluating 
w (©) =2 lime-so we (x), 

and these terms were the ones taken into account in my paper. Hence the final result given there 
is correct. 


The following misprints in the paper may be pointed out : 
p. 234, line 12 for $(r)"?"C,, read $(—1)"?"C,.; line 15 should read 


—jyr-l 
sin cos 278 = {3 (—1)**"C, [cos 2 (r—s +x) 2 +x) 6]} + cos 2x6. 


d dé 
p. 235, line 6, for read 


p. 236, line 5, for sin [2 (r—s+2—1)—1]@ read sin [2 (r—s+x)—-1]6. 
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The Cambridge University Press, Fetter Lane, London, E.C. 4, and their Agents, 


are now the sole agents for the sale of the following publications of the 
Galton and Biometric Laboratories, University of London: 


I. *Mathematical Contributions to the 


II. *Mathematical Contributions to the 


III. 


Lv. 


VI. 


IIT. 


IV. 


VI. 


IL. 


ITI. 


IV. 


Albinism in Man. By Kart Pearson, 


On the Relation of Fertility in Man 


Biometric Laborat 
Drapers’ Company R 


ory Publications 
esearch Memoirs. 


Biometric Series. 


Theory of Evolution.— XIII. On the Theory 
of Contingency and its Relation to Associa- | 
tion and Normal Correlation. By Karu 
Pearson, F.R.S. Price 10s. net. 


Theory of Evolution.—XIV. On the Theory 
of Skew Correlation and Non-linear Regres- | 
sion. By Karu Pearson. Price 10s. net. 


Mathematical Contributions to the | 


Theory of Evolution.—XV. On the Mathe- 
matical Theory of Random Migration. By 
Kart Pearson, F.R.S., with the assistance 
of JoHN BLakEMAN, M.Se. Price 5s. net. 


Mathematical Contributions to the 


Theory of Evolution.—XVI. On Further 
Methods of Measuring Correlation. By | 
Karu Pearson, F.R.S. Price 53. net. | 


Mathematical Contributions to the | 


On Homo- 


Theory of Evolution.—XVII. 
A Co- | 


typosis in the Animal Kingdom. 
operative Study. [In preparation 


E. Nerriesuip, and C. H. UsHer. Text, 
Part 1, and Atlas, Part I. Price 35s. net. | 
* Sold only with 


TX. 


XI. 


VII. Mathematical Contributions to the 


Theory of Evolution. —XVIII. Ona Novel 
Method of Regarding the Association of 
two Variates classed in Alternative Cate- 
gories. By Karu Pearson. Price 5s. net. 


VIII. Albinism in Man. By Kari Pearson, 


E. Nerriesuip, and C. H. UsHer. Text, 
Part II, and Atlas, Part II. Price 30s. net. 

Albinism in Man. By Kart Pearson, 
E. Nerriesurp, and C. H. UsHer. Text, 
Part IV, and Atlas, Part IV. Price 21s. net. 

xX. A Monograph on the Long Bones 
of the English Skeleton. By Kart 
Prarson, F.R.S., and Jutta BELL, M.A. 
Part I. The Femur [of Man}. Text I and 
Atlas of Plates I. Price 30s. net. 

A Monograph on the Long Bones 
of the English Skeleton. By Karz 
Pearson, F.R.S., and Junia Beir, M.A. 
Part I, Section II. The Femur [with Special 
Reference to other Primate Femora). Text II 
and Atlas of Plates Il. Price 46s. net. 


| XII. On the Sesamoids of the Knee-Joint. 


By Kart Pearson, F.R.S., and ADELAIDE 
G. Davry, B.Sc. (Reprinted from Bio- 
metrika,) Text and 37 Plates. Price 30s. net. 


complete sets. 


Studies in National Deterioration. 


to Social Status, and on the changes in this 
Relation that have taken place in the last 
50 years. By Davin Heron, M.A., D.Sc. 

[Out of Print 

A First Study of the Statistics of 
Pulmonary Tuberculosis (Inheritance). By 
Karu Pearson, F.R.S. [Out of Print 

A Second Study of the Statistics of 
Puimonary Tuberculosis. Marital Infection. 
By Ernest G. Pore and Kart Prarson. 
With an Appendix on Assortative Mating 
by Eruet M. Price 5s. net. 

On the Relationship of Health to the 
Psychical and Physical Characters in School 
Children. By Kart Pearson, F.R.S. Price 
15s. net. 

On the Inheritance of the Diathesis 
ef Phthisis and Insanity. A Statistical 
Study based upon the Family History of 
1,500 Criminals. By GorINe, 
M.D., B.Sc. Price 4s. net. 

A Third Study of the Statistics of 
Pulmonary Tuberculosis. The Mortality 
of the Tuberculous and Sanatorium Treat- 


ment. By W. P. Exprrtoy, F.I.A., and 
S. J. Perry, ALA. Price 4s. net. 

VII. Onthe Intensity of Natural Selection 
in Man. (On the Relation of Darwinism 
to the Infantile Death-rate.) By E. C. 
Snow, D.Se. Price 4s. net. 

VIIL AFourth Study of the Statistics of 
Pulmonary Tuberculosis : the Mortality of 
the Tuberculous: Sanatorium and Tuber- 
culin Treatment. By W. Patty ELpERTON, 
F.LA., and Srmpney J. Perry, 
Price 4s. net. 

IX. A Statistical Study of Oral Tem- 
peratures in School Children with special 
reference to Parental, Environmental and 
Class Differences. By M. H. Wittrams, 
M.B., Junta Brot, and Karu 
Pearson, F.R.S. Price 6s. net. 

X. Study of the Data provided by a 
3aby-Clinic in a large Manufacturing Town. 
sy Mary Nort Karn and Kart Pearson. 
Price 15s. wet. 

XI. Blood Pressure in Harly Life. A 
Statistical Study. By Percy Stocks, M.D., 
D.?.H., assisted by M. Norn Karn. Price 
12s, net. 


Technical Series. 


On a Theory of the Stresses in Crane | 
and Coupling Hooks with Experimental | 
Comparison with Existing Theory. sy 
E. 8S. AnprEws, B.Sc. Eng., assisted by 
Kart PEARSON, F.R.S. Issued. Price 4s. net. 

On some Disregarded Points in the | 
Stability of Masonry Dams. By L. W. | 
ATCHERLEY, assisted by Kart Pearson, | 
F.R.S. Issued. Price 7s. net. Sold only 
with complete sets. 

On the Graphics of Metal Arches 
with special reference to the Relative 
Strength of Two-pivoted, Three-pivoted 
and Built-in Metal Arches. By L. W. 
ATCHERLEY and Kart Prarson, F.R.S. 
Issued. Price 5s. net. 

On Torsional Vibrations in Axles 
and Shafting. By Kart Pearson, F.R.S. 
Issued. Price 6s. net. 
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V. An Experimental Study of the 
Stresses in Masonry Dams. By Kari 
Pearson, F.R.S. and A, F. CAMPBELL 
PoLLarD, assisted by C. W. WHEEN, B.Sc. 
Eng., and L. F. Richarpson, B.A. Jsswed. 
Price 7s. net. 


VI. On a Practical Theory of Elliptic and 
Pseudo-elliptie Arches, with special refer- 
ence to the ideal Masonry Arch. By Karu 
Prarson, F.R.S., W. D. Reynoups, B.Sc. 
Eng., and W. F. Srantox, B.Sc. Eng. 
Issued. Price 6s. net. 


VII. On the Torsion resulting from Flexure 
in Prisms with Cross-sections of Uni-axial 
Symmetry only. By A. W. Youne, ETHEL 
M. ELperton and Kart Pearson, F.R.S. 
Issued. Price 7s. Gd. net. 
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Drapers’ Company Research Memoirs—(cont.). 
Questions of the Day and of the Fray. 


The Influence of Parental Alcoholism 
on the Physique and Ability of the Off- 
spring. A Reply to the Cambridge Econo- 
mists. By Kart Pearson. Price 1s. 6d. net. 

Mental Defect, Mal-Nutrition, and 
the Teacher’s Appreciation of Intelligence. 
A Reply to Criticisms of the Memoir on 
‘The Influence of Defective Physique and 
Unfavourable Home Environment on the 
Intelligence of School Children.’ By Davip 
Heron, D.Sc. Price 1s. 6d. net. 

An Attempt to correct the Misstate- 
ments made by Sir Victor Horstey, F.R.S., 
F.R.C.S., and Mary D. Sturer, M.D., in 
their Criticisms of the Memoir: ‘A First 
Study of the Influence of Parental Alcohol- 
ism,’ &c. By Kart Pearson. Price1s. 6d. net. 

The Fight against Tuberculosis and 
the Death-rate from Phthisis. By Karu 
Pearson, F.R.S. [Out of print 

Social Problems: Their Treatment, 
Past, Present and Future. By Karu 
Pearson, F.R.S. Price 1s. 6d. net. 

Eugenics and Public Health. Lecture to 
the York Congress of the Royal Sanitary In- 
stitute. By Kart Pearson. Price1s. 6d. net. 


| VII. Mendelismandthe Problem of Mental 

Defect. I. A Criticism of Recent American 

| Work. By Davin Heron, D.Sc. (Double 

| Number.) Price 2s. net. 

| VIII. MendelismandtheProblemofMental 

Defect. II. The Continuity of Mental 

Defect. By Kart Pearson, F.R.S., and 

| Gustav A. JAEDERHOLM, Ph.D. Price 

| ls. 6d. net. 

IX. Mendelismand the Problemof Mental 
Defect. III. On the Graduated Character 
of Mental Defect, and on the need for 
standardizing Judgments as to the Grade 
of Social Inefficiency which shall involve 
Segregation. By Karu Pearson, F.R.S. 
(Double Number.) Price 2s. net. 

xX. The Science of Man. Its Needs and its 
Prospects. By Kart Pearson, F.R.S. Being 
the Presidential Address to Section H of 
the British Association, 1920. Price 1s. 6d. 
net. 

XI. Francis Galton, A Centenary Appre- 

| ciation. With portrait sketch. By Karu 

| 

| 


Pearson, F.R.S. Price 2s. net. 

XII. Charles Darwin, 1809-18382. An Ap- 
preciation. With an unpublished portrait. 
By Karu Pearson, F.R.S. Price 2s. 6d. net. 


Eugenics Laboratory Publications 


MEMOIR SERIES. 


The Inheritance of Ability. By Epcar 
ScuusteR, D.Sc., Formerly Galton Research 
Fellow, and E. M. ELpERToN. [Out of Print 

A First Study of the Statistics of 
Insanity and the Inheritance of the Insane 
Diathesis. By Davip Heroy, D.Sc., Form- 
erly Galton Research Fellow. [Out of Print 

The Promise of Youth and the 
Performance of Manhood. By Epcar 
Scuuster, D.Sc. [Out of Print 

On the Measure of the Resemblance 
of First Cousins. By Eraet M. ELpERtToN, 
Galton Research Fellow, assisted by Karu 
Prarson, F.R.S. Price 5s. net. 

A First Study of the Inheritance of 
Vision and of the Relative Influence of 
Heredity and Environment on Sight. By 
Amy Barrineton and Karu PErarson, 
F.R.S. Price 5s. net. 

Treasury of Human Inheritance. 
Parts I and I1 (double part). (Diabetes in- 
sipidus, Split-Foot, Polydactylism, Brachy- 
dactylism, Tuberculosis, Deaf-Mutism, and 
Legal Ability.) Price 14s. net. 

On the Relationship of Condition of 
the Teeth in Children to Factors of Health 
and Home Environment. By E. C. Ruopgs, 
D.Se. Price 9s. net. 

The Influence of Un.avourable Home 
Environment and Defective Physique on 
the Intelligence of School Children. By 
Davip Heron, M.A., D.Sc. [Out of print 

The Treasury ofHuman Inheritance. 
Part III. (Angioneurotic Oedema, Herma- 
phroditism, Deaf-Mutism, Insanity, Com- 
mercial Ability.) Price 10s. net. 

The Influence of Parental Alcoholism 
on the Physique and Intelligence of the 
Offspring. By M. ELpErton, as- 
sisted by Kart Pearson. Price 6s. net. 

The Treasury of Human Inheritance. 
Part 1V. (Cleft Palate, Hare-Lip, Deaf- 
Mutism, and Congenital Cataract.) Price 
10s. net. 

The Treasury of Human Inheritance. 
PartsVandVI. (Haemophilia.) Price 15s, net. 


XIII. A Second Study of the Influence of 
Parental Alcoholism on the Physique and 
Intelligence of the Offspring. By Karn 
Pearson, F.R.S., and M. ELpERTON. 
Price 6s. nei. 

A Preliminary Study of Extreme 
Alcoholism in Adults. By Amy Barrine- 
Ton and Kart Prarson, F.R.S., assisted 
by Davo Heron, D.Sc. Price 6s. net. 

The Treasury of Human Inheritance. 
Dwartfism, with 49 Plates of Illustrations 
and 8 Plates of Pedigrees. Price 15s. net. 

The Treasury of Human Inheritance. 
Prefatory matter and indices to Vol. I. 
With Frontispiece Portraits of Sir Francis 
Galton and Ancestry. Price 5s. net. 

A Second Study of Extreme Alco- 
holism in Adults. With special reference 
to the Home-Office Inebriate Reformator 
data. By Davip HERon, D.Sc. Price 7s. 6d. 
net. 

XVIII. On the Correlation of Fertility with 

Social Value. A Cooperative Study. 
Price 7s. 6d. net. 
xXIX—XX. Report on the English Birthrate. 
Part I. England, North of the Humber. 
By Erne. M. ELDERTON, Galton Research 
Fellow. Price 9s. net. 
XXI. The Treasury of Human Inheritance. 
Vol. II (Nettleship Memorial Volume) 
Heredity of Anomalies and Diseases of the 
Eye. Part I. Price 45s. net. 
XXII. TheTreasury of Human Inheritance. 
Vel. III. Part I. Hereditary Disorders of 
Bone Development. Price 45s. net. 
XXIII. TheTreasury of Human Inheritance. 
Vol. II (Nettleship Memorial Volume). 
Part iI. Colour Blindness. Price 45s. net. 
XXIV. The Treasury of Human Inheritance. 
Vol. II (Nettleship Memorial Volume). 
Part III. Blue Sclerotics and Fragility of 
Bone. Price 36s. net. 
XXV. On the Relative Value of the Factors 
which influence Infant Welfare. By Eraen 
M. Experton. (Reprinted from Annals of 
Eugenics.) Price 21s. net. 
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Eugenics Laboratory Publicat.ons—(cont.). 


Vol. I of The Treasury of Human Inheritance. Buckram cases for binding can be purchased at 5s. with my 
impress of the bust of Sir Francis Galton. An engraved portrait of Sir Francis Galton can be obtained by sending 
a postal order for 3s. 6d. to the Secretary, Galton Laboratory, University College, London, W.C.1. 


Noteworthy Families. By Francis Gatton, F.R.S. and EpGar Scuuster. (Reissue.) Price 9s. net. 
Life History Album. By Francis Gatton, F.R.S. Second Edition. (New Isswe.) Price 12s. net. . 


LECTURE SERIES. + 
I. The Scope and Importance to the VII. The Academic Aspect of the Science 


State of the Science of National Eugenics. of National Eugenics. By Kart Pearson. 

By Karu Pearson, F.R.S. Third Edition. | Price 3s. net. Sold. only with complete sets. 

Price 1s. 6d. net. | VIIl. Tuberculosis, Heredity and Environ- 
II. TheGroundwork of Eugenics. By Kari ment. By Kart Pearson. Price 1s. 6d. net. 


Pearson, F.R.S. Second Edition. Price Tz. Darwinism, Medical Progress and Eu- 
1s. 6d. net. genics. The Cavendish Lecture, 1912. By 

Ill. The Relative Strength of Nurture and Karu Pearson, F.RS. Price 1s. 6d. net. 

Nature. Much enlarged Second Edition. X. The Handicapping of the First-born 

Part ' The Relative Strength of Nurture By Kart Pearson. F.RS. Price 2s. 6d ae 

Some itecent Misinterpretations of the Pro- 
blem of Nurture and Nature. By Karu FRS Price 1s. 6d 
Pearson, F.R.S. Price 2s. 6d. net. 

Iv. On the ‘Marriage of First Cousins. By | IL The Function of Science in the Modern 
Ernet M. Evperton. Price 1s. 6d. net. * State. By Kart Pearson. Price 2s. net. 


V. The Problem of Practical Eugenics. XIII. Sidelights on the Evolution of Man. 
By Kart Pearson, F.R.S. Price 1s. 6d. net. By Kart Pearson, F.R.S. Price 3s. net. 
VI. Nature and Nurture, the Problem of XIV. The Right of the Unborn Child. By 
the Future. By Kart Pearson, F.RS. Kart Pearson, F.R.S. Price 3s. net. 
Second Edition. Price 1s. 6d. net. 
Walter Raphael Weldon. 1860—1906. A Memoir. By Kart Pearson, F.R.S. Price 6s. net es 


(6d. postage). 
A few copies of the following are still available: 
The Skull and Portraits of Sir Thomas Browne. By Miriam Titpestey. Price Three Guineas net. 
The Skull and Portraits of King Robert the Bruce. By Kart Pearson. Price One Guinea net. 
The Skull and Portraits of George Buchanan. By Kart Pearson. Price One Guinea net. 
The Skull and Portraits of Henry Stewart, Lord Darnley. By Kart Pearson. Price £1. 1s. 6d. net. 


Application should be made to the Secretary, Biometric Laboratory, University College, London, W.C. 1. 


At the Cambridge University Press, Fetter Lane, E.C. 4. : 


The Chances of Death and other Studies in Evolution 
By KARL PEARSON, F.R.S. Reissue. Price 3O/- net. 


Vou. I | Vot. IT 

1. The Chances of Death. 2. The Se* atific 9. Woman as Witch. Evidences of Mother- 
Aspect of Monte Carlo Roulette. 3. Reproduc- | Right in the Customs of Mediaeval Witchcraft. 
tive Selection. 4. Socialism and Natural Selec- 10. Ashiepattle, or Hans seeks his Luck. 11. 
tion. 5. Politics and Science. 6. Reaction. | Kindred Group Marriage. Part I. Mother Age 
7. Woman and Labour. 8. Variation in Man | Civilisation. Part II. General Words for Sex 
and Woman. and Kinship. Part III. Special Words for Sex 
and Relationship. 12. The German Passion 
Play: A Study in the Evolution of Western 

Christianity. 


Mounted Charts of the Weight and Health 
of Male and Female Babies 


Price 7s. 6d. net the pair, suitable for the walls of Baby-Clinics, or for plotting the 
growth of individual babies to mark their progress. 


The following works prepared in the Biometric Laboratory 
can be obtained from H.M. Stationery Office. 

The English Convict, A Statistical Study. By Cuartes Gorine, M.D. 

Text. Price 9s. Tables of Measurements (printed by Convict-Labour). Price 5s. 

The English Convict. An Abridgment, with an Introduction by Kart Pearson, F.R.S. Price 3s. 
Tables of the Incomplete [-Function. Edited with an Introduction by Kart Pearson, F.R.S. 
Price £2. 2s. Od. or by Post £2. 2s. 9d. 
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AT THE CAMBRIDGE UNIVERSITY PRESS 


THE LIFE, LETTERS, AND LABOURS 


OF FRANCIS GALTON 
By KARL PEARSON, E.R.S. 


GALTON PROFESSOR, UNIVERSITY OF LONDON 


Volume I. Birth 1822 to Marriage 1853. With 5 Pedigree Plates 
& 72 Photographic Plates, Frontispiece & 2 Text-figures 


Price, Bound in Buckram, 36s. net 


“Tt is not too much to say of this book that 
it will never cease to be memorable. Never 
will man hold in his hands a biography 
more careful, more complete.””—The Times 
“A monumental tribute to one of the most 
suggestive and inspiring men of modern 
times.”— Westminster Gazette 


“Tt was certainly fitting that the life of the 
great exponent of heredity should be written 
by his great disciple, and it is gratifying 
indeed to find that he has made of it, what 
may without exaggeration be termed a great 
book.” —Daily Telegraph 


Volume II. Letters and Labours of Middle Life. With 50 Plates 
& many Figures in the Text 


Price, Bound in Buckram, 45s. net 


Cuapter VIII. Transition Studies: Art | Cuaprer XI. Psychological Investiga- 
of Travel, Geography, Climate. tions. Transition from Physical to 
Psychical Anthropology. 

CuapTerR XII. Photographic Researches 
and Portraiture. 

CuapTER XIII. Early Statistical Investiga- 
tions with regard to Anthropology. 
Transition to Statistics as funda- 
mental to Biological Enquiry. 


Cuapter IX. Early Anthropological Re- 
searches. Transition from Geography 
to Anthropology. 


CuapTer X. The Early Study of Heredity: 
Correspondence with Alphonse de 
Candolle and Charles Darwin. 


“For the student of the History of Science, as well as for the student of Galton, this 
volume is of prime importance....... The volume is important and deeply interesting. 
It is splendidly illustrated.””—Glasgow Herald 


“Galton’s personality and achievements have taken their place in the history of 
science, and more than justify the sumptuous ‘Life, Letters, and Labours’ on which 


Professor Pearson has lavished special knowledge and labour.’”’—The Times Literary 
Supplement 


“Tt is a wholly worthy memorial of a very great man.”—Science 


“We prophesy that Pearson’s Life of Galton will be ranked by our descendants not 
very far behind Boswell’s‘ Johnson,’ and Trevelyan’s‘ Macaulay’.”—British Medical Journal 


“If our race continues to progress in the right direction, our descendants of, say, five 
or ten centuries hence will be insatiable in their need of information about such men 
as GALTON and DARWIN. They will bless Pearson for his devotion. If the great- 
ness of a man is to be measured by the product of his originality by his energy—and 
this seems the right way of measuring it—GALTON is certainly a very great man and 
his greatness will increase and not decrease as years and centuries go by.” —Isis 


Volume III, shortly. 
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NEW ISSUES OF THE GALTON AND BIOMETRIC 
LABORATORIES 


THE TREASURY OF HUMAN INHERITANCE. 
Vou. Il. Part III. (Nettleship Memorial Volume.) Blue Sclerotics and 
Fragility of Bone. By Jutta Bett, M.A., M.R.C.S., M.R.C.P. Hon. 
Galton Research Fellow. 58 pp. of Text, Chronological Bibliography 
of 150 titles, Figures of 102 pedigrees on 6 Plates and 17 Illustrative 
Plates, two in colours. Price Thirty-six shillings net. 


Tracts for Computers 


XIll. BIBLIOTHECA TABULARUM MATHEMATICARUM 
being a Descriptive Catalogue of Mathematical Tables. Part I. 
Logarithms of Numbers. By JAMEs HENDERSON, Ph.D. Price 9s. net. 


XV. RANDOM SAMPLING NUMBERS. By L. H. C. Tirrett, 
M.Sc. With a Foreword by the Editor. Price 3s. 9d. net. 


XVI. LOGARITHMETICA BRITANNICA. A Standard Table 
of Logarithms to 20 Decimal Places. By A. J. THompson, Ph.D. 
Part IV. Numbers 40,000 to 50,000. Price 15s. net. 


Cambridge University Press Fetter Lane, E.C. 4 


At the Biometric Laboratory, University College, London. 


TABLES FOR STATISTICIANS AND 
BIOMETRICIANS. | Edited by KARL PEARSON, F.R.S. 


The new edition of this book is to consist of two Parts 


Part I issued in 1924 embraces the First Edition carefully revised. It may be obtained 
direct from the Biometric Laboratory, University College, London, price 15s. net, 
plus Is. postage to any address, or through any bookseller. 


Part II will contain all the Tables issued in Biometrika during the last ten years 
together with a number of Tables not yet published, but at present being computed. It 
is hoped to issue it this year. 


PRESS NOTICES OF THE FIRST EDITION 


“To the workers in the difficult field of higher statistics such aids are invaluable. Their calculation and 
publication was therefore as inevitable as the steady progress of a method which brings within grip of mathe- 
matical analysis the highly variable data of biological observation. The immediate cause for congratulation is, 
therefore, not that the tables have been done but that they have been done so well....The volume is in- 
dispensable to all who are engaged in serious statistical work.’’— Science 


“The whole work is an eloquent testimony to the self-effacing labour of a body of men and women who 
desire to save their fellow scientists from a great deal of irksome arithmetic; and the total time that will be 
saved in the future by the publication of this work is, of course, incalculable....To the statistician these 
tables will be indispensable.’’—Fournal of Education 


“The issue of these tables is a natural outcome of Professor Karl Pearson’s work, and apart from their 
value for those for whose use they have been prepared, their assemblage in one volume marks an interesting 
stage in the progress of scientific method, as indicating the number and importance of the calculations which 
they are designed to facilitate.’”’— Post Magazine 
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AT THE CAMBRIDGE UNIVERSITY PRESS 


THE TREASURY OF HUMAN INHERITANCE. 
Vot. Il. Parr II. (Nettleship Memorial Volume.) Colour Blindness. 
By Junta Bett, M.A., M.R.C.S., M.R.C.P. 143 pp. of Text, Chrono- 
logical Bibliography of 425 titles, Figures of 235 pedigrees on 15 


Plates and frontispiece portrait of John Dalton. Price Forty-five 
shillings net. 


“The name of Edward Nettleship is among the great ones of ophthalmology. He was in the succession of 
Bowman, von Graefe and Donders, but his mind was of a philosophical cast, and he was particularly interested 
in hereditary defects, and comparatively early in life he retired from practice in order to devote himself 
entirely to the study of this subject. His pupils founded a medal in his honour, which, at his request, is 
awarded for the encouragement of scientific and ophthalmic work. His best memorial, however, has been 
erected by Professor Karl Pearson, who has devoted one of the fine volumes of The Treasury of Human 
Inheritance to the subject of hereditary diseases and anomalies of the eye, to stand as a Nettleship Memorial 
Volume and record of Nettleship’s own work and that of his immediate students and friends. Part I, which 
was published in 1922...contained an account of the life of Nettleship and dealt with the subjects of retinitis 
pigmentosa and allied conditions, congenital stationary night-blindness, ana glioma retinae. Part 7:, which 
is now published, is devoted to colour-blindness, and under the capable authorship of D< fulia Bell 
exhibits to the full the high standard of workmanship that we are accustomed to expect of the Cambridge 
University Press. The volume, indeed, may be considered as an édition de luxe, which will give equal satisfac- 
tion to the bibliophile and the man of science. An excellent reproduction of C. Turner’s engraving of the 
portrait of Dalton by Lonsdale forms an appropriate frontispiece, since Dalton was the first to give a scientific 
description of colour-blindness.”—British Medical Journal 


“Diese grossziigige, dem Gediachtnis Nettleships gewidmete Monographie bringt an der Hand einer 425 
Nummern umfassenden Literatur und der Reproduktion von 235 Stammbaumen, die alle naher nach den 
Originalien erlautert werden, eine ausgezeichnete Darstellung der Erblichkeitsv erhiltnisse der angeborenen 
Farbenblindheit. Klar und schén ist auch die einleitende historische Darstellung der Lehre vom Farbensinn. 
Man kann die Verfasserin und den Verlag nur begliickwiinschen zu dieser auch in der Form hervorragenden 
Leistung, der vollstindigsten, die unser Fach besitzt und die dies fiir die Erblichkeitslehre so wichtige 
Kapitel in einer sehr erwiinschten Weise zusammenfasst.”’ 

Prof. AXENFELD in Klinische Monatsblatter f. Augenheilkunde 


Tracts for Computers 


XIII. BIBLIOTHECA TABULARUM MATHEMATICARUM 
being a Descriptive Catalogue of Mathematical Tables. Part I. 
Logarithms of Numbers. By James HENDERSON, Ph.D. Double Number. 
Price 9s. net. 


“This Tract is a first and very substantial contribution to the realization of another of Professor Pearson’s 
projects—the publication of a new bibliography of mathematical tables. It is a descriptive catalogue of all the 
more important log tables, antilog tables and tables for the calculation of logs or antilogs to a large number 
of places. 

yp noel who has attempted even on a small scale to examine and describe collections of tables will recognise 
the magnitude of the task that Mr Henderson has undertaken, and will appreciate the devices which he has 
adopted in this first and perhaps heaviest part of the work to co-ordinate the results of his researches and to 
present them clearly and in a reasonable space. Apart from the value of the catalogue as a work of reference, 
the Introduction and the historical notes throughout the bibliography will render the Tract of interest to all 
students of logarithms.’ —Yournal of the Institute of Actuaries 


“Even the professional computer of to-day does not find it by any means easy to keep his knowledge of 
tables up to date. The last two decades have witnessed the complete modernising of our equipment of 
logarithmic, trigonometrical and calculating tables....'The computer is frequently at a loss to know where to 
turn for information concerning these new tables, and for guidance as to the best tables to use in his particular 
problems. The work before us is designed to satisfy this much-felt need, and in our opinion, achieves its 
object admirably....Because of the scarcity of comprehensive literature on the subject, and not less because 
of its intrinsic merits, we welcome Mr Henderson’s production.” 


Journal of the British Astronomical Association 


“This is a very complete and well executed index to published tables of the logarithms of numbers. 
Each table is described in such a way as to give the computer all the information he needs to decide whether 
it would be useful in his work. Conversely, if the computer has definite requirements in mind for any special 
task, this volume will at once call to his attention the best tables for his purpose. It should be on the shelves 
of every institution that has a variety of computing to perform.”—The Astronomical Journal 
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The Journal of the Galton Laboratory for National Eugenics 


ANNALS OF EUGENICS 


A JOURNAL FOR THE SCIENTIFIC 
STUDY OF RACIAL PROBLEMS 


Edited by Kart PEARSON, assisted by ETHEL M. ELDERTON 
I have no Faith mn anything short of actual Measurement and the Rule of Three.—cuar.LEs DARWIN 


ISSUED BY THE GALTON LABORATORY FOR NATIONAL EUGENICS, UNIVERSITY 
OF LONDON, AND PRINTED AT THE UNIVERSITY PRESS, CAMBRIDGE 


Now Ready, Vols. I, II; and Vol. III 


A of the Annals of Eugenics will contain about 400 pages with plates 
and tables. An endeavour will be made to issue a volume annually. 

The subscription price, payable in advance, is 50s. net per volume (including 
packing and postage). All subscriptions must be prepaid, 7.e. paid before issue of 
the first part of a volume, otherwise wrapper prices are charged. Cheques should 
be made payable to the Galton Laboratory for National Eugenics, they should be 
crossed “Annals of Eugenics %,” and sent to The Secretary to the Galton Labo- 
ratory, University College, London, W.C. 1. No foreign cheques can be accepted 
unless they are drawn in sterling, properly stumped, and payable at a London agency. 


Volume ITI, Parts IT & II. April, 1928. 35/- net (including postage) 
CONTENTS 
Frontispiece, “Annals of Eugenics” Portrait Series No. III. Sir Francis Galton in 1909, aged 87. 


I. The Problem of Alien Immigration into Great Britain Illustrated by an Examination of Russian 
and Polish Jewish Children. By Kart PEARSON and MARGARET MouL. (With twenty-two figures 
in the text.) Part III. Special Eye Examination. Section E. Environment and Ocular Characters, 
Influence of Personal Cleanliness, Cleanliness of Home, Lighting and Ventilation of Rooms, Crowding, 
Rent, Familial Income and other Factors on Ocular Characters. II. Retinitis pigmentosa and 
Leber’s Hereditary Optic Atrophy occurring in Cousins. By Ina C. Many, M.B., B.S., F.R.CS. 
III. Fresh Evidence on the Inheritance Factor in Tuberculosis. By PErcy Stocks, M.D., Reader 
in Medical Statistics, Univ. of Lond., assisted by Mary N. Karn, M.A. Part IL IV. On the 
Relative Value of the Factors which Influence Infant Welfare. An Inquiry by ErHet M. ELDERTON, 
based on Data provided by Dr A. G. ANDERSON, M.O.H., Rochdale; Dr WM. ARNOLD Evans, M.O.H., 
Bradford; Dr ALFRED GREENWOOD, M.O.H., Blackburn; Dr H. O, Prtkineton, M.O.H., Preston, 
and Dr C. H. Tatrersaty, M.O.H., Salford. Part III. Relative Influence of various Factors on 
Infant Health. Influence of Parental Health, Habits of Parents, Cleanliness of Home, Place in 
Family, Age of Mother, Employment of Mother, Breast and Artificial Feeding, Economic Conditions, 
Housing Conditions, etc. on Infant Health. V. Influence of Age and Environment on Parental 
Health and Habits, being an Appendix to the previous paper. By ErTHEL M. Etperton. VI. Infant 
Mortality in the Metropolitan Boroughs in relation to Occupations. By Percy Stocks, M.D. 


Issued by 
THE GALTON LABORATORY FOR NATIONAL EUGENICS 
University College, London, W.C. 1 
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JOURNAL OF ANATOMY 


Conducted by Professor E, Professor J. P. Professor J. T. 
Professor WiLLIAM Wricut; Professor Sir ARTHUR KEITH. 


VotumE LXIV, Parr II, January 1930. 10s. net. 


CONTENTS 


The Conducting System of the Bird’s Heart (with Plates I-IV and 4 Text-figures). By Francis Davies, M.D. 


Le Neopallium des Equidés: Etude du Développement de ses Plissements (with Plate I and 17 Text-figures). By R. 
AntuHony et J. DE GrzyBowskI. 


The Urachus: its Anatomy, Histology and Development (with Plates I and II and 4 Text-figures). By R. CAMPBELL 
Brae, M.C., M.A., M.Se., M.D., Ch.B., F.R.C.S. (Edin.), M.R.C.S. (Eng.), L.R.C.P. (Lond.), F.A.C.S., F.C.S.A. 


On the Masticatory and Hyoid Muscles of Larvae of Xenopus Laevis (with 3 Text-figures). By F. H. EpGewortn, M.D. 

Complete Double Aortic Arch (with 2 Text-figures). By Roperr D. Locxnarrt, Ch.M. 

Some Notes on the Early Adrenals / vith 2 Text-figures). By Dr M. S. Honan. 

Observations on the Mesenteric Circulation (with 3 Text-figures). By A. J. Coxxrnis, M.B., B.S. (Lond.), 
F.R.C.S. (Eng.). 

Abnormalities of the Vertebral Column in a series of Skeletons of Bantu Natives of South Africa (with 13 Text- 
figures). By L. R. SHore, M.A., M.B., M.R.C.P., D.P.H. 

Axillary Mamma in a Man (with 2 Text-figures). By R. J. GLapstone, M.D., F.R.C.S, 

A Note on a Rare Type of Pterion in the Gorilia (with 2 Text-figures). By M. F. Asutey-Montacvu. 


Abnormal Duodenum (with 3 Text-figures). By Captain B. S. Nat, M.B., Ch.B., F.R.C.S., I.M.S. and P. D. 
Mooxers1, L.M.S. 


The Brain of Fossil Anima)s—a Review. By Dr Arténs Kaprers. 


CAMBRIDGE UNIVERSITY PRESS, FETTER LANE, LONDON, E.C. 4 


ZEITSCHRIFT FUR MORPHOLOGIE 
UND ANTHROPOLOGIE 


UNTER MITWIRKUNG EINER ANZAHL VON FACHGENOSSEN 
HERAUSGEGEBEN VON DR EUGEN FISCHER 


ordentl. Professor der Anthropologie der Universitiit Berlin, Direktor des Kaiser-Wilhelm-Instituts 
fiir Anthropologie Berlin-Dahlem 


Band XXVII. Heft 2 (Preis Mk. 27.—) 
INHALT ERSCHEINUNGSWEISE 


Von der Zeitschrift fiir Morphologie und Anthropologie 
erscheinen jihrlich ca. 2 stattliche Bande, mit einem 
Umfang von je ca. 36 Bogen. Drei Hefte bilden einen 
Band. Die Arbeiten sind mit Text- und Tafelabbild- 
ungen in bester Ausfiihrung versehen. Der Preis der 


Beruiner, M. Blutgruppenzugehdérigkeit und Rassen- 
fragen. Mit 1 Tafel. Verscnuer, O. v. Zur Frage der 
Asymmetrie des menschlichen Kérpers, Mit 5 Textabbild- | Hefte richtet sich jeweils nach Umfang und Ausstattung. 
ungen. Kirrner, Fr. Ein Beitrag zur Morphologie der | Der komplette Band stellt sich auf ca. RM. 75.— bis 
Sakei. Mit 5 Tafeln, 5 Tabellen und 8 Textfiguren. | RM. 80.—. Ausser Original-Arbeiten aus den Gebieten 
MrjsBERG, W.A. Die Obliteration der Nahte des Gesichts- | der vergleichenden Morphologie und Anatomie, Rassen- 
schiidels bei den Javanern. Eckarpt, H. Vergleichende | kunde, Erbbiologie und Eugenik, bringt die Zeitschrift, 
morphologische Studien an den Molaren des Orang-utan | —wie nebenstehende Inhaltsangabe zeigt,—Biicherbe- 
und des Gibbon. Mit 21 Textabbildungen und 5 Tafeln. | sprechungen, die iiber die einschligigen Neuerscheinungen 
Fiscuer, E, Zur Frage einer aithiopischen Rasse. Mit 5 | laufend unterrichten. 
Tafeln. Biicherbesprechungen. | Ausfiihrliche Inhaltsverzeichnisse iiber -die vorange- 

gangenen Binde der Zeitschrift werden an Interessenten 
gerne kostenlos abgegeben, ebenso unser Verlagskatalog: 
** Anatomie-Anthropologie.”’ 


E. SCHWEIZERBART’SCHE VERLAGSBUCHHANDLUNG 
(Erwin NAGELE) G. M. H. Stuttgart 
Johannesstrasse 3° 
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Fic.I. Trarsverse Type Cortour, based or 375 Basque Skulls. 
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(All Rights reserted) 


BIOMETRIKA. Vol. XXI, Parts I to IV 
CONTENTS 


Biometrika Portrait No. VI.. Prerre Simon Laprace, 1749—1827 Frontispizce 


PAGES 


I 


Tables for ascertaining the Significance or non-Significance of Association 
measured by the Correlation Ratio. By T. L. Woo, Ph.D. . : 1—66 
II. A Contribution to Basque Craniometry. By G. M. Morant, D.Sc. With 
five plates, three figures in the text, folding table of measurements and 
three tissues in pocket 5 67—-84 
IIT. On Measurement of the Internal Diameters of the Skull in Relation: 
(I) to the Prediction of its Capacity, and (II) to the “Pre-eminence” of 
the Left Hemisphere. By M. F. Hoaptry and K. Pearson. With two 
diagrams (one folding) and four folding sheets of tables. : 85—123 
IV. On the Distribution of the Ratio of Mean to Standard Deviation in Small 
Samples from non-Normal Universes. By Paut R. Riper, Ph.D. With 


5 five figures in the text. - 124—143 
V. Albinism in Dogs. By Kart Pearson and ©. H. User. With two 
pedigree plates and eight plates (two coloured) . . - 144—163 


VI. On the Distribution of the first Product Moment- Coefficient, in Samples 

. drawn from an indefinitely large Normal Population. By Karu PEarson, 

G. B. Jurrery, F.R.S. and Erne. M. ELperton. With thirteen figures 
in the text - *164—201 

VII. Laplace, Notes on his Ancestry ‘and Life. By G. A. 
Comre pr and K. Pearson. With Pedigree 202—230 

VIII. Studies in the Theory of Sampling. By Joszepn Prpprr, B.Sc. With 
three figures in the text . .  231—258 


IX. The Distribution of Frequency Constants in : Small Samples from Non- 
normal Symmetrical and Skew Populations. By Econ 8. Pearson, D.Sc., 
assisted by N. K. Apyanruaya, B.Sc. With six figures in the text 259—286 
X. Sampling when the Parent Population i is of Pearson’s Type Ill. By Crecrn 
C. Craie, Ph.D. : 287—293 
XI. Note on Dr Craig’s Paper. By Econ PEARSON . 294—302 


XII. On Racial Differences in Stature Long Bone Regression Formulae, with 
Special Reference to Stature Reconstruction Formulae for the Chinese. 
By Paut Huston Stevenson, M.D... . 303—321 
XIII. Measurements of Macedonian Men. By MarGaretT M. Hastucx, B.A. and 
G. M. Morant, D.Sc.. With four plates, one figure in the text and one 


folding map . 3822—336 

XIV. Some Notes on Sampling Tests with Two Variables. By E. 8. Pz EARSON, 
D.Sc. With three figures in the text. .  $37—360 

XV. Inequalities for Moments of Frequency Functions and for Various Statis- 
tical Constants. By J. Sonar (JacquEs 3861—375 


XVI. TheStandard Error of Mean Square Contingency. By Prof.T. Konpo 376—428 
Miscellanea: (a) Variability in Girls and Boys (Glasgow). By Erne. 
M. ELDERTON . . 429—430 


(8) Note on a paper in Biometrika, “Vol. xix, ‘By J. O. Irwin - 431—432 


The publication of a paper in Biometrika marks that in the Editors’ opinion it contains either in 
method or material something of interest to Biometricians. But the Editors desire it to be distinctly 
understood that such publication does not mark assent to the arguments used or to the conclusions 
drawn in the paper. 

A volume of Biometrika containing about 400 pages, with plates and tables, is issued annually. 

Papers for publication and books and offprints for notice should be sent to Professor Karu Prarson, 
University College, London. It is a condition of publication in Biometrika that the psper shall not 
already have been issued elsewhere, and will not be reprinted without leave of the Editors. It is 
vety desirable that a copy of all measurements made, not necessarily for publication, should accom- 
pany each manuscript. In all cases the papers themselves should contain not only the calculated 
constants, but the distributions from which they have been deduced. Diagrams and drawings should be 
sent in a state suitable for direct photographic reproduction, and if on decimal paper it should be blue 
ruled, and the lettering only pencilled. 

Papers will be accepted in French, Italian or German. In the last case the manuscript should be 
in Roman not German characters. 

Contributors receive 25 copies of their papers free. Joint authors 15 copies each. Fifty additional 
copies may be had on payment of 17/- per sheet of eight pages, or part of a sheet of eight pages, with 
an extra charge for Plates; these should be ordered when the final proof is returned. 

The subscription price, payable in advance, is 44s. net per volume for Great Britain, and 45s. net 
per volume abroad (including packing and postage): single numbers 16s. nei (including postage). 
Owing to the scarcity of early volumes, the following rates must now be charged for complete sets. 
Vols. I to XX4 and XX": Bound in buckram £85. 10s.,in wrappers £79 net. Recent volumes may still 
be obtained at wrapper prices. Standard buckram cases with Darwin block, price 3s. 6d. + 6d. postage 
per volume. Index to Vols. I to V, 2s. net. Index to Vols. I to XV, 7s. 6d. net. Cheques must be made 
payable to Professor Karl Pearson and sent to the Secretary, Biometric Laboratory, University College, 
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